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Preface

The contents of this monograph fall within the general area of nonlinear
functional analysis and applications. We focus on an important topic within
this area: geometric properties of Banach spaces and nonlinear iterations, a
topic of intensive research efforts, especially within the past 30 years, or so.

In this theory, some geometric properties of Banach spaces play a crucial
role. In the first part of the monograph, we expose these geometric properties
most of which are well known. As is well known, among all infinite dimen-
sional Banach spaces, Hilbert spaces have the nicest geometric properties.
The availability of the inner product, the fact that the proximity map or
nearest point map of a real Hilbert space H onto a closed convex subset K
of H is Lipschitzian with constant 1, and the following two identities

||x + y||2 = ||x||2 + 2〈x, y〉 + ||y||2, (∗)

||λx + (1 − λ)y||2 = λ||x||2 + (1 − λ)||y||2 − λ(1 − λ)||x − y||2, (∗∗)
which hold for all x, y ∈ H, are some of the geometric properties that charac-
terize inner product spaces and also make certain problems posed in Hilbert
spaces more manageable than those in general Banach spaces. However, as
has been rightly observed by M. Hazewinkel, “... many, and probably most,
mathematical objects and models do not naturally live in Hilbert spaces”.
Consequently, to extend some of the Hilbert space techniques to more general
Banach spaces, analogues of the identities (∗) and (∗∗) have to be developed.
For this development, the duality map which has become a most important
tool in nonlinear functional analysis plays a central role. In 1976, Bynum [61]
obtained the following analogue of (∗) for lp spaces, 1 < p < ∞:

||x + y||2 ≤ (p − 1)||x||2 + ||y||2 + 2〈x, j(y)〉, 2 ≤ p < ∞,

(p − 1)||x + y||2 ≤ ||x||2 + ||y||2 + 2〈x, j(y)〉, 1 < p ≤ 2.

vii
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Analogues of (∗∗) were also obtained by Bynum. In 1979, Reich [408] obtained
an analogue of (∗) in uniformly smooth Banach spaces. Other analogues of
(∗) and (∗∗) obtained in 1991 and later can be found, for example, in Xu
[509] and in Xu and Roach [525].

In Chapters 1 and 2, basic well-known facts on geometric properties of Ba-
nach spaces which are used in the monograph are presented. The materials
here (and much more) can be found in any of the excellent books on this topic
(e.g., Diestel [206]; Lindenstrauss and Tzafriri [312]). The duality map which
is central in our work is presented in Chapter 3. Here, we have also computed
explicitly the duality maps in some concrete Banach spaces. In Chapters 4
and 5, we sketch the proofs of the analogues of the identities (∗) and (∗∗)
obtained in 1991 and later. In the last section of Chapter 5, we present charac-
terizations of real uniformly smooth Banach spaces and Banach spaces with
uniformly Gâteaux differentiable norms by means of continuity properties
of the normalized duality maps. Applications of the geometric properties of
Banach spaces presented in Chapters 1 to 5 to iterative algorithms for solu-
tions of nonlinear equations, an intensive and extensive area of research work
(Berinde [28] contains 1575 entries in the reference list on this topic) begin in
Chapter 6. To motivate some of the reasons for our choices of the classes of
nonlinear operators studied in this monograph, we begin with the following.

Let K be a nonempty subset of a real normed linear space E and let
T : K → K be a map. A point x ∈ K is said to be a fixed point of T
if Tx = x. Now, consider the differential equation du

dt + Au(t) = 0 which
describes an evolution system where A is an accretive map from a Banach
space E to itself. In Hilbert spaces, accretive operators are called monotone.
At equilibrium state, du

dt = 0, and so a solution of Au = 0 describes the
equilibrium or stable state of the system. This is very desirable in many
applications in, for example, ecology, economics, physics, to name a few.
Consequently, considerable research efforts have been devoted to methods
of solving the equation Au = 0 when A is accretive. Since generally A is
nonlinear, there is no closed form solution of this equation. The standard
technique is to introduce an operator T defined by T := I − A where I is
the identity map on E. Such a T is called a pseudo-contraction (or is called
pseudo-contractive). It is then clear that any zero of A is a fixed point of T.
As a result of this, the study of fixed point theory for pseudo-contractive
maps has attracted the interest of numerous scientists and has become a
flourishing area of research, especially within the past 30 years or so, for
numerous mathematicians. A very important subclass of the class of pseudo-
contractive mappings is that of nonexpansive mappings, where T : K → K
is called nonexpansive if ||Tx − Ty|| ≤ ||x − y|| holds for arbitrary x, y ∈ K.

Apart from being an obvious generalization of the contraction mappings,
nonexpansive maps are important, as has been observed by Bruck [59], mainly
for the following two reasons:
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• Nonexpansive maps are intimately connected with the monotonicity meth-
ods developed since the early 1960’s and constitute one of the first classes
of nonlinear mappings for which fixed point theorems were obtained by us-
ing the fine geometric properties of the underlying Banach spaces instead
of compactness properties.

• Nonexpansive mappings appear in applications as the transition oper-
ators for initial value problems of differential inclusions of the form
0 ∈ du

dt + T (t)u, where the operators {T (t)} are, in general, set-valued
and are accretive or dissipative and minimally continuous.

If K is a closed nonempty subset of a Banach space and T : K → K is
nonexpansive, it is known that T may not have a fixed point (unlike the case
if T is a strict contraction), and even when it has, the sequence {xn} defined
by xn+1 = Txn, n ≥ 1 (the so-called Picard sequence) may fail to converge to
such a fixed point. This can be seen by considering an anti-clockwise rotation
of the unit disc of R

2 about the origin through an angle of say, π
4 . This map

is nonexpansive with the origin as the unique fixed point, but the Picard
sequence fails to converge with any starting point x0 
= 0. Krasnosel’skii
[291], however, showed that in this example, if the Picard iteration formula
is replaced by the following formula,

x0 ∈ K, xn+1 =
1
2

(
xn + Txn

)
, n ≥ 0, (0.1)

then the iterative sequence converges to the unique fixed point. In general, if
E is a normed linear space and T is a nonexpansive mapping, the following
generalization of (0.1) which has proved successful in the approximation of a
fixed point of T (when it exists) was given by Schaefer [431]:

x0 ∈ K, xn+1 = (1 − λ)xn + λTxn, n ≥ 0, λ ∈ (0, 1). (0.2)

However, the most general iterative formula for approximation of fixed points
of nonexpansive mappings, which is called the Mann iteration formula (in the
light of Mann [319]), is the following:

x0 ∈ K, xn+1 = (1 − αn)xn + αnTxn, n ≥ 0, (0.3)

where {αn} is a sequence in the interval (0, 1) satisfying the following con-

ditions: (i) lim
n→∞

αn = 0 and (ii)
∞∑

n=1

αn = ∞. The recursion formula (0.2) is

consequently called the Krasnoselskii-Mann (KM) formula for finding fixed
points of nonexpansive (ne) mappings. The following quotation indicates part
of the interest in iterative approximation of fixed points of nonexpansive
mappings.
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• “Many well-known algorithms in signal processing and image reconstruc-
tion are iterative in nature .... A wide variety of iterative procedures used in
signal processing and image reconstruction and elsewhere are special cases
of the KM iteration procedure, for particular choices of the ne operator....”
(Charles Byrne, [63]).

For the past 30 years or so, the study of the Krasnoselskii-Mann iterative
procedures for the approximation of fixed points of nonexpansive mappings
and fixed points of some of their generalizations, and approximation of zeros
of accretive-type operators have been flourishing areas of research for many
mathematicians. Numerous applications of analogues of (∗) and (∗∗) to non-
linear iterations involving various classes of nonlinear operators have since
then been topics of intensive research. Today, substantial definitive results
have been proved, some of the methods have reached their boundaries while
others are still subjects of intensive research activity. However, it is appar-
ent that the theory has now reached a level of maturity appropriate for an
examination of its central themes.

The aim of this monograph is to present an in-depth and up-to-date cov-
erage of the main ideas, concepts and most important results on iterative
algorithms for approximation of fixed points of nonlinear nonexpansive map-
pings and some of their important generalizations; iterative approximation of
zeros of accretive-type operators; iterative approximation of solutions of vari-
ational inequality problems involving these operators; iterative algorithms for
solutions of Hammerstein integral equations; and iterative approximation of
common fixed points (and common zeros) of families of these mappings. Fur-
thermore, some important open questions related to these selected topics are
included.

We assume familiarity with basic concepts of analysis and topology. The
monograph is addressed to graduate students of mathematics, computer sci-
ence, statistics, informatics, engineering, to mathematicians interested in
learning about the subject, and to numerous specialists in the area.

I have great pleasure in thanking Professor Giovanni Vidossich of Insti-
tute for Advanced Studies, SISSA, Trieste, Italy for his constant encour-
agement, and Professor Billy Rhoades of the Department of Mathematics,
Indiana University, Bloomington, Indiana, USA, who read a version of the
first draft and whose comments spurred me on. Professors Vasile Berinde
and Naseer Shahzad helped with putting my Latex files into the Spinger
LNM format. I am very grateful to them for this. Very special thanks go
to the staff of the Publications Department of The Abdus Salam ICTP, for
their patience and ever-ready assistance in typesetting the original version
of the monograph. Finally, I have great pleasure in expressing my sincere
gratitude to my wife, Ify, and to our children for their encouragement and
understanding.
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Chapter 1

Some Geometric Properties of Banach
Spaces

1.1 Introduction

In the first part of this monograph (Chapters 1 to 5), we explore selected
geometric properties of Banach spaces that will play crucial roles in our study
of iterative algorithms for nonlinear operators in various Banach spaces.

In this chapter, we introduce the classes of uniformly convex and strictly
convex spaces, and in Chapter 2, we shall introduce the class of smooth spaces.
All the results presented in these two chapters are well-known and standard
and can be found in several books on geometry of Banach spaces, for example,
in Diestel [206], or in Lindenstrauss and Tzafriri [312]. Consequently, we shall
skip some details and long proofs.

It is well known that if E is a real normed space, the following identities
hold

||x + y||2 = ||x||2 + 2〈x, y〉 + ||y||2, (1.1)

||λx + (1 − λ)y||2 = λ||x||2 + (1 − λ)||y||2 − λ(1 − λ)||x − y||2, (1.2)

for all x, y ∈ E, λ ∈ (0, 1) if and only if E is a real inner product space.
These geometric identities which characterize inner product spaces make

numerous problems posed in real Hilbert spaces more manageable than those
posed in arbitrary real Banach spaces. Consequently, to extend some of
the Hilbert space techniques to more general Banach spaces, analogues of
these identities have to be developed in such Banach spaces.

In Chapter 3, we introduce the duality map which has become a most
important tool in nonlinear functional analysis. We compute the duality
map explicitly for some specific Banach spaces. In arbitrary normed spaces,
the duality map will serve as the analogue of the inner product in Hilbert
spaces.

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 1
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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In Chapters 4 and 5, we present the analogues of the identities (1.1) and
(1.2) in uniformly convex and uniformly smooth Banach spaces, respectively.
Most of the results presented in these chapters were developed in 1991 or
later.

At the end of Chapter 5, we characterize uniformly smooth spaces and
spaces with uniformly Gâteaux differentiable norm in terms of uniform conti-
nuity of the normalized duality map on bounded sets. These characterizations
will be used extensively in the monograph. We begin with some basic notions.

In 1936, A.J. Clarkson [191] published his famous paper on uniform con-
vexity (defined below). This work signalled the beginning of extensive research
efforts on the geometry of Banach spaces and its applications in functional
analysis.

1.2 Uniformly Convex Spaces

Let X be an arbitrary normed space and for fixed x0 ∈ X, let Sr(x0) denote
the sphere centred at x0 with radius r > 0, that is,

Sr(x0) := {x ∈ X : ‖x − x0‖ = r}.

Definition 1.1. A normed space X is called uniformly convex if for any ε ∈
(0, 2] there exists a δ = δ(ε) > 0 such that if x, y ∈ X with ‖x‖ = 1, ‖y‖ = 1
and ‖x − y‖ ≥ ε, then

∥∥∥1
2 (x + y)

∥∥∥ ≤ 1 − δ.

Thus, a normed space is uniformly convex if for any two distinct points x and
y on the unit sphere centred at the origin the midpoint of the line segment
joining x and y is never on the sphere but is close to the sphere only if x and
y are sufficiently close to each other.

We note immediately that the following definition is also used: A normed
space X is uniformly convex if for any ε ∈ (0, 2] there exists a δ = δ(ε) >
0 such that if x, y ∈ X with ||x|| ≤ 1, ||y|| ≤ 1 and ||x − y|| ≥ ε, then
||12 (x + y)|| ≤ 1 − δ. In the sequel we shall use either of the two definitions.

Theorem 1.2. Lp spaces, 1 < p < ∞, are uniformly convex.

Proof. See e.g., Diestel [206].

Theorem 1.3. Let X be a uniformly convex space. Then, for any d > 0, ε>0
and arbitrary vectors x, y ∈ X with ‖x‖ ≤ d, ‖y‖ ≤ d, ‖x−y‖ ≥ ε, there exists
a δ > 0 such that ∥∥∥1

2
(x + y)

∥∥∥ ≤
[
1 − δ

( ε

d

)]
d .

Proof. For arbitrary x, y ∈ X, let z1 = x
d , z2 = y

d , and set ε̄ = ε
d . Obviously

ε̄ > 0. Moreover, ‖z1‖ ≤ 1, ‖z2‖ ≤ 1 and ‖z1 − z2‖ = 1
d ‖x − y‖ ≥ ε

d = ε̄.
Now, by uniform convexity, we have for some δ = δ( ε

d ) > 0,
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∥∥∥1
2

(z1 + z2)
∥∥∥ ≤ 1 − δ(ε̄),

that is, ∥∥∥ 1
2d

(x + y)
∥∥∥ ≤ 1 − δ

( ε

d

)
,

which implies, ∥∥∥1
2

(x + y)
∥∥∥ ≤

[
1 − δ

( ε

d

)]
d.

The proof is complete. �


Proposition 1.4. Let X be a uniformly convex space and let α ∈ (0, 1) and
ε > 0. Then for any d > 0, if x, y ∈ X are such that ‖x‖ ≤ d, ‖y‖ ≤ d,
‖x − y‖ ≥ ε, then there exists δ = δ

(
ε
d

)
> 0 such that

‖αx + (1 − α)y‖ ≤
[
1 − 2δ

( ε

d

)
min{α, 1 − α}

]
d.

Proof. See Exercises 1.1, Problem 3.

1.3 Strictly Convex Banach Spaces

Definition 1.5. A normed space E is called strictly convex if for all x, y ∈
E, x 
= y, ||x|| = ||y|| = 1, we have ||λx + (1 − λ)y|| < 1 ∀ λ ∈ (0, 1).

Theorem 1.6. Every uniformly convex space is strictly convex.

Proof. See Exercises 1.1, Problem 4.

Theorem 1.6 gives a large class of strictly convex spaces. However, we shall
see later that some well known Banach spaces are not strictly convex.

We first give two examples of Banach spaces which are strictly convex but
not uniformly convex.

Example 1.7. (Goebel and Kirk, [230]). Fix μ > 0 and let C[0, 1] be endowed
with the norm ||.||μ defined as follows,

||x||μ := ||x||0 + μ
(∫ 1

0

x2(t)dt
) 1

2
,

where ||.||0 is the usual supremum norm. Then,

||x||0 ≤ ||x||μ ≤ (1 + μ)||x||0, x ∈ C[0, 1],

and the two norms are equivalent with ||.||μ near ||.||0 for small μ. However,
(C[0, 1], ||.||0) is not strictly convex while for any μ > 0, (C[0, 1], ||.||μ) is.
On the other hand, for any ε ∈ (0, 2] there exist functions x, y ∈ C[0, 1]
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with ||x||μ = ||y||μ = 1, ||x − y|| = ε, and ||x+y
2 || arbitrarily near 1. Thus,

(C[0, 1], ||.||μ) is not uniformly convex.

Example 1.8. (Goebel and Kirk, [230]). Let μ > 0 and let c0 = c0(N) be given
the norm ||.||μ defined for x = {xn} ∈ c0 by

||x||μ := ||x||c0 + μ
( ∞∑

i=1

(xi

i

)2) 1
2
,

where ||.||c0 is the usual l∞ norm. As in Example 1.7, the spaces (c0, ||.||μ) for
μ > 0 are strictly convex but not uniformly convex, while c0 with its usual
norm is not strictly convex.

We now return to uniformly convex spaces.
Although Theorem 1.2 provides examples of large classes of spaces which

are uniformly convex, some well known spaces are not uniformly convex. We,
in fact, show that these spaces are not strictly convex.

Example 1 The space �1 is not strictly convex. To see this, take ε = 1
and choose x̄ = (1, 0, 0, 0, . . . ), ȳ = (0,−1, 0, 0, . . . ). Clearly x̄, ȳ ∈ �1 and
‖x̄‖�1 = 1 = ‖ȳ‖�1 , ‖x̄ − ȳ‖�1 = 2 > ε. However, ‖ 1

2 (x̄ + ȳ)‖ = 1, showing
that �1 is not strictly convex.

Example 2 The space �∞ is not strictly convex.
Consider ū = (1, 1, 0, 0, 0, . . . ) and v̄ = (−1, 1, 0, 0, 0, . . . ). Both ū, v̄ ∈ �∞.
Take ε = 1. Then ‖ū‖∞ = 1 = ‖v̄‖∞ and ‖ū − v̄‖∞ = 2 > ε. However,
‖ 1

2 (ū + v̄)‖∞ = 1 and so �∞ is not strictly convex.

Example 3 Consider C[a, b], the space of real–valued continuous func-
tions on the compact interval [a, b], with the “sup norm”. Then C[a, b] is not
strictly convex. To see this, choose two functions f, g defined as follows:

f(t) := 1 for all t ∈ [a, b], g(t) :=
b − t

b − a
for each t ∈ [a, b] .

Take ε = 1
2 . Clearly f, g ∈ C[a, b], ‖f‖ = ‖g‖ = 1 and ‖f − g‖ = 1 > ε. Also

‖1
2 (f + g)‖ = 1 and so C[a, b] is not strictly convex.

Example 4 The spaces L1, L∞ and c0 are not strictly convex. The verifi-
cations are left as easy exercises for the reader.

1.4 The Modulus of Convexity

In this section, we shall define a function called the modulus of convexity
of a normed space, X (denoted by δX , δX : (0, 2] → [0, 1]) and prove three
important properties of the function that will be used in the sequel, namely:
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1. (Lemma 1.12): For every normed space, the function δX(ε)
ε is nondecreas-

ing on (0, 2].
2. (Theorem 1.13): The modulus of convexity of a normed space X, δX , is a

convex and continuous function.
3. (Corollary 1.15): In a uniformly convex space X, the modulus of convexity,

δX , is a strictly increasing function.

We begin with the notion of convex functions.
A real-valued function f is called convex if it satisfies the following in-

equality:
f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y),

for every λ ∈ [0, 1] and every x, y ∈ D(f), the domain of f , that we demand
to be a convex set. Good references for the study of convex functions are
Krasnosel’skii and Ruticklii [292] and Phelps [383]. From these references we
obtain the next result that will be useful later.

Lemma 1.9. Every convex function f with convex domain in R is
continuous.

To motivate the definition of the modulus of convexity, we begin with some
properties of inner product spaces. In an inner product space H, we consider
the parallelogram law: For x, y ∈ H,

‖x + y‖2 + ‖x − y‖2 = 2
(
‖x‖2 + ‖y‖2

)
.

In the particular case ‖x‖ = ‖y‖ = 1 we get the expression

∥∥∥x + y

2

∥∥∥
2

= 1 − 1
4
‖x − y‖2.

From this equality we can determine the distance between the midpoint of
the segment joining x and y from the unit sphere S := {x ∈ H : ‖x‖ = 1} in
H by

1 −
∥∥∥x + y

2

∥∥∥ = 1 −
√

1 − ‖x − y‖2

4
.

Evidently this distance always lies between 0 and 1. If ε ≤ ‖x − y‖ then

1 −
∥∥∥x + y

2

∥∥∥ ≥ 1 −
√

1 − ε2

4
.

The idea behind these formulas is the convexity of the unit ball in an inner
product space, i.e., if the distance between two points x and y in the unit
sphere is larger than ε, then the midpoint of the segment joining x and y

remains in the unit ball with 1− ε2

4 ≥ ‖x+y
2 ‖2. Motivated by this, we extend

this notion to spaces, not with an inner product, but with a norm and study
“how much convex” the unit ball is.
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Definition 1.10. Let X be a normed space with dimX ≥ 2. The modulus
of convexity of X is the function δX : (0, 2] → [0, 1] defined by

δX(ε) := inf
{

1 −
∥∥∥x + y

2

∥∥∥ : ‖x‖ = ‖y‖ = 1 ; ε = ‖x − y‖
}
.

In the particular case of an inner product space H, we have

δH(ε) = 1 −
√

1 − ε2

4
.

Several authors have given various definitions of δX(ε). In order to state the
relation between some of these definitions, we present the following lemmas
due to M.M. Day, [196]. The proofs of these two results use some geometric
ideas that we do not develop here, they can be found in [196].

Lemma 1.11. Let X be a normed space with dim X ≥ 2. Then

δX(ε) = inf
{

1 −
∥∥∥x + y

2

∥∥∥ : ‖x‖ ≤ 1 ; ‖y‖ ≤ 1 ; ε ≤ ‖x − y‖
}

= inf
{

1 −
∥∥∥x + y

2

∥∥∥ : ‖x‖ ≤ 1 ; ‖y‖ ≤ 1 ; ε = ‖x − y‖
}

.

Note that from this lemma, it is evident that δX(0) = 0.

Lemma 1.12. For every normed space X, the function δX(ε)/ε is non-
decreasing on (0, 2].

Proof. Fix 0 < η ≤ 2 with η ≤ ε and x, y in X such that ‖x‖ = 1 = ‖y‖ and
‖x − y‖ = ε. Suffices to prove δX(η)

η ≤ δX(ε)
ε . Consider

u =
η

ε
x +

(
1 − η

ε

) x + y

‖x + y‖ and v =
η

ε
y +

(
1 − η

ε

) x + y

‖x + y‖ .

Then u − v = η
ε (x − y), ‖u − v‖ = η and

u + v

2
=

x + y

‖x + y‖
(
1 − η

ε
+

η‖x + y‖
2ε

)
,

which implies that

∥∥∥ x + y

‖x + y‖ − u + v

2

∥∥∥ =
η

ε
− η‖x + y‖

2ε

= 1 −
(
1 − η

ε
+

η‖x + y‖
2ε

)

= 1 − ‖u + v‖
2

.
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Note that
∥∥∥ x + y

‖x + y‖ − x + y

2

∥∥∥ = ‖x + y‖
( 1
‖x + y‖ − 1

2

)
= 1 − ‖x + y‖

2
. (i)

Now
∥∥∥ x+y
‖x+y‖ − u+v

2

∥∥∥
‖u − v‖ =

1
η

(η

ε
− η‖x + y‖

2ε

)

=
1
ε

(
1 − ‖x + y‖

2

)
=

∥∥∥ x+y
‖x+y‖ − x+y

2

∥∥∥
‖x − y‖ , (ii)

and then

δX(η)
η

≤
1 − ‖u+v‖

2

‖u − v‖ =

∥∥∥ x+y
‖x+y‖ − u+v

2

∥∥∥
‖u − v‖

=

∥∥∥ x+y
‖x+y‖ − x+y

2

∥∥∥
‖x − y‖ =

1 − ‖x+y‖
2

‖x − y‖

=
1 − ‖x+y‖

2

ε
.

By taking the infimum over all possible x and y with ε = ‖x − y‖ and
‖x‖ = ‖y‖ = 1, we obtain that δX(η)

η ≤ δX(ε)
ε . �


We now present the following known and interesting theorem. A proof can
be found in Lindenstrauss and Tzafriri, [312].

Theorem 1.13. The modulus of convexity of a normed space X, δX , is a
convex and continuous function.

1.5 Uniform Convexity, Strict Convexity and Reflexivity

The following result characterizes the uniformly convex spaces in terms of δX .

Theorem 1.14. A normed space X is uniformly convex if and only if
δX(ε) > 0 for all ε ∈ (0, 2].

Proof. If X is uniformly convex, given ε > 0 there exists δ > 0 such that
δ ≤ 1 − ‖x+y

2 ‖ for every x and y such that ‖x‖ = ‖y‖ = 1 and ε ≤ ‖x − y‖.
Therefore δX(ε) > 0. For the converse, assume 0 < δX(ε) for every ε ∈ (0, 2].
Fix ε ∈ (0, 2] and take x, y with ‖x‖ = ‖y‖ = 1 and ε ≤ ‖x − y‖, then

0 < δX(ε) ≤ 1 −
∥∥∥x + y

2

∥∥∥
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and therefore
∥∥∥x+y

2

∥∥∥ ≤ 1 − δ with δ = δX(ε) which does not depend on x

or y. �

Corollary 1.15 In a uniformly convex space X, the modulus of convexity is
a strictly increasing function.

Proof. By Lemma 1.12, for s < t ≤ 2 we have tδX(s) ≤ sδX(t) < tδX(t) since
δX(t) > 0. Thus we get δX(s) < δX(t). �


Until now, we know that a normed space is uniformly convex if δX(ε) > 0
and that in the particular case of an inner product space H, δH(ε) = 1 −√

1 − ε2

4 . The following theorem (Day-Nörlander’s theorem) asserts that the
inner product spaces are the “most convex” of all uniformly convex spaces.

Theorem 1.16. If X is an arbitrary uniformly convex space, then

δX(ε) ≤ 1 −
√

1 − ε2

4
.

The proof can be found in Nörlander [360]. We skip it since it uses argu-
ments of coordinates systems and curves in Banach spaces that we do not
explore in our approach.

An interesting result about uniform convexity is the Milman–Pettis’ theo-
rem. The proof that we give here is due to J. Ringrose and is cited in Diestel
[206].

Theorem 1.17. (Milman-Pettis’ theorem). If X is a uniformly convex Ba-
nach space, then X is reflexive.

Proof. Suppose that X is a non-reflexive, uniformly convex Banach space.
Then for some ε > 0 there exists x∗∗ in X∗∗ with ‖x∗∗‖ = 1 and such that
the distance between x∗∗ and B(X), the closed unit ball of X is 2ε.

Let δ be chosen such that if x and y are in X with ‖x‖ ≤ 1, ‖y‖ ≤ 1 and
2 − δ ≤ ‖x + y‖ then ‖x − y‖ ≤ ε. Take x∗ in X∗, with ||x∗|| = 1 such that
〈x∗∗, x∗〉 = 1.

Let V be the weak-star neighborhood of x∗∗ given by

V =
{

u∗∗ ∈ X∗∗ |〈x∗, u∗∗〉 − 1| <
δ

2

}
.

If x and y are in the closed unit ball of X belonging to V (under identifi-
cation by the canonical injection) then |〈x∗, x+y〉| > 2−δ so 2−δ ≤ ‖x+y‖.
Hence ‖x− y‖ ≤ ε. Fixing x we conclude that V ∩B(X) ⊂ x + εB(X∗∗). By
Goldstein’s theorem (Goldstein’s theorem says that “J(B(X)) is weak-star
dense in B(X∗∗)” where J is the canonical injection of X into X∗∗), we know
that V ∩ B(X) is weak-star dense in V ∩ B(X∗∗) which, since x + εB(X∗∗)
is weak-star closed, yields x∗∗ belongs to x + εB(X∗∗). But this means that
the distance between x∗∗ and B(X) is less than or equal to ε, contradicting
our choice of x∗∗. �
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SUMMARY

For the ease of reference, we summarize the key results obtained in this
chapter. Here δX denotes the modulus of convexity of a normed space X.

S1

(a) Every uniformly convex space is strictly convex.
(b) Every uniformly convex space is reflexive.
(c) X is uniformly convex if and only if δX(ε) > 0 for all ε ∈ (0, 2].

S2

(a) δX(ε)
ε is a nondecreasing function on (0, 2].

(b) δX : (0, 2] → [0, 1] is a convex and continuous function.
(c) δX : (0, 2] → [0, 1] is a strictly increasing function.

EXERCISES 1.1

1. Prove that Lp (or lp) spaces, 1 < p < ∞, are uniformly convex.
(Hint: see e.g., Diestel [206]).

2. Justify the statement made in Example 4 that none of the spaces L1, L∞
and c0 (with their usual norms) is strictly convex.

3. Prove Proposition 1.4.

(Hint: Without loss of generality, assume α ∈ (0, 1
2 ]. Observe that

||αx+(1−α)y|| = ||α(x+ y)+ (1− 2α)y|| ≤ 2α||1
2
(x+ y)||+(1− 2α)||y||.

Apply Proposition 1.3).
4. Prove Theorem 1.6.

(Hint: Apply Proposition 1.4 with d = 1, ε := ||λx + (1 − λ)y||).
5. Prove that δH(ε) = 1−

√
1 − ε2

4 , where the symbols have the usual mean-
ings.

6. Justify the following claims made in example 1.7. (a) (C[0, 1], ||.||0) is not
strictly convex. (b) For any μ > 0, (C[0, 1], ||.||μ) is strictly convex. (c)
(C[0, 1], ||.||μ) is not uniformly convex.

1.6 Historical Remarks

The strictly convex Banach spaces were introduced in 1936 by Clarkson, [191],
who also studied the concept of uniform convexity. The uniform convexity of
Lp spaces, 1 < p < ∞, was established by Clarkson [191].



Chapter 2

Smooth Spaces

2.1 Introduction

In this chapter, we introduce the class of smooth spaces. We remark imme-
diately that there is a duality relationship between uniform smoothness and
uniform convexity. In the sequel, we shall examine this relationship. We begin
with the following definition.

Definition 2.1. A normed space X is called smooth if for every x ∈ X, ||x|| =
1, there exists a unique x∗ in X∗ such that ‖x∗‖ = 1 and 〈x, x∗〉 = ‖x‖.

2.2 The Modulus of Smoothness

In this section, we shall define a function called the modulus of smoothness
of a normed space X (denoted by ρX : [0,∞) → [0,∞)) and prove three
important properties of the function that will be used in the sequel, namely:

1. (Proposition 2.3) For every normed space X, the modulus of smoothness,
ρX , is a convex and continuous function.

2. (Theorem 2.5) A normed space X is uniformly smooth if and only if

lim
t→0+

ρX(t)
t

= 0.

3. (Corollary 2.8) For every normed space, ρX(t)
t is a nondecreasing function

on [0,∞) and ρX(t) ≤ t ∀ t ≥ 0.

There exists a complete dual notion to uniformly smooth space which plays
a central role in the structure of Banach spaces (see, Diestel [206]). In this
section, we present this duality. Recall that a Banach space is called smooth
if for every x in X with ‖x‖ = 1, there exists a unique x∗ in X∗ such that
‖x∗‖ = 〈x, x∗〉 = 1. Assume now that X is not smooth and take x in X
and u∗, v∗ in X∗ such that ‖x‖ = ‖u∗‖ = ‖v∗‖ = 〈x, u∗〉 = 〈x, v∗〉 = 1 and

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 11
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009



12 2 Smooth Spaces

u∗ 
= v∗. Let y in X be such that ‖y‖ = 1, 〈y, u∗〉 > 0 and 〈y, v∗〉 < 0. Then
for every t > 0 we have

1 + t〈y, u∗〉 = 〈x + ty, u∗〉 ≤ ‖x + ty‖,

1 − t〈y, v∗〉 = 〈x − ty, v∗〉 ≤ ‖x − ty‖
which imply 2 < 2+ t(〈y, u∗〉− 〈y, v∗〉) ≤ ‖x+ ty‖+ ‖x− ty‖ or, equivalently

0 < t
( 〈y, u∗〉 − 〈y, v∗〉

2

)
≤ ‖x + ty‖ + ‖x − ty‖

2
− 1.

With this motivation we introduce the following definition.

Definition 2.2. Let X be a normed space with dim X ≥ 2. The modulus of
smoothness of X is the function ρX : [0,∞) → [0,∞) defined by

ρX(τ) := sup
{‖x + y‖ + ‖x − y‖

2
− 1 : ‖x‖ = 1; ‖y‖ = τ

}

= sup
{‖x + τy‖ + ‖x − τy‖

2
− 1 : ‖x‖ = 1 = ‖y‖

}
.

Note that evidently ρX(0) = 0. The following results explore some prop-
erties of the modulus of smoothness. We begin with the following important
proposition.

Proposition 2.3. For every normed space X, the modulus of smoothness,
ρX , is a convex and continuous function.

Proof. Fix x and y with ‖x‖ = ‖y‖ = 1 and consider

fx,y(t) :=
‖x + ty‖ + ‖x − ty‖

2
− 1.

Then for λ in [0, 1]

fx,y(λt + (1 − λ)s)

=
‖x + (λt + (1 − λ)s)y‖ + ‖x − (λt + (1 − λ)s)y‖

2
− 1

≤ λ‖x + ty‖ + (1 − λ)‖x + sy‖ + λ‖x − ty‖ + (1 − λ)‖x − sy‖
2

− 1

= λfx,y(t) + (1 − λ)fx,y(s).

Therefore fx,y is a convex function, for every choice of x and y.
Now for arbitrary ε > 0, there exist x, y with ‖x‖ = ‖y‖ = 1 such that
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ρX(λt + (1 − λ)s) − ε ≤ fx,y(λt + (1 − λ)s)
≤ λfx,y(t) + (1 − λ)fx,y(s)
≤ λρX(t) + (1 − λ)ρX(s).

Therefore ρX is a convex function since ε is arbitrary. The continuity follows
from lemma 1.9. �


Definition 2.4. A normed space X is said to be uniformly smooth whenever
given ε > 0 there exists δ > 0 such that for all x, y ∈ X with ‖x‖ = 1 and
‖y‖ ≤ δ, then

‖x + y‖ + ‖x − y‖ < 2 + ε‖y‖.

As the modulus of convexity characterizes the uniformly convex spaces, the
modulus of smoothness can be used to characterize the uniformly smooth
spaces. This is the manner of the following theorem.

Theorem 2.5. A normed space X is uniformly smooth if and only if

lim
t→0+

ρX(t)
t

= 0.

Proof. If X uniformly smooth and ε > 0 then, there exists δ > 0 such that

‖x + y‖ + ‖x − y‖
2

− 1 <
ε

2
‖y‖,

for every x, y ∈ X such that ‖x‖ = 1, ‖y‖ = δ. This implies ρX(t) < ε
2 t for

every t < δ.

Conversely, let ε > 0, and suppose there exists δ > 0 such that ρX(t) <
1
2εt, for every t < δ. Let ‖x‖ = 1, ‖y‖ = δ. Then with t = ‖y‖ we have
‖x + y‖ + ‖x − y‖ < 2 + ε‖y‖ and the space is uniformly smooth. �

Proposition 2.6. Every uniformly smooth normed space X is smooth.

Proof. Suppose that X is not smooth, then there exist x0 in X and x∗
1, x∗

2

in X∗ such that x∗
1 
= x∗

2, ‖x∗
1‖ = ‖x∗

2‖ = 1 and 〈x0, x
∗
1〉 = ‖x0‖ = 〈x0, x

∗
2〉.

Evidently we can assume ‖x0‖ = 1. Let y0 in X be such that ‖y0‖ = 1 and
〈y0, x

∗
1 − x∗

2〉 > 0. For every t > 0 we have

0 < t〈y0, x
∗
1 − x∗

2〉
= t(〈y0, x

∗
1〉 − 〈y0, x

∗
2〉)

=
〈x0 + ty0, x

∗
1〉 + 〈x0 − ty0, x

∗
2〉

2
− 1

≤ ‖x0 + ty0‖ + ‖x0 − ty0‖
2

− 1,

therefore, 0 < 〈y0, x
∗
1−x∗

2〉 ≤
ρX(t)

t for any t > 0 and then X is not uniformly
smooth. �
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2.3 Duality Between Spaces

As usual in mathematics, the study of one concept is in close relation with an-
other which reflects its characteristics. This kind of “duality” is present in our
case. Now we state one of the fundamental links between the Lindenstrauss
duality formulas.

Proposition 2.7. Let X be a Banach space. For every τ >0, x in X, ‖x‖ = 1
and x∗ in X∗ with ‖x∗‖=1 we have

ρX∗(τ) = sup
{τε

2
− δX(ε) : 0 < ε ≤ 2

}
,

ρX(τ) = sup
{τε

2
− δX∗(ε) : 0 < ε ≤ 2

}
.

Proof. Let τ > 0, 0 < ε ≤ 2, x, y in X with ‖x‖ = ‖y‖ = 1. By Hahn-Banach
Theorem there exist x∗

0, y∗
0 in X∗ with ‖x∗

0‖ = ‖y∗
0‖ = 1 such that

〈x + y, x∗
0〉 = ‖x + y‖ and 〈x − y, y∗

0〉 = ‖x − y‖.

Then

‖x + y‖ + τ‖x − y‖ − 2 = 〈x + y, x∗
0〉 + τ〈x − y, y∗

0〉 − 2

= 〈x, x∗
0 + τy∗

0〉 + 〈y, x∗
0 − τy∗

0〉 − 2

≤ ‖x∗
0 + τy∗

0‖ + ‖x∗
0 − τy∗

0‖ − 2

≤ sup{‖x∗ + τy∗‖ + ‖x∗ − τy∗‖ − 2 :

‖x∗‖ = ‖y∗‖ = 1} = 2ρX∗(τ).

If ε ≤ ‖x − y‖ then, from the last inequality,

τε

2
− ρX∗(τ) ≤ 1 − ‖x + y‖

2
.

Therefore τε
2 − ρX∗(τ) ≤ δX(ε) and since 0 < ε ≤ 2 is arbitrary, we get

sup
{τε

2
− δX(ε) : 0 < ε ≤ 2

}
≤ ρX∗(τ).

Now let x∗, y∗ in X∗ with ‖x∗‖ = ‖y∗‖ = 1 and let δ > 0. For a given τ > 0
there exist x0, y0 in X with x0 
= y0 and ‖x0‖ = ‖y0‖ = 1 such that

‖x∗ + τy∗‖ ≤ 〈x0, x
∗ + τy∗〉 + δ and ‖x∗ − τy∗‖ ≤ 〈y0, x

∗ − τy∗〉 + δ
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(from the definition of ||.|| in X∗). From these inequalities, we obtain

‖x∗ + τy∗‖ + ‖x∗ − τy∗‖ − 2
≤ 〈x0, x

∗ + τy∗〉 + 〈y0, x
∗ − τy∗〉 − 2 + 2δ

= 〈x0 + y0, x
∗〉 + τ〈x0 − y0, y

∗〉 − 2 + 2δ

≤ ‖x0 + y0‖ − 2 + τ |〈x0 − y0, y
∗〉| + 2δ.

Hence, if we define ε0 := |〈x0 − y0, y
∗〉|, then 0 < ε0 ≤ ‖x0 − y0‖ ≤ 2 and

‖x∗ + τy∗‖ + ‖x∗ − τy∗‖
2

− 1 ≤ τε0

2
+ δ − δX(ε0)

≤ δ + sup
{τε

2
− δX(ε) : 0 < ε ≤ 2

}
.

As δ > 0 is arbitrary, we have

ρX∗(τ) ≤ sup
{τε

2
− δX(ε) : 0 < ε ≤ 2

}
,

and the first equation is proved.
In order to prove the second equation, let τ > 0 and let x∗, y∗ in X∗ with

‖x∗‖ = ‖y∗‖ = 1. For any η > 0, from the definition of ||.|| in X∗ there exist
x0, y0 in X with ‖x0‖ = ‖y0‖ = 1 such that

‖x∗ + y∗‖ − η ≤ 〈x0, x
∗ + y∗〉, ‖x∗ − y∗‖ − η ≤ 〈y0, x

∗ − y∗〉.

Then

‖x∗ + y∗‖ + τ‖x∗ − y∗‖ − 2
≤ 〈x0, x

∗ + y∗〉 + τ〈y0, x
∗ − y∗〉 − 2 + η(1 + τ)

= 〈x0 + τy0, x
∗〉 + 〈x0 − τy0, y

∗〉 − 2 + η(1 + τ).

Since in a Banach space, ‖x‖ = sup{|〈x, x∗〉| : ‖x∗‖ = 1} we have

‖x∗ + y∗‖ + τ‖x∗ − y∗‖ − 2
≤ ‖x0 + τy0‖ + ‖x0 − τy0‖ − 2 + η(1 + τ)
≤ sup{‖x + τy‖ + ‖x − τy‖ − 2 : ‖x‖ = ‖y‖ = 1}
+η(1 + τ)
= 2ρX(τ) + η(1 + τ).

If 0 < ε ≤ ‖x∗ − y∗‖ ≤ 2 we have

τε

2
− ρX(τ) − η(1 + τ) ≤ 1 −

∥∥∥x∗ + y∗

2

∥∥∥
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which implies that

τε

2
− ρX(τ) − η(1 + τ) ≤ δX∗(ε).

Now, since η is arbitrary we conclude that

τε

2
− ρX(τ) ≤ δX∗(ε)

for every ε in (0, 2] and therefore

sup
{τε

2
− δX∗(ε) : 0 < ε ≤ 2

}
≤ ρX(τ).

Now let x, y be in X with ‖x‖ = ‖y‖ = 1 and let τ > 0. By Hahn-Banach
Theorem there exist x∗

0, y∗
0 in X∗ with ‖x∗

0‖ = ‖y∗
0‖ = 1 and such that

〈x + τy, x∗
0〉 = ‖x + τy‖, 〈x − τy, y∗

0〉 = ‖x − τy‖.

Then,

‖x + τy‖ + ‖x − τy‖ − 2 = 〈x + τy, x∗
0〉 + 〈x − τy, y∗

0〉 − 2
= 〈x, x∗

0 + y∗
0〉 + τ〈y, x∗

0 − y∗
0〉 − 2

≤ ‖x∗
0 + y∗

0‖ + τ |〈y, x∗
0 − y∗

0〉| − 2.

Hence, if we define ε0 = |〈y, x∗
0 − y∗

0〉|, then 0 < ε0 ≤ ‖x0 − y0‖ ≤ 2 and

‖x + τy‖ + ‖x − τy‖
2

− 1 ≤ ‖x∗
0 + y∗

0‖ + τ |〈y, x∗
0 − y∗

0〉|
2

− 1

=
τε0

2
−

(
1 − ‖x∗

0 + y∗
0‖

2

)

≤ τε0

2
− δX∗(ε0)

≤ sup
{τε

2
− δX∗(ε) : 0 < ε ≤ 2

}
.

Therefore
ρX(τ) ≤ sup

{τε

2
− δX∗(ε) : 0 < ε ≤ 2

}

and the second equality holds. �


From the second formula of Proposition 2.7 we get the following corollaries.

Corollary 2.8 For every Banach space X, the function ρX(t)
t is non-

decreasing and ρX(t) ≤ t.

Corollary 2.9 For every Banach space X and for every Hilbert space H we
have
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ρH(τ) = sup
{τε

2
− 1 +

√
1 − ε2

4
: 0 < ε ≤ 2

}
=

√
1 + τ2 − 1 ≤ ρX(τ).

The following result gives the duality between uniformly convex and uni-
formly smooth spaces.

Theorem 2.10. Let X be a Banach space.
(a) X is uniformly smooth if and only if X∗ is uniformly convex.
(b) X is uniformly convex if and only if X∗ is uniformly smooth.

Proof. (a) → . If X∗ is not uniformly convex, there exists ε0 in (0, 2] with
δX∗(ε0) = 0, and by the second formula in Proposition 2.7, we obtain for
every τ > 0,

0 <
ε0

2
≤ ρX(τ)

τ

which means that X is not uniformly smooth.
(a) ← . Assume that X is not uniformly smooth. Then

lim
t→0+

ρX(t)
t


= 0,

that means, there exists ε > 0 such that for every δ > 0 we can find tδ with
0 < tδ < δ and tδε ≤ ρX(tδ). Then there exists a sequence (τn)n such that
0 < τn < 1 , τn → 0 and ρX(τn) > ε

2τn. By the second formula in Proposition
2.7, for every n there exists εn in (0, 2] such that

ε

2
τn ≤ τnεn

2
− δX∗(εn)

which implies
0 < δX∗(εn) ≤ τn

2
(εn − ε),

in particular ε < εn and δX∗(εn) → 0. Given the fact that δX∗ is a non-
decreasing function we have δX∗(ε) ≤ δX∗(εn) → 0. Therefore X∗ is not
uniformly convex. Note that, interchanging the roles of X and X∗ in this
proof, and using the first formula in Proposition 2.7, we get the proof of
part (b). �


The last part of the proof of Theorem 2.10 proves the following result.

Corollary 2.11 Every uniformly smooth space is reflexive.

SUMMARY

For the ease of reference, we summarize the key results obtained in this
chapter. Here ρX denotes the modulus of smoothness of a Banach space X.
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S1

(a) Every uniformly smooth space is smooth.
(b) Every uniformly smooth space is reflexive.
(c) X is uniformly smooth if and only if X∗ is uniformly convex.

S2

(a) X is uniformly smooth if and only if lim
t→0+

ρX(t)
t

= 0.

(b) ρX : [0.∞) → [0,∞) is a convex and continuous function.
(c) ρX(t)

t is a nondecreasing function on [0,∞).
(d) ρX(t) ≤ t for all t ≥ 0.

EXERCISES 2.1

1. Prove Corollaries 2.8 and 2.9.
2. Verify that Lp (or lp) spaces, 1 < p < ∞, are uniformly smooth (and are

therefore smooth).
3. Prove Corollary 2.11.

(Hint: A Banach space X is reflexive whenever the dual space X∗ is).
4. Establish the following inequalities. In Lp (or lp) spaces, 1 < p < ∞,

ρLp
(τ) =

{
(1 + τp)

1
p − 1 < 1

pτp, 1 < p < 2,
p−1
2 τ2 + o(τ2) < p−1

2 τ2, p ≥ 2.

(Hint: See Lindenstrauss and Tzafriri [312]).

2.4 Historical Remarks

Results in this chapter can be found in Beauzamy [26] or Diestel [206]. The
Lindenstrauss duality formulas are proved in Lindenstrauss and Tzafriri [312].



Chapter 3

Duality Maps in Banach Spaces

3.1 Motivation

In trying to develop analogue of the identity (1.1) in Banach spaces more
general than Hilbert spaces, one has to find a suitable replacement for inner
product, 〈., .〉. In this chapter, we present the notion of duality mappings
which will provide us with a pairing between elements of a normed space E
and elements of its dual space E∗, which we shall also denote by 〈., .〉 and
will serve as a suitable analogue of the inner product in Hilbert spaces.

In a given Hilbert space H, for any x∗ in H∗, by Riesz representation
theorem, there exists a unique x in H such that ‖x‖ = ‖x∗‖ and 〈y, x∗〉 =
〈y, x〉 for every y in H where the first bracket is the evaluation of x∗ in y. In
the particular case y = x, we have 〈x, x∗〉 = 〈x, x〉 = ‖x‖‖x∗‖. For a general
Banach space X, by Hahn-Banach theorem, for a given x in X, there exists
at least one x∗ in X∗ such that 〈x, x∗〉 = ‖x‖‖x∗‖. The notion of duality
maps (defined below) was motivated by these facts.

First we introduce a useful concept, the gauge function.
Definition 3.1. A continuous and strictly increasing function φ : R

+ → R
+

such that φ(0) = 0 and lim
t→∞

φ(t) = ∞ is called a gauge function.

Lemma 3.2. Let φ be a gauge function and

ψ(t) =
∫ t

0

φ(s)ds,

then ψ is a convex function on R
+.

Proof. For h > 0 and t > 0 we have

ψ(t + h) − ψ(t)
h

=
1
h

∫ t+h

t

φ(s) ds

≥ φ(t)
h

∫ t+h

t

ds = φ(t)

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 19
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and
ψ(t) − ψ(t − h)

h
=

1
h

∫ t

t−h

φ(s) ds ≤ φ(t).

Let 0 ≤ t1 < t2, λ ∈ [0, 1] and t = λt1 + (1 − λ)t2; then

λ =
t2 − t

t2 − t1
and 1 − λ =

t − t1
t2 − t1

and the above two inequalities yield

ψ(t2) − ψ(t) ≥ (t2 − t)φ(t),

ψ(t) − ψ(t1) ≤ (t − t1)φ(t).

Multiplying first inequality by (1 − λ) and the second by −λ, we get

(1 − λ)ψ(t2) − (1 − λ)ψ(t) ≥ (1 − λ)(t2 − t)φ(t)
= λ(1 − λ)(t2 − t1)φ(t)

and

−λψ(t) + λψ(t1) ≥ −λ(t − t1)φ(t) = −λ(1 − λ)(t2 − t1)φ(t).

Summing the above two inequalities we get

λψ(t1) + (1 − λ)ψ(t2) − ψ(t) ≥ 0,

that is,

ψ(t) ≤ λψ(t1) + (1 − λ)ψ(t2)
⇒ ψ(λt1 + (1 − λ)t2) ≤ λψ(t1) + (1 − λ)ψ(t2).

�


Definition 3.3. Given a gauge function φ, the mapping Jφ : X → 2X∗

defined by

Jφx := {u∗ ∈ X∗ : 〈x, u∗〉 = ‖x‖‖u∗‖; ‖u∗‖ = φ(‖x‖) }

is called the duality map with gauge function φ where X is any normed space.

In the particular case φ(t) = t, the duality map J = Jφ is called the
normalized duality map.

Lemma 3.4. In a normed linear space X, for every gauge function φ, Jφx is
not empty for any x in X.

Proof. The case x = 0 is trivial by taking u∗ = 0 in X∗. For x 
= 0 in X,
then xφ(||x||) 
= 0. Consider, by Hahn-Banach theorem, x∗ in X∗ such that
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‖x∗‖ = 1 and 〈xφ(||x||), x∗〉 = ‖x‖φ(‖x‖). Note that ‖φ(‖x‖)x∗‖ = φ(‖x‖)
and

〈x, φ(‖x‖)x∗〉 = 〈xφ(||x||), x∗〉 = ‖x‖φ(‖x‖) = ‖x‖‖φ(‖x‖)x∗‖,

therefore u∗ := φ(‖x‖)x∗ is in Jφx. �


As a consequence of this result, from now on, we will work on normed
linear spaces to ensure that for each x ∈ X, Jφ(x) is not empty.

An interesting result that indicates the importance of the duality map is
stated in the following theorem which can be found in Reich [411].

Theorem 3.5. Let X be a Banach space. For 0 < ε ≤ 2, let

γ(ε) = inf{1 − 〈y, j(x)〉 : ||x|| = ||y|| = 1, ||x − y|| ≥ ε, j(x) ∈ J(x)},

then X is uniformly convex if and only if γ(ε) is positive.

Proposition 3.6. In a real Hilbert space H, the normalized duality map is
the identity map.

Proof. Since H is a Hilbert space, we identify H = H∗ as usual. Let x ∈ H,
x 
= 0. Since 〈x, x〉 = ||x||.||x||, trivially x is in Jx. If y is in Jx, then
〈x, x〉 = ||x||.||x||, and ||y|| = ||x||. Then,

||x − y||2 = 〈x − y, x − y〉 = 〈x, x〉 − 〈y, x〉 − 〈x, y〉 + 〈y, y〉 = 0.

Therefore, y = x and J(y) is the singleton {x}. This is enough to conclude
that the normalized duality map can be considered as the identity map in
the case of real Hilbert spaces. �


Proposition 3.7. If Jx = {x∗}, a singleton for every x in a Banach space
X, and if J is linear in the sense that

λx∗ + y∗ = (λx + y)∗

for every x, y ∈ X and scalar λ, then X is a Hilbert space.

In a general Banach space, we have the following proposition.

Proposition 3.8. In a Banach space X, let Jφ be a duality map of gauge
function φ. Then for every x in X, x 
= 0 and every λ in R,

Jφ(λx) = sign(λ)
φ(|λ|‖x‖)
φ(‖x‖) Jφ(x).

Corollary 3.9 Let X be a real Banach space and J be the normalized duality
map on X. Then, J(λx) = λJ(x) ∀λ ∈ R ∀ x ∈ X.
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Proposition 3.10. Let J be a duality mapping on a real Banach space X
associated with a gauge function φ. Then,

(i) for every x ∈ X, the set Jx is convex and weak∗ closed in X∗.
(ii) J is monotone in the sense that 〈x − y, x∗ − y∗〉 ≥ 0 ∀x, y ∈ X and

x∗ ∈ Jx, y∗ ∈ Jy.

In particular, if J is single-valued and is denoted by j, then 〈x− y, j(x)−
j(y)〉 ≥ 0 ∀x, y ∈ X.

We now prove the following important result, a theorem of Kato, which
will be central in many applications.

Proposition 3.11. (Kato, [275]) Let X be a real Banach space and let J be
the normalized duality mapping on X; then for every x, y ∈ X the following
statements are equivalent:

(i) ||x|| ≤ ||x + λy||, ∀ λ > 0.
(ii) there exists u∗ ∈ Jx such that 〈y, u∗〉 ≥ 0.

Proof. (i) ⇒ (ii) For λ > 0, consider x∗
λ ∈ J(x + λy), x∗ 
= 0, and define

y∗
λ :=

x∗
λ

||x∗
λ||

.

Clearly ||y∗
λ|| = 1 so that y∗

λ −→/ 0 as λ → 0+. Now

y∗
λ :=

x∗
λ

||x∗
λ||

∈ 1
||x∗

λ||
J(x + λy).

So we have, since ||y∗
λ|| = 1,

||x|| ≤ ||x + λy|| = 〈x + λy, x∗
λ〉

1
||x∗

λ||
= 〈x + λy, y∗

λ〉 = 〈x, y∗
λ〉 + λ〈y, y∗

λ〉
≤ ||x|| + λ〈y, y∗

λ〉. (3.1)

We know from Banach-Alaoglu theorem that the unit ball is weak∗ −
compact in X∗. Therefore the net {y∗

λ}λ∈IR+ has a weak∗ limit point y∗

as λ → 0+ which by (3.1) and the fact that the net is in the unit ball of X∗

satisfies (as λ → 0+),

||y∗|| ≤ 1 , 〈x, y∗〉 ≥ ||x|| and 〈y, y∗〉 ≥ 0.

But then
||x|| ≤ 〈x, y∗〉 ≤ ||x||||y∗|| ≤ ||x||

so we get that
〈x, y∗〉 = ||x|| and ||y∗|| = 1.
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Let u∗ = y∗||x|| , then u∗ ∈ Jx and 〈y, u∗〉 ≥ 0.
(ii) ⇒ (i) Suppose that for x, y ∈ X,x 
= 0, there is u∗ ∈ Jx such that

〈y, u∗〉 ≥ 0. Then for λ > 0, we may write

||x||2 = 〈x, u∗〉 ≤ 〈x, u∗〉 + λ〈y, u∗〉
= 〈x + λy, u∗〉 ≤ ||u∗||||x + λy||
= ||x + λy||||x||,

⇒ ||x|| ≤ ||x + λy||.

This inequality also holds for x = 0. The proof is complete. �


3.2 Duality Maps of Some Concrete Spaces

Proposition 3.12. Let a = (a1, a2) ∈ R
2. Then, J(a) = Aa, where

Aa := {φa ∈ (R2)∗ : φa(x) := 〈a, x〉∀x ∈ R
2}. (3.2)

Proof. By the definition of the normalized duality map J : E → 2E∗
,

J(a) := {φ ∈ (R2)∗ : φ(a) = ||a||.||φ||, ||a|| = ||φ||}.

Let φa ∈ J(a). Then,

φa(a) = ||a||.||φa||; ||a|| = ||φa||. (3.3)

Since φa ∈ (R2)∗, by Riesz representation theorem, there exists a unique
y ∈ R

2 such that

φa(x) = 〈y, x〉 ∀x ∈ R
2; ||y|| = ||φa||.

In particular,

φa(a) = 〈y, a〉; ||y|| = ||φa||. (3.4)

From (3.3) and (3.4), we obtain the following system of equations:

φa(a) = 〈y, a〉 = ||y||.||φa||; ||y|| = ||φa||,

so that

〈y, a〉 = ||a||2; ||y|| = ||a||. (3.5)

Solving equations (3.5) for y we obtain that y = a. This implies that

J(a) ⊂ {φa : φa(x) = 〈a, x〉∀x ∈ R
2} = Aa.
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But if φa ∈ Aa, φa(a) = 〈a, a〉 = ||a||.||a|| and so φa ∈ J(a). Hence, Aa ⊂
J(a), so that

J(a) = Aa ⊂ (R2)∗.

The proof is complete. �


Proposition 3.13. Let E be a real Hilbert space. Let J : H → 2H∗
be the

normalized duality map. Then, for each a ∈ H,J(a) = Aa, where

Aa = {φa ∈ H∗ : φa(x) = 〈a, x〉 ∀ x ∈ H}. (3.6)

Proof. By the definition of the normalized duality map J : H → 2H∗
,

J(a) := {φa ∈ H∗ : φa(a) = ||a||.||φa||, ||a|| = ||φa||}.

Let φa ∈ J(a). Then,

φa(a) = ||a||.||φa||; ||a|| = ||φa||. (3.7)

Since φa ∈ H∗, by Riesz representation theorem, there exists a unique y ∈ H
such that

φa(x) = 〈y, x〉, ∀x ∈ H; ||y|| = ||φa||. (3.8)

In particular,

φa(a) = 〈y, a〉; ||y|| = ||φa||. (3.9)

From (3.7) and (3.9), we obtain the following system of equations:

φa(a) = 〈y, a〉 = ||a||.||φa|| by (3.7); ||y|| = ||φa|| = ||a||,

so that

〈y, a〉 = ||a||2; (3.10)

||y|| = ||a||. (3.11)

Solving equations (3.10) and (3.11) for y we obtain that

y = a.

This implies that

J(a) ⊂ {φa : φa(x) = 〈a, x〉∀x ∈ H} = Aa. (3.12)

But if φa ∈ Aa, φa(a) = 〈a, a〉 = ||a||.||a|| and so φa ∈ J(a). Hence, Aa ⊂
J(a), so that
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J(a) = {φa ∈ H∗ : φa(x) := 〈a, x〉,∀x ∈ H}.

The proof is complete. �


Proposition 3.14. The normalized duality mapping on Lp([0, 1]) is given by

Ag =
{

φg ∈ (Lp)∗ = Lq : φg(f)

=
∫ 1

0

g(t)f(t)dt,

g(t) : =
|f |p−1signf(t)

||f ||p−2
p

, f ∈ Lp([0, 1])
}

. (3.13)

Proof. From the definition of the normalized duality map J : Lp → 2L∗
p ,

J(f) := {φ ∈ (Lp)∗ : φ(f) = ||f ||.||φ||, ||f || = ||φ||}. (3.14)

Let φ ∈ (Lp)∗. By Riesz representation theorem, there exists a unique g ∈
Lq,

1
p + 1

q = 1, p, q > 1 such that

φ(f) = 〈g, f〉 =
∫ 1

0

g(t)f(t)dt; ||φ|| = ||g||.

Set φ ≡ φg. Then, this equation becomes

φg(f) = 〈g, f〉 =
∫ 1

0

g(t)f(t)dt; ||φg|| = ||g||. (3.15)

Then, from (3.14) and (3.15), we get

φg(f) =
∫ 1

0

g(t)f(t)dt = ||φg||.||f ||; ||f || = ||φg|| = ||g||. (3.16)

Hence, we obtain the following set of equations;
∫ 1

0

f(t)g(t)dt = ||f ||2; ||g||Lq
= ||f ||Lp

. (3.17)

We now solve equations (3.17) for g.
To fix ideas, let us first solve equations (3.17) for the case in which p =

2 = q. From equations (3.17), we obtain the following equations:

∫ 1

0

f(t)g(t)dt =
∫ 1

0

f(t)f(t)dt. (3.18)
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∫ 1

0

g(t)g(t)dt =
∫ 1

0

f(t)f(t)dt. (3.19)

From equations (3.18) and (3.19), we obtain the following equations,

∫ 1

0

f(t)(g(t) − f(t))dt = 0. (3.20)

∫ 1

0

(g(t) − f(t))g(t)dt = 0. (3.21)

From (3.20) and (3.21), we get

∫ 1

0

(g(t) − f(t))(g(t) − f(t))dt = 0,

so that ∫ 1

0

|g(t) − f(t)|2dt = 0.

This implies g(t) = f(t) a.e. Consequently, J(f) ⊂ {φf : φf (h) =∫ 1

0
f(t)h(t)dt}. On the other hand, φf ∈ Ag. For,

φf (f) =
∫ 1

0

f(t)f(t) =
∫ 1

0

|f(t)|2dt = ||f ||.||f ||.

So, {
φf : φf (h) =

∫ 1

0

f(t)h(t)dt
}
⊂ J(f).

Hence,

J(f) =
{

φf : φf (h) =
∫ 1

0

f(t)h(t)dt
}

= {φf},

a singleton.

Claim. The general solution of (3.17) is given by (Exercises 3.1, Problem
6(b)),

g(t) = |f(t)|(p−1)sign
f(t)

||f ||(p−2)
p

, (3.22)

where sign f(t) = f(t)
|f(t)| , f 
= 0, and signf(t) = 0, f = 0.

Corollary 3.15 Let H be a real Hilbert space. Then, for each a ∈ H,

J(a) = φa ∈ H∗,

where φa(x) := 〈a, x〉 ∀ x ∈ H.
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EXERCISES 3.1

1. Prove that the following are convex functions.

(a) f(x) = ||x||; (b) f(x) = 1
p ||x||p ∀ p > 1.

2. Prove that for x 
= 0, Jp(x) = ||x||p−2J(x), p > 1 where J is the single-
valued normalized duality map.

3. Let X be a real Banach space and T : D(T ) ⊆ X → X be a map such
that ∀x, y ∈ D(T ), the following inequality is satisfied:

||x − y|| ≤ ||(1 + r)(x − y) − rt(Tx − Ty)||,

for r > 0 and some t > 1. By applying Proposition 3.11 or otherwise, prove
that there exists j(x − y) ∈ J(x − y) such that

〈(I − T )x − (I − T )y, j(x − y)〉 ≥ k||x − y||2

for all x, y ∈ D(T ), where k := ( t−1
t ).

4. Let E be a real normed linear space and A : E → E be a mapping such
that

〈Ax − Ay, j(x − y)〉 ≥ 0,

for all x, y ∈ E, where j is the single-valued normalized duality map on E.
Assume (A + I) : E → E is surjective, where I denotes the identity map
on E. Prove:

(a) (I + A)−1 exists.
(b) ||(I + A)−1x − (I + A)−1y|| ≤ ||x − y|| ∀ x, y ∈ E.

(Hint: Start by expanding 〈(I + A)x − (I + A)y, j(x − y)〉).
5. Let E be a real normed linear space, j : E → E∗ be the normalized duality

map. Assume that j is norm-to weak∗ uniformly continuous on bounded
subsets of E. Let {xn} and {un} be sequences in E such that

(i) {xn} is bounded;
(ii) um → x∗ in norm (i.e., ||um − x∗|| → 0 as m → ∞);
(iii) |〈x∗ − um, j(xn − um)〉| → 0 as n,m → ∞.

Prove that given any ε > 0, there exists an integer N > 0 such that

(1) |〈u − um, j(xn − um)〉 − 〈u − x∗, j(xn − x∗)〉| < ε ∀ n,m > N.

(Hint: Subtract and add: 〈u − x∗, j(xn − um)〉 in the LHS of (1), use the
given conditions (i) to (iii) and the condition that j is norm-to-weak∗

uniformly continuous on bounded subsets of E).
6. (a) Solve equations (3.5) to obtain y = a. Let a = (−3, 2). Compute J(a).

(b) Verify that g defined by (3.22) satisfies equations (3.17).
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Hint: Note that |g(t)|q = |f(t)|q(p−1)

||f ||q(p−2)
p

so that

(∫ 1

0

|g(t)|qdt
) 1

q

=
1

||f ||p−2
p

(∫ 1

0

|f(t)|q(p−1)dt
) 1

q

,
1
p

+
1
q

= 1, i.e.,

||g||q =
1

||f ||p−2
p

(∫ 1

0

|f(t)|pdt
) 1

q

, or

||g||q =
1

||f ||p−2
p

||f ||
p
q
p ,

p

q
= p − 1.

So, ||g||q = ||f ||p−1
p

||f ||p−2
p

= ||f ||p.
Also, for f 
= 0, φ ∈ J(f) ⇒
∫ 1

0

f(t)g(t)dt =
∫ 1

0

f(t)
|f(t)|p−1

||f ||p−2
p

f(t)
|f(t)|dt =

∫ 1

0

|f(t)|2 |f(t)|p−1

|f(t)|
1

||f ||p−2
dt

=
(∫ 1

0

|f(t)|pdt
) 1
||f ||p−2

p

=
||f ||pp

||f ||p−2
p

= ||f ||2p = ||f ||p||f ||p

= ||f ||p||g||q = ||f ||p||ϕ||.

Hence, J(f) ⊆
{

ϕg where ϕg(t) = 〈g, f〉

=
∫ 1

0
f(t)g(t)dt and g(t) := |f(t)|p−1

||f ||pp−2
signf(t)

}
:= Ag, i.e., J(f) ⊂ Ag.

On the other hand, if ϕ ∈ Ag, then ϕ = ϕg and ϕg(h) =
∫ 1

0
h(t)g(t)dt with

||g||q = ||ϕ||. If we take h = f, then, since f(t)signf(t) = |f(t)|,

ϕg(f) =
∫ 1

0

f(t).
|f(t)|p−1

||f ||pp−2

signf(t)dt =
∫ 1

0

|f(t)||f(t)|p−1

||f ||p−2
p

dt

=
1

||f ||p−2
p

.

∫ 1

0

|f(t)|pdt =
||f ||pp

||f ||p−2
p

= ||f ||2p

i.e., ϕg(f) = ||f ||p.||f ||p and ||f ||p = ||g||q.
It follows that ||ϕ|| = ||f ||p. Therefore, Ag ⊂ J(f).

Conclusion: J(f) =
{

ϕg ∈ Lq,
1
p+ 1

q = 1, where g(t) = |f(t)|p−1

||f ||p−2
p

signf(t)
}

.

7. Justify Corollary 3.15.

3.3 Historical Remarks

The concept of duality map was introduced in 1962 by Beurling and
Livingston [30] and was further developed by Asplund [17], Browder [41, 47],
Browder and De Figueiredo [48], De Figueiredo [197]. General properties of
the duality map can be found in De Figueiredo [197].



Chapter 4

Inequalities in Uniformly Convex
Spaces

4.1 Introduction

Among all Banach spaces, Hilbert spaces are generally regarded as the ones
with the simplest geometric structures. The reason for this observation is
that certain geometric properties which characterize Hilbert spaces (e.g., the
existence of inner product; the parallelogram law or equivalently the polariza-
tion identity; and the fact that the proximity map or nearest point mapping
in Hilbert spaces is Lipschitz with constant 1) make certain problems posed in
Hilbert spaces comparatively straightforward and relatively easy to solve. In
several applications, however, many problems fall naturally in Banach spaces
more general than Hilbert spaces. Therefore, to extend the techniques of so-
lutions of problems in Hilbert spaces to more general Banach spaces, one
needs to establish identities or inequalities in general Banach spaces analo-
gous to the ones in Hilbert spaces. As shown by recent works, several authors
have conducted worthwhile research in this direction (e.g., Al’ber ([3], [4],
[9], Beauzamy [26], Bynum [61, 62], Clarkson [191], Lindenstrauss ([309],
[310]), Hanner [247], Kay [276], Lim [306, 303], Lindenstrauss and Tzafriri
[311], Prus and Smarzewski [387], Reich [408], Tribunov [491], Xu [509], Xu
[523], Xu and Roach [525], and a host of other authors). In this chapter (and
also in Chapter 5), we shall describe some of the results obtained primarily
within the last thirty years or so. Applications of these results to iterative
solutions of nonlinear equations in Banach spaces will be given in subsequent
chapters. For now, we shall examine inequalities obtained in various Banach
spaces as analogues of the following Hilbert space identities:
For each x, y ∈ H (a real Hilbert space), we have the polarization identity

‖x + y‖2 = ‖x‖2 + 2〈x, y〉 + ‖y‖2, (4.1)

and for λ ∈ [0, 1], we also have the identity

‖λx + (1 − λ)y‖2 = λ‖x‖2 + (1 − λ)‖y‖2 − λ(1 − λ)‖x − y‖2. (4.2)

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 29
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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4.2 Basic Notions of Convex Analysis

Notation Throughout this section, X will denote a real Banach space and
D will denote a convex nonempty subset of X, unless otherwise stated. We
shall assume p > 1.

Definition 4.1. Let f : X → (−∞,∞) be a map. Then D(f) := {x ∈ X :
f(x) < +∞} is called the effective domain of f. The function f is called
proper if D(f) 
= ∅.

In this section D will denote D(f), the domain of a convex function, f .

Definition 4.2. A function f : X → (−∞,∞) is said to be lower-semi
continuous (l.s.c.) at x0 ∈ X, if {xn} is a sequence in X such that xn → x0

and f(xn) → y, then f(x0) ≤ y.

Definition 4.3. Let f : X → (−∞,∞) be a proper functional. Recall that
f is said to be convex on D if

f [λx + (1 − λ)y] ≤ λf(x) + (1 − λ)f(y) ∀ x, y ∈ D, 0 ≤ λ ≤ 1.

Definition 4.4. Let R
+ = [0,∞). A convex function f on D is said to be

uniformly convex on D if there exists a function μ : R
+ −→ R

+ with
μ(t) = 0 ⇔ t = 0 such that

f [λx + (1 − λ)y] ≤ λf(x) + (1 − λ)f(y) − λ(1 − λ)μ(‖x − y‖) ∀λ ∈ [0, 1],

∀ x, y ∈ D. If the above relation holds for all x, y ∈ D when λ = 1
2 , then f is

said to be uniformly convex at centre on D.

A convex function f is uniformly convex on D if and only if f is uniformly
convex at centre on D (see e.g., Zalinescu ([537], p.352)).

Definition 4.5. The sub-differential of a function f is a map

∂f : X → 2X∗

defined by

∂f(x) = {x∗ ∈ X∗ : f(y) ≥ f(x) + 〈y − x, x∗〉 ∀ y ∈ X}.

Definition 4.6. For each p > 1, let φ(t) = tp−1 be a gauge function. Fol-
lowing Definition 3.3, we define the generalized duality map Jp : X −→
2X∗

by

Jφ(t) : = Jp(x) = {x∗ ∈ X∗ : 〈x, x∗〉 = ‖x‖.||x∗||,
||x∗|| = φ(‖x‖) = ||x||p−1}.
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We observe that for p = 2, we write Jp = J2 = J which is the normalized
duality map on X defined in Chapter 3.

Proposition 4.7. For every x 
= 0 in a Banach space X,

∂‖x‖ = {u∗ ∈ X∗ : 〈x, u∗〉 = ‖x‖ = ||u∗||; ‖u∗‖ = 1}.

Proof. Note that

∂‖x‖ := {u∗ ∈ X∗ : 〈y − x, u∗〉 ≤ ‖y‖ − ‖x‖ ∀ y ∈ X}.

Therefore,

{u∗ ∈ X∗ : 〈x, u∗〉 = ‖x‖ = ||u∗||; ‖u∗‖ = 1} ⊂ ∂‖x‖

since 〈y, u∗〉 ≤ ‖y‖.
Conversely, if u∗ is in ∂‖x‖ then

〈y, u∗〉 = 〈(y + x) − x, u∗〉 ≤ ‖y + x‖ − ‖x‖ ≤ ‖y‖,

〈y, u∗〉 ≤ ‖y + x‖ − ‖x‖ ≤ ‖y‖.
From this ‖u∗‖ ≤ 1 and with y = 0 in the definition of ∂‖x‖, we have
‖x‖ ≤ 〈x, u∗〉. Therefore ‖u∗‖ = 1, ‖x‖ = 〈x, u∗〉 and the result holds. �


Now we state the relation between Jφ and ∂.

Theorem 4.8. Jφx = ∂ψ(‖x‖) for each x in a Banach space X, where
ψ(‖x‖) =

∫ ‖x‖
0

φ(s)ds.

Proof. Since φ is strictly increasing and continuous, ψ is differentiable and
ψ′(t) = φ(t). By the convexity of ψ, if s 
= t then, (s− t)ψ′(t) ≤ ψ(s)− ψ(t).
Now let u∗ in Jφ and let y in X. If ‖y‖ > ‖x‖,

‖u∗‖ = φ(‖x‖) = ψ′(‖x‖) ≤ ψ(‖y‖) − ψ(‖x‖)
‖y‖ − ‖x‖ ,

which implies that

〈y − x, u∗〉 = 〈y, u∗〉 − 〈x, u∗〉 ≤ ‖u∗‖‖y‖ − ‖u∗‖‖x‖ ≤ ψ(‖y‖) − ψ(‖x‖).

In a similar way, if ‖y‖ < ‖x‖, 〈y−x, u∗〉 ≤ ψ(‖y‖)−ψ(‖x‖). If ‖y‖ = ‖x‖,
〈y − x, u∗〉 ≤ ‖u∗‖(‖y‖− ‖x‖) = 0 = ψ(‖y‖)−ψ(‖x‖). Therefore, for every y
in X, 〈y − x, u∗〉 ≤ ψ(‖y‖) − ψ(‖x‖). Hence

u∗ ∈ ∂φ(‖x‖) = {x∗ ∈ X∗ : 〈y − x, x∗〉 ≤ ψ(‖y‖) − ψ(‖x‖);∀y ∈ X}.

We have proved Jψx ⊂ ∂φ(‖x‖).
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Conversely, consider u∗ in ∂ψ(‖x‖), with x 
= 0.

‖u∗‖‖x‖ = sup{〈y, u∗〉‖x‖ : ‖y‖ = 1}
= sup{〈y, u∗〉 : ‖y‖ = ‖x‖}
≤ sup{〈x, u∗〉 + ψ(‖y‖) − ψ(‖x‖) : ‖y‖ = ‖x‖}
≤ ‖u∗‖‖x‖,

which implies 〈x, u∗〉 = ‖u∗‖‖x‖. Now we want to prove that ‖u∗‖ = φ(‖x‖) =
ψ′(‖x‖). If t > ‖x‖ > 0, then

‖u∗‖(t − ‖x‖) = t‖u∗‖ − ‖x‖‖u∗‖ = 〈x, u∗〉
( t

‖x‖ − 1
)

=
〈 xt

‖x‖ − x, u∗
〉
≤ ψ(t) − ψ(‖x‖),

which implies

‖u∗‖ ≤ ψ(t) − ψ(‖x‖)
t − ‖x‖ .

In a similar way, with 0 < t < ‖x‖ we have

ψ(t) − ψ(‖x‖)
t − ‖x‖ ≤ ‖u∗‖.

By letting t → ‖x‖ we have, if x 
= 0, ‖u∗‖ = ψ′(‖x‖) = φ(‖x‖).
In the case x = 0, ∂ψ(0) = {u∗ ∈ X∗ : 〈y, u∗〉 ≤ ψ(‖y‖);∀y ∈ X} and we

must prove that ∂ψ(0) = {0}. Now,

〈y, u∗〉 ≤ ψ(‖y‖) =
∫ ‖y‖

0

φ(t)dt ≤ φ(‖y‖)‖y‖,

which implies ‖u∗‖ ≤ φ(‖y‖) for all y in X. Therefore u∗ = 0 and the result
holds. �


Proposition 4.9. For p ≥ 1, Jp is the sub-differential of the functional
1
p‖.‖p.

Proof. Following the definition of Jp, we note that Jp = Jφ(s) where φ(s) =
sp−1. By Theorem 4.8, setting φ(s) = sp−1, p ≥ 1, we have

Jp(x) = Jφ(s)(x) = ∂

∫ ||x||

0

φ(s)ds = ∂

∫ ||x||

0

sp−1ds = ∂
(1

p
||x||p

)
,

completing the proof. �


Using the notation of sub-differentials, we first establish the following in-
equality which will be used in the sequel and which is valid in arbitrary real
normed spaces.
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Theorem 4.10. Let E be a real normed space, and Jp :E→2E∗
, 1<p<∞,

be the generalized duality map. Then, for any x, y ∈ E, the following inequal-
ity hold

||x + y||p ≤ ||x||p + p〈y, jp(x + y)〉 (4.3)

for all jp(x + y) ∈ Jp(x + y). In particular, if p = 2, then

||x + y||2 ≤ ||x||2 + 2〈y, j(x + y)〉 (4.4)

for all j(x + y) ∈ J(x + y).

Proof. By Proposition 4.9, Jp is the sub-differential of 1
p ||.||p, if p > 1. Hence,

by the sub-differential inequality, for all x, y ∈ E and jp(x + y) ∈ Jp(x + y),
we obtain that

1
p
||x||p − 1

p
||x + y||p ≥ 〈x − (x + y), jp(x + y)〉

so that
||x + y||p ≤ ||x||p + p〈y, jp(x + y)〉,

as required. The case for p = 2 follows trivially. �


We note that inequality (4.4) actually holds in any normed linear space
simply from the definition of the normalized duality map and triangle in-
equality. For,

||x + y||2 = 〈x + y, j(x + y)〉

≤ ||x||.||x + y|| + 〈y, j(x + y〉

≤ 1
2
(||x||2 + ||x + y||2) + 〈y, j(x + y)〉,

so that ||x + y||2 ≤ ||x||2 + 2〈y, j(x + y)〉, as required. �

The following lemma will also be useful.

Lemma 4.11. Let f(x) = (1 − x)α, α ≥ 1. Then if x ∈ (0, 1) we have

(1 − x)α ≥ 1 − αx.

Proof. Given f(x) = (1 − x)α, there exists ζ ∈ (0 , x) such that

f(x) = f(0) + xf
′
(0) +

1
2
x2f

′′
(ζ).

This implies f(x) ≥ f(0)+xf
′
(0) which gives (1−x)α ≥ 1−αx, as required.

�
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4.3 p-uniformly Convex Spaces

Throughout this section, δX : (0, 2] → (0, 1] denotes the modulus of convexity
of a normed space X.

Definition 4.12. Let p > 1 be a real number. Then a normed space X is
said to be p-uniformly convex if there is a constant c > 0 such that

δX(ε) ≥ cεp.

Example 4.13. If E = Lp (or lp), 1 < p < ∞, then

(a) δE(ε) ≥ 1
2p+1 ε2, if 1 < p < 2,

(b) δE(ε) ≥ εp, if 2 ≤ p < ∞.

To develop further inequalities, we shall make use of the following lemma
whose very long proof can be found in Zalinescu [537].

Lemma 4.14. Let X be a real Banach space. Then, δX(ε) ≥ c.εp if and only
if there exists a constant c > 0 such that

1
2

(
‖x + y‖p + ‖x − y‖p

)
≥ ‖x‖p + c‖y‖p ∀ x, y ∈ X. (4.5)

Using this lemma, we now prove the following proposition.

Proposition 4.15. Let X be a real Banach space. Then for some constant
c > 0,

1
2

(
‖x + y‖p + ‖x − y‖p

)
≥ ‖x‖p + c‖y‖p ∀ x, y ∈ X

if and only if ‖.‖p is uniformly convex at centre on X.

Proof. Suppose for some constant c > 0,

1
2

(
‖x + y‖p + ‖x − y‖p

)
≥ ‖x‖p + c‖y‖p ∀ x, y ∈ X.

Let x = u + v and y = u − v, then the above inequality becomes

‖u + v‖p + c‖u − v‖p ≤ 2p−1(‖u‖p + ‖v‖p).

So,
∣∣∣
∣∣∣u + v

2

∣∣∣
∣∣∣
p

≤ 1
2
(‖u‖p + ‖v‖p) − c2−p‖u − v‖p

=
1
2
(‖u‖p + ‖v‖p) − 1

4
μ(‖u − v‖)
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where μ : R
+ → R

+ is defined by μ(t) = tp c 2−p+2. Hence ‖.‖p is uniformly
convex at centre.
Conversely suppose ‖.‖p is uniformly convex at centre. So,

∣∣∣
∣∣∣x + y

2

∣∣∣
∣∣∣
p

≤ 1
2
(‖x‖p + ‖y‖p) − 1

4
.μ(‖x − y‖) ∀ x, y ∈ X

=
1
2
(||x||p + ||y||p) − c2−p||x − y||p.

Set x = u + v and y = u − v for arbitrary u, v ∈ X to obtain the desired
inequality. �


Theorem 4.16. Let p > 1 be a fixed real number. Then the functional ‖.‖p

is uniformly convex on the Banach space X if and only if X is p−uniformly
convex i.e., if and only if there exists a constant c > 0 such that

δX(ε) ≥ c.εp for 0 < ε ≤ 2.

Proof. Suppose the functional ‖.‖p is uniformly convex on X. We show that
X is p-uniformly convex. Since ‖.‖p is uniformly convex on X we have, by
definition 4.4,

‖λx + (1 − λ)y‖p ≤ λ‖x‖p + (1 − λ)‖y‖p − λ(1 − λ) μ(‖x − y‖)

for some μ : R
+ → R

+ satisfying

μ(t) = 0 ⇔ t = 0.

Now we define, for each t > 0, μ : R
+ → R

+ by

μ(t) := inf
{λ‖x‖p + (1 − λ)‖y‖p − ‖λx + (1 − λ)y‖p

Wp(λ)
:

0 < λ < 1, x, y ∈ X, ‖x − y‖ = t
}

,

where Wp(λ) := λp(1 − λ) + λ(1 − λ)p. Clearly, μ(0) = 0.

We claim that μ(ct) = cpμ(t) ∀ c , t > 0.
In fact,

μ(ct) = inf
{λ‖u‖p + (1 − λ)‖v‖p − ‖λu + (1 − λ)v‖p

Wp(λ)

: u , v ∈ X , ‖u − v‖ = ct
}

.

Put u
c = x and v

c = y. Then
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μ(ct) = cp inf
{λ‖x‖p + (1 − λ)‖y‖p − ‖λx + (1 − λ)y‖p

Wp(λ)
:

0 < λ < 1 , x, y ∈ X, ‖x − y‖ = t
}

.

So, μ(ct) = cp.μ(t). In particular, we can write,

μ(t) = μ(t.1) = tpμ(1) for t > 0.

From the definition of μ(t), we get for t = ||x − y||,

Wp(λ).μ(t) ≤ λ‖x‖p + (1 − λ)‖y‖p − ‖λx + (1 − λ)y‖p

so that

‖λx + (1 − λ)y‖p ≤ λ‖x‖p + (1 − λ)‖y‖p − Wp(λ)μ(t)

= λ‖x‖p + (1 − λ)‖y‖p − Wp(λ) c ‖x − y‖p

where c = μ(1) > 0. Therefore, for 0 ≤ λ ≤ 1 and for all x, y ∈ X, we have

‖λx + (1 − λ)y‖p ≤ λ‖x‖p + (1 − λ)‖y‖p − Wp(λ)c‖x − y‖p. (4.6)

In particular, for λ = 1
2 we get,

∣∣∣
∣∣∣x + y

2

∣∣∣
∣∣∣
p

≤ 1
2
(‖x‖p + ‖y‖p) − 2−pc‖x − y‖p.

Let ‖x‖ = 1 , ‖y‖ = 1, ‖x − y‖ ≥ ε ; 0 < ε ≤ 2. Then
∣∣∣
∣∣∣x + y

2

∣∣∣
∣∣∣ ≤ (1 − 2−pcεp)1/p.

so that
1 −

∣∣∣
∣∣∣x + y

2

∣∣∣
∣∣∣ ≥ 1 − (1 − 2−pcεp)

1
p .

Hence, using Lemma 4.11 we get,

δX(ε) ≥ 1 − (1 − p−12−pcεp) ≥ c1ε
p,

where c1 := p−12−pc > 0. Therefore X is p-uniformly convex as desired.
Conversely, suppose X is p-uniformly convex. We show ‖.‖p is uniformly

convex on the Banach space X. By Lemma 4.14, there exists a constant
c > 0 such that inequality (4.5) is satisfied, and by Proposition 4.15, ‖.‖p is
uniformly convex at centre on X. Hence by the remark of Zalinescu [537],
p. 352, referred to at the end of Definition 4.4, since ||.||p is convex, it is
uniformly convex on X, as required. �


Corollary 4.17 Let p > 1 be a given real number. Then the following are
equivalent in a Banach space X:
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(i) X is p-uniformly convex.
(ii) There is a constant c1 > 0 such that for every x, y ∈ X, fx ∈ Jp(x), the

following inequality holds:

‖x + y‖p ≥ ‖x‖p + p〈y , fx〉 + c1‖y‖p.

(iii) There is a constant c2 > 0 such that for every x, y ∈ X, fx ∈ Jp(x), fy ∈
Jp(y), the following inequality holds:

〈x − y , fx − fy〉 ≥ c2‖x − y‖p.

Proof. (i) ⇒ (ii): Since X is p-uniformly convex, by Theorem 4.16, ‖.‖p is
uniformly convex on X i.e. for all λ ∈ [0, 1],

‖λx + (1 − λ)y‖p ≤ λ‖x‖p + (1 − λ)‖y‖p − λ(1 − λ)μ(‖x − y‖), (4.7)

where μ(t) = μ(1)tp for all x, y ∈ X. Moreover, since Jp is the sub-differential
of the functional 1

p .‖.‖p, we have for fx ∈ Jp(x) that

p〈y − x , fx〉 ≤ ‖y‖p − ‖x‖p ∀ y ∈ X.

Replace y by x + λy, 0 < λ < 1, then,

p〈y , fx〉 ≤
‖x + λy‖p − ‖x‖p

λ

=
‖(1 − λ)x + λ(x + y)‖p − ‖x‖p

λ

≤ λ‖x + y‖p + (1 − λ)‖x‖p − λ(1 − λ)μ(‖y‖) − ‖x‖p

λ

= ‖x + y‖p − ‖x‖p − (1 − λ)μ(1)‖y‖p.

Letting λ → 0, we obtain,

p〈y , fx〉 ≤ ‖x + y‖p − ‖x‖p − c1‖y‖p,

where c1 := μ(1). Therefore,

‖x + y‖p ≥ ‖x‖p + p〈y , fx〉 + c1‖y‖p.

Hence, (ii) is proved.
(ii) ⇒ (iii): For x, y ∈ X, fx ∈ Jp(x) and fy ∈ Jp(y) we have,

‖x + y‖p ≥ ‖x‖p + p〈y , fx〉 + c1‖y‖p, (4.8)

‖x + y‖p ≥ ‖y‖p + p〈x , fy〉 + c1‖x‖p. (4.9)
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Replace y by y − x in (4.8) and replace x by x − y in (4.9), to get,

‖y‖p ≥ ‖x‖p + p〈y − x , fx〉 + c1‖y − x‖p, (4.10)

‖x‖p ≥ ‖y‖p + p〈x − y , fy〉 + c1‖x − y‖p. (4.11)

Adding (4.10) and (4.11) we get,

p〈y − x , fx − fy〉 + 2c1‖x − y‖p ≤ 0.

This gives,

〈x − y , fx − fy〉 ≥ 2c1

p
‖x − y‖p,

and so,
〈x − y , fx − fy〉 ≥ c2‖x − y‖p,

where c2 := 2c1
p . Hence, (iii) follows.

(iii) ⇒ (i): Given 〈x − y , fx − fy〉 ≥ c2‖x − y‖p, we first show that
there exists a constant c∗1 > 0 such that

‖x + y‖p ≥ ‖x‖p + p〈y , fx〉 + c∗1‖y‖p ∀ x, y ∈ X.

So, for x, y ∈ X and 0 ≤ λ ≤ 1, let g : [0, 1] −→ R
+ be defined by

g(t) = ‖x + ty‖p.

Therefore, using the fact that Jp is the sub-differential of the functional 1
p‖.‖p,

we get,

g(t + h) − g(t) = ‖x + (t + h)y‖p − ‖x + ty‖p

≥ hp〈y , fx+ty〉, fx+ty ∈ Jp(x + ty).

So,

g′+(t) = lim
h→0+

g(t + h) − g(t)
h

≥ p〈y , fx+ty〉.

Now,

‖x + y‖p − ‖x‖p = g(1) − g(0)

=
∫ 1

0

g′+(t)dt

≥ p

∫ 1

0

〈y , fx+ty〉dt
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= p〈y , fx〉 + p

∫ 1

0

1
t
〈x + ty − x, fx+ty − fx〉dt

≥ p〈y , fx〉 + pc2

∫ 1

0

‖x + ty − x‖p dt

t
, by (iii)

= p〈y , fx〉 + c2‖y‖p.

Hence,

‖x + y‖p − ‖x‖p ≥ p〈y , fx〉 + c2‖y‖p ∀ x, y ∈ X. (4.12)

Replace
x by λx + (1 − λ)y and y by (1 − λ)(x − y) in (4.12) to get,

‖x‖p − ‖λx + (1 − λ)y‖p ≥ p(1 − λ)〈x − y , fλx+(1−λ)y〉

+ c2.(1 − λ)p.‖x − y‖p. (4.13)

Next, we replace x by λx + (1 − λ)y and y by λ(y − x) in (4.12) to get,

‖y‖p − ‖λx + (1 − λ)y‖p ≥ pλ〈y − x , fλx+(1−λ)y〉 + c2λ
p‖y − x‖p. (4.14)

Performing λ(4.13) + (1 − λ)(4.14), we get

λ‖x‖p + (1 − λ)‖y‖p ≥ ‖λx + (1 − λ)y‖p + c2Wp(λ)‖x − y‖p

≥ ‖λx + (1 − λ)y‖p + λ(1 − λ)2−pc2‖x − y‖p.

Therefore, setting μ(t) = 2−ptpc2, we obtain that

λ‖x‖p + (1 − λ)‖y‖p ≥ ||λx + (1 − λ)y‖p + λ(1 − λ).μ(‖x − y‖)

which shows that ‖.‖p is uniformly convex on X and hence X is p-uniformly
convex. �


4.4 Uniformly Convex Spaces

For uniformly convex Banach spaces, the following theorem has been proved.

Theorem 4.18. (Xu,[509]) Let p > 1 and r > 0 be two fixed real numbers.
Then a Banach space X is uniformly convex if and only if there exists a
continuous, strictly increasing and convex function

g : R
+ → R

+, g(0) = 0
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such that for all x, y ∈ Br and 0 ≤ λ ≤ 1,

‖λx + (1 − λ)y‖p ≤ λ‖x‖p + (1 − λ)‖y‖p − Wp(λ)g(‖x − y‖), (4.15)

where Wp(λ) := λp(1 − λ) + λ(1 − λ)p and Br := {x ∈ X : ||x|| ≤ r}.
Corollary 4.19 Let p > 1 and r > 0 be two fixed real numbers and X be a
Banach space. Then the following are equivalent.
(i) X is uniformly convex.
(ii) There is a continuous strictly increasing convex function

g : R
+ → R

+, g(0) = 0

such that
‖x + y‖p ≥ ‖x‖p + p〈y , fx〉 + g(‖y‖)

for every x, y ∈ Br and fx ∈ Jp(x).
(iii) There is a continuous, strictly increasing convex function

g : R
+ → R

+, g(0) = 0

such that
〈x − y , fx − fy〉 ≥ g(‖x − y‖)

for every x, y ∈ Br and fx ∈ Jp(x) , fy ∈ Jp(y).

Proof. (i) ⇒ (ii): Assume X is uniformly convex. Then by Theorem 4.18,
there exists a continuous, strictly increasing and convex function

g : R
+ → R

+ , g(0) = 0

such that for all x, y ∈ Br, we have

‖λx + (1 − λ)y‖p ≤ λ‖x‖p + (1 − λ)‖y‖p − Wp(λ).g(‖x − y‖). (4.16)

Moreover, since Jp is the sub-differential of the functional 1
p .‖.‖p, we have for

fx ∈ Jp(x), the sub-differential inequality

‖y‖p ≥ ‖x‖p + p〈y − x , fx〉 ∀ y ∈ X.

Replace y by x + λy for 0 < λ < 1, then

p〈y, fx〉 ≤
‖x + λy‖p − ‖x‖p

λ

=
‖λ(x + y) + (1 − λ)x‖p − ‖x‖p

λ

≤ ‖x + y‖p − ‖x‖p − λ−1Wp(λ)g(‖y‖). (4.17)
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Letting λ → 0 we get,

‖x + y‖p ≥ ‖x‖p + p〈y , fx〉 + g(‖y‖).

Hence (ii) follows.
(ii) ⇒ (iii): Given, there exists a continuous strictly increasing convex func-
tion

g : R
+ −→ R

+ , g(0) = 0

such that

‖x + y‖p ≥ ‖x‖p + p〈y , fx〉 + g(‖y‖), (4.18)

‖x + y‖p ≥ ‖y‖p + p〈x , fy〉 + g(‖x‖), (4.19)

∀ x, y ∈ Br, fx ∈ Jp(x), fy ∈ Jp(y).

Replace y by y−x
2 , x by x

2 in inequality (4.18) and replace x by x−y
2 , y

by y
2 in inequality (4.19) to get

∣∣∣
∣∣∣y
2

∣∣∣
∣∣∣
p

≥
∣∣∣
∣∣∣x
2

∣∣∣
∣∣∣
p

+
p

2
〈y − x , f x

2
〉 + g

(1
2
‖x − y‖

)
(4.20)

and
∣∣∣
∣∣∣x
2

∣∣∣
∣∣∣
p

≥
∣∣∣
∣∣∣y
2

∣∣∣
∣∣∣
p

+
p

2
〈x − y , f y

2
〉 + g

(1
2
‖x − y‖

)
. (4.21)

Replacing x
2 by x and y

2 by y and combining (4.20) and (4.21) we get

〈x − y , fx − fy〉 ≥ 2
p
g(‖x − y‖).

Let g∗ = 2
pg , then g∗ is continuous , strictly increasing convex and g∗(0) = 0.

Moreover 〈x − y , fx − fy〉 ≥ g∗(‖x − y‖). Hence g∗ is the required function
which satisfies (iii).
(iii) ⇒ (i): Given that there exists g : R

+ → R
+ a continuous, strictly

increasing convex function with g(0) = 0 such that

〈x − y , fx − fy〉 ≥ g(‖x − y‖)

∀x , y ∈ Br, fx ∈ Jp(x), fy ∈ Jp(y), we first show that (iii) ⇒ (ii).
For x, y ∈ Br and 0 ≤ t ≤ 1, define G : [0, 1] −→ R

+ by G(t) = ‖x + ty‖p.
Then, since Jp is the sub-differential of the functional 1

p‖.‖p and for fx+ty ∈
Jp(x + ty), we have the sub-differential inequality

G(t + h) − G(t) ≥ ph〈y , fx+ty〉.
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So,

G′
+(t) := lim

t→0+

G(t + h) − G(t)
h

≥ p〈y , fx+ty〉. (4.22)

Now, by using g(0) = 0, the convexity of g and (iii) we have,

‖x + y‖p − ‖x‖p = G(1) − G(0)

=
∫ 1

0

G′
+(t)dt

≥ p

∫ 1

0

〈y, fx+ty〉dt

= p〈y, fx〉 + p

∫ 1

0

〈y, fx+ty − fx〉dt

= p〈y, fx〉 + p

∫ 1

0

〈x + ty − x , fx+ty − fx〉
dt

t

≥ p〈y, fx〉 + pg(‖y‖)
∫ 1

0

dt

= p〈y, fx〉 + pg(‖y‖).

Let g∗ = pg. Then we have,

‖x + y‖p − ‖x‖p ≥ p〈y , fx〉 + g∗(‖y‖). (4.23)

Hence (ii) is satisfied for the function g∗. Replace x by λx+(1−λ)y
2 and y by

(1−λ)(x−y)
2 in (4.23) to obtain

‖x‖p − ‖λx + (1 − λ)y‖p ≥ p(1 − λ)2p−1〈x − y, fλx+(1−λ)y
2

〉

+ 2pg∗(δ‖x − y‖) (4.24)

and replace x by λx+(1−λ)y
2 and y by λ(y−x)

2 in (4.23) to get

|y‖p − ‖λx + (1 − λ)y‖p ≥ pλ2p−1〈y − x, fλx+(1−λ)y
2

〉

+ 2pg∗(δ‖x − y‖), (4.25)

where δ = 1
2 min{1 − λ, λ}. Multiplying (4.24) by λ, (4.25) by (1 − λ) and

adding the two expressions we get, since p > 1,Wp(λ) < 1, that

‖λx + (1 − λ)y‖p ≤ λ‖x‖p + (1 − λ)‖y‖p − Wp(λ).g∗∗(‖x − y‖),

where g∗∗(t) := g∗(δt). So by Theorem 4.18, X is uniformly convex. �
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SUMMARY

For ease of reference, we now summarize the key inequalities obtained in this
chapter.

Let p ∈ (1,∞), λ ∈ [0, 1] and Wp(λ) := λp(1 − λ) + λ(1 − λ)p. Then, we
have the following results.

S1. (Theorem 4.10) Let E be a real normed space, and Jp : E → 2E∗
, 1 <

p < ∞, be the generalized duality map. Then, for any x, y ∈ E, the
following inequality holds:

||x + y||p ≤ ||x||p + p〈y, jp(x + y)〉 (4.26)

for all jp(x + y) ∈ Jp(x + y). In particular, if p = 2, i.e., if j denotes the
normalized duality map, then

||x + y||2 ≤ ||x||2 + 2〈y, j(x + y)〉 (4.27)

holds for all j(x + y) ∈ J(x + y).
S2. (Xu, [509]). Let E be a p−uniformly convex space. Then, there exist
constants dp > 0, cp > 0 such that for every x, y ∈ E, fx ∈ Jp(x), fy ∈
Jp(y), the following inequalities hold:

||x + y||p ≥ ||x||p + p〈y, fx〉 + dp||y||p, (4.28)

||λx + (1 − λ)y||p ≤ λ||x||p + (1 − λ)||y||p − cpWp(λ)||x − y||p, (4.29)

for all λ ∈ [0, 1], and

〈x − y, fx − fy〉 ≥ c2||x − y||p. (4.30)

S3. (Xu, [509]) Let E be a real uniformly convex Banach space. For ar-
bitrary r > 0, let Br(0) := {x ∈ E : ||x|| ≤ r}. Then, there exists a
continuous strictly increasing convex function

g : [0,∞) → [0,∞), g(0) = 0

such that for every x, y ∈ Br(0), fx ∈ Jp(x), fy ∈ Jp(y), the following
inequalities hold:

||x + y||p ≥ ||x||p + p〈y, fx〉 + g(||y||), (4.31)

||λx + (1 − λ)y||p ≤ λ||x||p + (1 − λ)||y||p − Wp(λ)g(||x − y||), (4.32)

and,

〈x − y, fx − fy〉 ≥ g(||x − y||). (4.33)
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EXERCISES 4.1

1. Prove that Hilbert spaces H and the Banach spaces lp, Lp, and Wm,p(1 <
p < ∞) are all uniformly convex, and establish the following estimates:

δH(ε) = 1 −
√

1 − 1
4
ε2.

δlp(ε) = δLp(ε) = δW p
m

(ε) =

⎧
⎨
⎩

p−1
8 ε2 + o(ε2) > p−1

8 ε2, 1 < p < 2

1 −
[
1 − ( ε

2 )p
] 1

p

> 1
p

(
ε
2

)p

, p ≥ 2.

(Hint: See Lindenstrauss and Tzafriri, [312]).

4.5 Historical Remarks

The second inequality of Theorem 4.10 was used by Downing [214]. Theorem
4.16, Corollary 4.17 and Theorem 4.18 are due to Xu [509]. Lim [306] also
derived inequalities similar to those of Xu for Lp spaces. If q ≥ 2, a Banach
space is called uniformly convex with modulus of convexity of power type q
(see e.g., Prus and Smarzewski [387], Lindenstrauss and Tzafriri [312]) if
there exists a constant c > 0 such that δE(ε) ≥ cεq, (0 < ε ≤ 2). Clearly, this
coincides basically with the definition of q−uniformly convex Banach spaces.
Prus and Smarzewski [387], using the notion of modulus of convexity of power
type also obtained inequality (4.29) and deduced that Lp has modulus of
convexity of power type 2 if 1 < p ≤ 2, and has modulus of convexity of
power type p, if p > 2. The characterization of duality mapping as the sub-
differential of the convex function f(x) = 1

p ||x||p is due to Asplund [17].



Chapter 5

Inequalities in Uniformly Smooth
Spaces

5.1 Definitions and Basic Theorems

In this chapter, we obtain analogues of the identities (1.1) and (1.2) in smooth
spaces. We begin with the following definitions.

Definition 5.1. For q > 1, a Banach space X is said to be q-uniformly
smooth if there exists a constant c > 0 such that

ρX(t) ≤ c tq, t > 0.

Definition 5.2. Let f : X → R be a convex function. Then,the conjugate of
f , f∗ : X∗ → R, is defined by

f∗(x∗) = sup{〈x, x∗〉 − f(x) : x ∈ X}.

Proposition 5.3. If f(x) = 1
p‖x‖p, p > 1 then

f∗(x∗) =
1
q
‖x∗‖q,

1
p

+
1
q

= 1.

Proof. Since Jp is the sub-differential of the functional 1
p‖.‖p, we have

〈x, x∗〉 = ‖x‖p, ‖x∗‖ = ‖x‖p−1.

So,
〈x, x∗〉 − 1

p
‖x‖p = ‖x‖p − 1

p
‖x‖p =

(
1 − 1

p

)
‖x‖p =

1
q
‖x‖p.

Now ‖x∗‖ = ‖x‖p−1, so ‖x∗‖q = ‖x‖q(p−1) = ‖x‖p. Therefore 〈x, x∗〉 −
1
p‖x‖p = 1

q‖x∗‖q so that

sup
x∈X

{〈x, x∗〉 − 1
p
‖x‖p} =

1
q
‖x∗‖q.

Hence f∗(x∗) = 1
q‖x∗‖q, when f(x) = 1

p‖x‖p. �

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 45
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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Proposition 5.4. For any constant c > 0, (cf)∗(x∗) = cf∗(c−1x∗).

Proof.

(cf)∗(x∗) := sup{〈x, x∗〉 − (cf)(x) : x ∈ X}
= sup{〈x, x∗〉 − cf(x) : x ∈ X}
= c sup{c−1〈x, x∗〉 − f(x) : x ∈ X}
= c sup{〈x, c−1x∗〉 − f(x) : x ∈ X}
= cf∗(c−1x∗),

completing the proof. �


We shall make use of the following lemma due to Zalinescu [537].

Lemma 5.5. (Zalinescu, [537], Theorem 2.2) Let X be a reflexive Banach
space, f : X → R be a convex functional and g : R

+ → R
+ be a proper

l.s.c. convex function whose domain is not a singleton. Then, the following
are equivalent:

(i) f(y) ≥ f(x) + 〈y − x, x∗〉 + g(‖x − y‖) ∀ x, y ∈ X, x∗ ∈ ∂f(x),
(ii) f∗(y∗) ≤ f∗(x∗) + 〈x, y∗ − x∗〉 + g∗(‖x∗ − y∗‖)∀x ∈ X, ∀ x∗, y∗ ∈ X∗.

5.2 q−uniformly Smooth Spaces

Proposition 5.6. Let X be a real Banach space.

(a) X is p-uniformly convex if and only if X∗ is q-uniformly smooth,
(b) X is q-uniformly smooth if and only if X∗ is p-uniformly convex, 1

p+
1
q =1.

Proof. This is an immediate consequence of Theorem 2.10.

Theorem 5.7. Let q > 1 be a fixed real number and X be a smooth Banach
space. Then X is q-uniformly smooth if and only if there exists a constant
cq > 0 such that

‖λx + (1 − λ)y‖q ≥ λ‖x‖q + (1 − λ)‖y‖q − Wq(λ)cq‖x − y‖q (5.1)

for all x, y ∈ X; 0 ≤ λ ≤ 1.

Proof. Suppose X is q-uniformly smooth. Then by Proposition 5.6, X∗ is
p-uniformly convex. Then by Corollary 4.17 there exists a constant c1 > 0
such that for x∗, y∗ ∈ X∗, fx∗ ∈ Jp(x∗) we have

‖x∗ + y∗‖p ≥ ‖x∗‖p + p〈y∗, fx∗〉 + c1‖y∗‖p. (5.2)
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Note that the conjugate of 1
p‖x∗‖p is 1

q‖x‖q. So from inequality (5.2), using
Lemma 5.5, we get

‖x + y‖q ≤ ‖x‖q + q〈y, Jq(x)〉 + d‖y‖q (5.3)

for every x, y ∈ X and some constant d given in this case by d = c1−q
1 .

Replace x by λx + (1 − λ)y and y by (1 − λ)(x − y) in (5.3) to get

‖x‖q ≤ ‖λx + (1 − λ)y‖q + q(1 − λ)〈x − y, Jq(λx + (1 − λ)y)〉
+ d(1 − λ)q‖x − y‖q. (5.4)

Again replace x by λx + (1 − λ)y and y by λ(y − x) in (5.3) to get

||y||q ≤ ‖λx + (1 − λ)y‖q + qλ〈y − x, Jq(λx + (1 − λ)y)〉
+ dλq‖y − x‖q. (5.5)

Multiplying (5.4) by λ; (5.5) by (1−λ) and adding the two expressions we get

‖λx + (1 − λ)y‖q ≥ λ‖x‖q + (1 − λ)‖y‖q − dWq(λ)‖y − x‖q

which is the desired inequality.

Conversely, suppose (5.1) holds. Since Jq(x) is the sub-differential of the
functional 1

q‖x‖q, for fx ∈ Jq(x) we have

‖y‖q ≥ ‖x‖q + q〈y − x, fx〉 ∀ y ∈ X.

Replace y by x + λy, for 0 < λ < 1. Then for c > 0,

λq〈y, fx〉 ≤ ‖x + λy‖q − ‖x‖q

= ‖λ(x + y) + (1 − λ)x‖q − ‖x‖q

≥ λ‖x + y‖q − λ‖x‖q − Wq(λ)cq‖y‖q,

so that
q〈y, fx〉 ≥ ‖x + y‖q − ‖x‖q − λ−1Wq(λ)cq‖y‖q.

Letting λ → 0+, we get

‖x + y‖q ≤ ‖x‖q + q〈y, fx〉 + cq‖y‖q.

Again by using Lemma 5.5 we get

‖x∗ + y∗‖p ≥ ‖x∗‖p + p〈y∗, fx∗〉 + d‖y∗‖p

for x∗, y∗ ∈ X∗, fx∗ ∈ Jp(x∗) and some constant d > 0. Therefore by
Corollary 4.17, X∗ is p-uniformly convex and hence, X is q-uniformly smooth.
This proves the theorem. �
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Corollary 5.8 Let q > 1 be a fixed real number and X be a smooth Banach
space. Then the following statements are equivalent:

(i) X is q-uniformly smooth.

(ii) There is a constant c > 0 such that for all x, y ∈ X

‖x + y‖q ≤ ‖x‖q + q〈y, Jq(x)〉 + c‖y‖q.

(iii) There is a constant c1 > 0 such that

〈x − y, Jq(x) − Jq(y)〉 ≤ c1‖x − y‖q ∀ x, y ∈ X.

Proof. (i) ⇔ (ii): This follows implicitly from Theorem 5.7.
(ii) ⇒ (iii) : From (ii), for fx ∈ Jq(x) and fy ∈ Jq(y) we have

‖y‖q ≤ ‖x‖q + q〈y − x, Jq(x)〉 + c‖x − y‖q

and (replacing y by (x − y) and x by y),

‖x‖q ≤ ‖y‖q + q〈x − y, Jq(y)〉 + c‖x − y‖q.

Adding these two inequalities we get

〈x − y, Jq(x) − Jq(y)〉 ≤ c1‖x − y‖q

where c1 = 2cq−1. This proves (iii).

(iii) ⇒ (i): Since (i) ⇔ (ii) so it is sufficient to show that (iii) ⇒ (ii).
Define g : [0, 1] −→ R

+ by g(t) = ‖x + ty‖q ∀x, y ∈ X. Let h < 0. Then since
Jq(x) is the sub-differential of the functional 1

q‖x‖q we get

g(t + h) − g(t) = ‖x + (t + h)y‖q − ‖x + ty‖q

≥ hq〈y, Jq(x + ty)〉.

So,

g′−(t) := lim
h→0−

g(t + h) − g(t)
h

≤ q〈y, Jq(x + ty)〉.

Now

‖x + y‖q − ‖x‖q = g(1) − g(0)

=
∫ 1

0

g′−(t)dt

≤ q

∫ 1

0

〈y, Jq(x + ty)〉dt

≤ q〈y, Jq(x)〉
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+q

∫ 1

0

〈x + ty − x, Jq(x + ty) − Jq(x)〉dt

t

≤ q〈y, Jq(x)〉 + qc1

∫ 1

0

‖ty‖q dt

t

= q〈y, Jq(x)〉 + qc1‖y‖q

∫ 1

0

tq−1dt

= q〈y, Jq(x)〉 + c1‖y‖q.

This completes the proof of the corollary. �


5.3 Uniformly Smooth Spaces

Theorem 5.9. Let q > 1 and r > 0 be two fixed real numbers. Then a Banach
space X is uniformly smooth if and only if there exists a continuous, strictly
increasing and convex function

g∗ : R
+ → R

+, g∗(0) = 0

such that

‖λx + (1 − λ)y‖q ≥ λ‖x‖q + (1 − λ)‖y‖q − Wq(λ)g∗(‖x − y‖) (5.6)

for all x, y ∈ Br, 0 ≤ λ ≤ 1, where Wq(λ) := λq(1 − λ) + λ(1 − λ)q.

Proof. Suppose X is uniformly smooth. Then X∗ is uniformly convex. So
by Theorem 4.18 there exists a continuous strictly increasing and convex
function g : R

+ −→ R
+, g(0) = 0 such that

||λx∗ + (1 − λ)y∗||p ≤ λ||x∗||p + (1 − λ)||y∗||p − Wp(λ)g∗(||x∗ − y∗||), (5.7)

for all x∗, y∗ ∈ B∗
r and 0 ≤ λ ≤ 1. By using Lemma 5.5 in the above expression

we get inequality (5.6). Conversely, suppose inequality (5.6) holds. Then we
have for x, y ∈ Br and t ∈ (0, 1) that

‖x + ty‖q − ‖x‖q

t
=

‖(1 − t)x + t(x + y)‖q − ‖x‖q

t

≥ t‖x + y‖q + (1 − t)‖x‖q − Wq(t)g(‖y‖) − ||x||2
t

= ‖x + y‖q − ‖x‖q − t−1Wq(t)g(‖y‖).

Using this,

q〈y, Jq(x)〉 = lim
t→0+

‖x + ty‖q − ‖x‖q

t

≥ ‖x + y‖q − ‖x‖q − g(‖y‖),
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so that we have

‖x + y‖q ≤ ‖x‖q + q〈y, Jq(x)〉 + g(‖y‖). (5.8)

Using Lemma 5.5 in above inequality we get

‖x∗ + y∗‖p ≥ ‖x∗‖p + p〈y∗, Jp(x∗)〉 + g∗(‖y∗‖). (5.9)

This shows (by Corollary 4.19) that X∗ is uniformly convex and hence (by
Theorem 2.10) X is uniformly smooth as desired. This completes the proof.

�


Corollary 5.10 Let q > 1 and r > 0 be two fixed real numbers and X be a
smooth Banach space. Then the following are equivalent:

(i) X is uniformly smooth.
(ii) There is a continuous strictly increasing and convex function

g : R
+ −→ R

+, g(0) = 0

such that for every x, y ∈ Br we get

‖x + y‖q ≤ ‖x‖q + q〈y, Jq(x)〉 + g(‖y‖).

(iii) There is a continuous, strictly increasing and convex function

g : R
+ −→ R

+, g(0) = 0

such that for all x, y ∈ Br we have

〈x − y, Jq(x) − Jq(y)〉 ≤ g(‖x − y‖).

Proof. (see, Xu, [509]).

We state the following important inequality which holds in uniformly
smooth spaces.

Theorem 5.11. (Reich, [411]) Let X be a uniformly smooth Banach space
and let β(t) be defined for t > 0 by

β(t) := sup
{ (||x + ty||2 − ||x||2)

t
− 2Re〈y, J(x)〉 : ||x|| ≤ 1, ||y|| ≤ 1

}
.

Then, lim
t→0+

β(t) = 0 and

||x + y||2 ≤ ||x||2 + 2Re〈y, J(x)〉 + max{||x||, 1}||y||β(||y||)

for all x, y ∈ X.
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5.4 Characterization of Some Real Banach Spaces
by the Duality Map

In this section, we present characterizations of uniformly smooth Banach
spaces and Banach spaces with uniformly Gâteaux differentiable norms in
terms of the normalized duality maps.

5.4.1 Duality Maps on Uniformly Smooth spaces

In this subsection we give a characterization of uniformly smooth Banach
spaces in terms of the normalized duality map.

Theorem 5.12. Let X be a real uniformly smooth Banach space. Then the
normalized duality map J : X → X∗ is norm-to-norm uniformly continuous
on the unit ball of X.

Proof. X is uniformly smooth implies X∗ is uniformly convex, i.e., given
ε > 0, there exists δ > 0 such that if x∗, y∗ ∈ X∗, ||x∗|| = ||y∗|| = 1, ||x∗ +
y∗|| > 2 − δ, then we have ||x∗ − y∗|| < ε. Now, let x, y ∈ X, ||x|| = ||y|| = 1
and suppose ||x − y|| < δ. Then,

||Jx + Jy|| ≥ 〈y, Jx + Jy〉

= 〈x, Jx〉 + 〈y, Jy〉 − 〈x − y, Jx〉

> 2 − ||x − y|| > 2 − δ.

Hence, ||Jx − Jy|| < ε, i.e., J is norm-to-norm uniformly continuous on the
unit ball of X. �


5.4.2 Duality Maps on Spaces with Uniformly Gâteaux
Differentiable Norms

Proposition 5.13. (see e.g., Cudia [195]) If a Banach space E has a uni-
formly Gâteaux differentiable norm, then j : E → E∗ is uniformly continuous
on bounded subsets of E from the strong topology of E to the weak∗ topology
of E∗.

Proof. If the result were not true, then there exist sequences {xn} and {zn},
a point y0 ∈ E, and a positive ε such that for all n ∈ N,

||xn|| = ||zn|| = ||y0|| = 1, zn − xn → 0, and 〈y0, j(zn) − j(xn)〉 ≥ ε.
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Let

an :=
||xn + ty0|| − ||xn|| − t〈y0, j(xn)〉

t
,

bn :=
||zn + ty0|| − ||zn|| − t〈y0, j(zn)〉

t
.

If t > 0 is sufficiently small, both an and bn are less than 1
2ε, i.e., an +bn < ε.

On the other hand, we have

an ≥

〈
xn + ty0, j(zn)

〉
−

〈
xn + ty0, j(xn)

〉

t

=
〈
y0, j(zn) − j(xn)

〉
+

〈
xn, j(zn) − j(xn)

〉

t

and

bn ≥

〈
zn − ty0, j(xn)

〉
−

〈
zn − ty0, j(zn)

〉

t

=
〈
y0, j(zn) − j(xn)

〉
−

〈
zn, j(zn) − j(xn)

〉

t
.

Hence,

an + bn ≥ 2〈y0, j(zn) − j(xn)〉 − 〈xn − zn, j(zn) − j(xn)〉
t

≥ 2ε − 2
||xn − zn||

t
.

We arrive at a contradiction by choosing t = 2
ε ||xn − zn|| for sufficiently

large n. �


We now summarize the key inequalities obtained in this chapter. We shall
include also an inequality of Xu and Roach [525] (S4 below). The proof of the
inequality is rather long and is omitted. The interested reader may consult
Xu and Roach, [525].

SUMMARY

Let q ∈ (1,∞), λ ∈ [0, 1],Wq(λ) := λq(1 − λ) + λ(1 − λ)q. We have the
following results.

S1. (Xu, [509]) Let E be a real q−uniformly smooth Banach space. Then,
there exist constants cq > 0, dq > 0, d > 0 such that for all x, y ∈ E,

||x + y||q ≤ ||x||q + q〈y, jq(x)〉 + dq||y||q, (5.10)
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||λx + (1 − λ)y||q ≥ λ||x||q + (1 − λ)||y||q − cqWq(λ)||x − y||q, (5.11)

and,

〈x − y, jq(x) − jq(y)〉 ≤ d||x − y||q. (5.12)

S2. (Xu, [509]) Let E be a real uniformly smooth Banach space. For
arbitrary r > 0, let Br(0) := {x ∈ E : ||x|| ≤ r}. Then, there exists a
continuous strictly increasing and convex function

g : [0,∞) → [0,∞), g(0) = 0

such that for every x, y ∈ Br(0), the following inequalities hold:

||x + y||q ≤ ||x||q + q〈y, jq(x)〉 + g(||y||), (5.13)

||λx + (1 − λ)y||q ≥ λ||x||q + (1 − λ)||y||q − Wq(λ)g(||x − y||), (5.14)

and,

〈x − y, jq(x) − jq(y)〉 ≤ g(||x − y||). (5.15)

S3. (Reich, [408]) Let E be a real uniformly smooth Banach space. Then,
there exists a nondecreasing continuous function

β : [0,∞) → [0,∞),

satisfying the following conditions:

(i) β(ct) ≤ cβ(t) ∀ c ≥ 1;
(ii) lim

t→0+
β(t) = 0 and,

||x + y||2 ≤ ||x||2 + 2Re〈y, j(x)〉
+ max{||x||, 1}||y||β(||y||)∀x, y ∈ E. (5.16)

S4. (Xu and Roach, [525]) Let E be a real uniformly smooth Banach space.
Then, there exist constants D and C such that for all x, y ∈ E, j(x) ∈ J(x),
the following inequality holds:

||x + y||2 ≤ ||x||2 + 2〈y, j(x)〉

+ Dmax{||x|| + ||y||, 1
2
C}ρE(||y||), (5.17)

where ρE denotes the modulus of smoothness of E.
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S5. Let X be a real uniformly smooth Banach space with dual X∗. Then,
the normalized duality map J : X → X∗ is norm-to-norm uniformly
continuous on bounded subsets of X.

S6. Let X be a real normed Banach space space with a uniformly Gâteaux
differentiable norm. Then, the duality mapping J : X → 2X∗

is norm-to-
weak∗ uniformly continuous on bounded subsets of X.

EXERCISES 5.1

1. Give the details of the proof of Proposition 5.6.
2. Prove that Hilbert spaces H and the Banach spaces lp, Lp, and Wm,p (1 <

p < ∞) are all uniformly smooth, and that the following estimates hold:

ρH(τ) = (1 + τ2)
1
2 − 1.

ρlp(τ) = ρLp(τ) = ρW p
m

(τ) =

{
(1 + τp)

1
p − 1 < 1

pτp, 1 < p < 2
p−1
2 τ2 + o(τ2) < p−1

2 τ2, p ≥ 2.

(Hint: (Lindenstrauss and Tzafriri, [312])).
3. Assume 1 < p < ∞ and tp is the unique solution of the equation

(p − 1)tp−1 + (p − 1)tp−2 − 1 = 0, 0 < t < 1.

Let cp = (1 + tp−1
p )(1 + tp)−(p−1). Then we have the following results:

(i) If 2 < p < ∞, then we have for all x, y in Lp and 0 ≤ λ ≤ 1, the
following inequalities:

||λx + (1 − λ)y||p ≤ λ||x||p + (1 − λ)||y||p − Wp(λ)cp||x − y||p.

||λx + (1 − λ)y||2 ≥ λ||x||2 + (1 − λ)||y||2 − λ(1 − λ)(p − 1)||x − y||2.
||x + y||p ≥ ||x||p + p〈y, jp(x)〉 + cp||y||p.

||x + y||2 ≤ ||x||2 + 2〈y, j(x)〉 + (p − 1)||y||2.
〈x − y, Jp(x) − Jp(y)〉 ≥ 2p−1cp||x − y||p.
〈x − y, J(x) − J(y)〉 ≤ (p − 1)||x − y||2.

(ii) If 1 < q ≤ 2, then we have for all x, y in Lq and 0 ≤ λ ≤ 1, the following
inequalities:

||λx + (1 − λ)y||2 ≤ λ||x||2 + (1 − λ)||y||2 − λ(1 − λ)(q − 1)||x − y||2.

||λx + (1 − λ)y||q ≥ λ||x||q + (1 − λ)||y||q − Wq(λ)cq||x − y||q.
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||x + y||2 ≥ ||x||2 + 2〈y, j(x)〉 + cq||y||2.
||x + y||q ≤ ||x||q + q〈y, jq(x)〉 + cq||y||q.
〈x − y, J(x) − J(y)〉 ≥ (q − 1)||x − y||2.
〈x − y, Jq(x) − Jq(y)〉 ≤ 2q−1cq||x − y||q.

(Hint: (Xu, [509], p. 1132, Corollary 2)).



Chapter 6

Iterative Method for Fixed Points
of Nonexpansive Mappings

6.1 Introduction

We begin this chapter with the following well known definition and theorem.

Definition 6.1. Let (M,ρ) be a metric space. A mapping T : M → M is
called a contraction if there exists k ∈ [0, 1) such that ρ(Tx, Ty) ≤ kρ(x, y)
for all x, y ∈ M . If k = 1, then T is called nonexpansive.

Theorem 6.2. (Banach Contraction Mapping Principle). Let (M,ρ) be a
complete metric space and T : M → M be a contraction. Then T has a
unique fixed point, i.e. there exists a unique x∗ ∈ M such that Tx∗ = x∗.
Moreover, for arbitrary x0 ∈ M , the sequence {xn} defined iteratively by
xn+1 = Txn, n ≥ 0, converges to the unique fixed point of T .

Apart from being an obvious generalization of the contraction mappings,
nonexpansive maps are important, as has been observed by Bruck [59], mainly
for the following two reasons:

• Nonexpansive maps are intimately connected with the monotonicity meth-
ods developed since the early 1960’s and constitute one of the first classes
of nonlinear mappings for which fixed point theorems were obtained by us-
ing the fine geometric properties of the underlying Banach spaces instead
of compactness properties.

• Nonexpansive mappings appear in applications as the transition oper-
ators for initial value problems of differential inclusions of the form
0 ∈ du

dt + T (t)u, where the operators {T (t)} are, in general, set-valued
and are accretive or dissipative and minimally continuous.

The following fixed point theorem has been proved for nonexpansive maps
on uniformly convex spaces.

Theorem 6.3. (Kirk, [283]) Let E be a reflexive Banach space and let K be
a nonempty closed bounded and convex subset of E with normal structure.

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 57
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Let T : K → K be a nonexpansive mapping of K into itself. Then T has a
fixed point.

Unlike in the case of the Banach contraction mapping principle, trivial exam-
ples show that the sequence of successive approximations xn+1 = Txn, x0 ∈
K, n ≥ 0, (where K is a nonempty closed convex and bounded subset of a
real Banach space E), for a nonexpansive mapping T : K → K even with
a unique fixed point, may fail to converge to the fixed point. It suffices, for
example, to take for T , a rotation of the unit ball in the plane around the
origin of coordinates. More precisely, we have the following example.

Example 6.4. Let B := {x ∈ R
2 : ||x|| ≤ 1} and let T denote an anticlockwise

rotation of π
4 about the origin of coordinates. Then T is nonexpansive with

the origin as the only fixed point. Moreover, the sequence {xn} defined by
xn+1 = Txn, x0 = (1, 0) ∈ B,n ≥ 0, does not converge to zero.

Krasnoselskii [291], however, showed that in this example, one can obtain a
convergent sequence of successive approximations if instead of T one takes
the auxiliary nonexpansive mapping 1

2 (I + T ), where I denotes the identity
transformation of the plane, i.e., if the sequence of successive approximations
is defined by x0 ∈ K,

xn+1 =
1
2
(xn + Txn), n = 0, 1, ... (6.1)

instead of by the usual so-called Picard iterates, xn+1 = Txn, x0 ∈ K, n ≥ 0.
It is easy to see that the mappings T and 1

2 (I + T ) have the same set of
fixed points, so that the limit of a convergent sequence defined by (6.1) is
necessarily a fixed point of T .

More generally, if X is a normed linear space and K is a convex subset
of X, a generalization of equation (6.1) which has proved successful in the
approximation of fixed points of nonexpansive mappings T : K → K (when
they exist), is the following scheme: x0 ∈ K,

xn+1 = (1 − λ)xn + λTxn, n = 0, 1, 2, . . . ;λ ∈ (0, 1) , (6.2)

λ constant (see, e.g., Schaefer [431]). However, the most general Mann-type
iterative scheme now studied is the following: x0 ∈ K,

xn+1 = (1 − Cn)xn + CnTxn, n = 0, 1, 2, ... (6.3)

where {Cn}∞n=1 ⊂ (0, 1) is a real sequence satisfying appropriate conditions
(see, e.g., Chidume [87], Edelstein and O’Brian [218], Ishikawa [259]). Under

the following additional assumptions (i) lim Cn = 0; and (ii)
∞∑

n=0
Cn = ∞,

the sequence {xn} generated by (6.3) is generally referred to as the Mann
sequence in the light of Mann [319]. The recursion formula (6.2) is conse-
quently called the Krasnoselskii-Mann (KM) formula for finding fixed points
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of ne (nonexpansive) mappings. The following quotation further shows the
importance of iterative methods for approximating fixed points of nonexpan-
sive mappings.

• “Many well-known algorithms in signal processing and image reconstruc-
tion are iterative in nature .... A wide variety of iterative procedures used in
signal processing and image reconstruction and elsewhere are special cases
of the KM iteration procedure, for particular choices of the ne operator....”
(Charles Byrne , [63]).

Definition 6.5. Let K be a subset of a normed linear space E. Let T :
K → E be a map such that F (T ) := {x ∈ K : Tx = x} 
= ∅. F (T ) is
called the fixed point set of T . The map T is called quasi-nonexpansive if
‖Tx − Tx∗‖ ≤ ‖x − x∗‖ holds for all x ∈ K and x∗ ∈ F (T ) .

It is clear that every nonexpansive map with a nonempty fixed point set,
F (T ), is quasi-nonexpansive. In section 6.6, we will give an example of a
quasi-nonexpansive map which is not nonexpansive.

6.2 Asymptotic Regularity

Let T : K → K be a nonexpansive self-mapping on a convex subset K
of a normed linear space X. Let Sλ := λI + (1 − λ)T, λ ∈ (0, 1), where I
denotes the identity map of K. Then for fixed x0 ∈ K, {Sn

λ (x0)} is defined
by Sn

λ (x0) = λxn +(1−λ)Txn, where xn = Sn−1
λ (x0). In [291], Krasnoselskii

proved that if X is uniformly convex and K is compact then, for any x0 ∈ K,
the sequence {Sn

1
2
(x0)}∞n=1, of iterates of x0 under S 1

2
= 1

2 (I + T ) converges
to a fixed point of T . Schaefer [431] observed that the same holds for any
Sλ = λI + (1 − λ)T with 0 < λ < 1, and Edelstein [217] proved that strict
convexity of X suffices. The important and natural question of whether or
not strict convexity can be removed remained open for many years. In 1967,
this question was resolved in the affirmative in the following theorem.

Theorem 6.6. (Ishikawa, [259]) Let K be a subset of a Banach space X
and let T be a nonexpansive mapping from K into X. For x0 ∈ K, define
the sequence {xn}∞n=1 by (6.3), where the real sequence {Cn}∞n=0 satisfies:

(a)
∞∑

n=0
Cn diverges, (b) 0 ≤ Cn ≤ b < 1 for all positive integers n; and (c)

xn ∈ K for all positive integers n. If {xn}∞n=1 is bounded, then xn−Txn → 0
as n → ∞.

One consequence of Theorem 6.6 is that if K is convex and compact, the
sequence {xn} defined by (6.3) converges strongly to a fixed point of T (see
Theorem 6.17 below). Another consequence of Theorem 6.6 is that for K
convex and T mapping K into a bounded subset of X, the iterates of the
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map Sλ = (1 − λ)I + λT , λ ∈ (0, 1) are asymptotically regular at x, i.e.,
‖Sn+1

λ x − Sn
λx‖ → 0 as n → ∞. The concept of asymptotic regularity was

introduced by Browder and Petryshyn [51] and, as a metric notion, a mapping
T : M → M is said to be asymptotically regular on M if it is so at each
x0 in M . The relevance of asymptotic regularity to the existence of a fixed
point for T can clearly be seen from the following theorem.

Theorem 6.7. Suppose M is a metric space and T : M → M is continuous
and asymptotically regular at x0 in M . Then any cluster point of {Tn(x0)}∞n=1

is a fixed point of T .

It follows that for continuous T , asymptotic regularity of Sλ at any x0 in
K implies Sλ(p) = p for any cluster point p of {Sn

λ (x0)}∞n=1. Asymptotic
regularity is not only useful in proving that fixed points exist but also in
showing that in certain cases, the sequence of iterates at a point converges
to a fixed point.

Proposition 6.8. Let G be a linear mapping of a normed linear space E into
itself and suppose G is power bounded (i.e., for some k ≥ 0, ||Gn|| ≤ k, (n =
1, 2, ...), and asymptotically regular. If, for some x0 ∈ E, co{Gn(x0)} contains
a fixed point x∗ of G, then {Gn(x0)} converges strongly to x∗.

Proof. Let ε > 0 be given and suppose that y is a point of co{Gn(x0)} with

||x∗ − y|| < ε
2(k+1) . Setting y =

m∑
j=1

λjG
j(x0) we obtain, using the linearity

of G,

Gn(x0 − x∗) = Gn(x0 − y) + Gn(y − x∗)

= Gn
(
x0 −

m∑
j=1

λjG
j(x0)

)
+ Gn(y − x∗)

=
m∑

j=1

λj [Gn(x0) − Gn+j(x0)] + Gn(y − x∗),

since
∑m

j=1 λj = 1. Hence,
∣∣∣
∣∣∣Gn(x0 − x∗)

∣∣∣
∣∣∣ ≤

∣∣∣
∣∣∣∑m

j=1 λj [Gn(x0) −

Gn+j(x0)]
∣∣∣
∣∣∣ + kε

2(k+1) since ||Gn(y − x∗)|| ≤ ||Gn||.||y − x∗|| ≤ kε
2(k+1) .

Now, by asymptotic regularity, there exists an integer N0 > 0 such
that for all n ≥ N0, ||Gn(x0) − Gn+j(x0)|| ≤ ε

2 , (j = 1, 2, ...,m).

Hence ||Gn(x0 − x∗)|| <
∑m

j=1 λj

(
ε
2

)
+ ε

2 = ε ∀ n ≥ N0. This implies
Gn(x0 − x∗) = Gn(x0) − x∗ → 0 as n → ∞, proving Proposition 6.8. �


Remark 6.9. In connection with Theorem 6.7, we note that if E is a normed
linear space and K is a subset of E which is only assumed to be weakly
compact, then, in general, the sequence {Sn

λ (x0)} will not have any strong
cluster point as is shown in the following example.
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Example 6.10. There is a closed bounded and convex set K in the Hilbert
space l2, a nonexpansive self-map T of K and a point x0 ∈ K such that
{Sn

1
2
(x0)} does not converge in the norm topology.

For details, see Genel and Lindenstrauss, [228].

Definition 6.11. A Banach space X is called an Opial space (see, e.g. Opial,
[366]) if for all sequences {xn}∞n=0 in X such that {xn}∞n=0 converges weakly
to some x in X, the inequality

lim inf
n→∞

‖xn − y‖ > lim inf
n→∞

‖xn − x‖

holds for all y 
= x.

Every Hilbert space is an Opial space (see, e.g., Edelstein and O’Brian, [218],
Opial, [367]). In fact, for any normed linear space X, the existence of a weakly
sequentially continuous duality map implies X is an Opial space but the
converse implication does not hold (see, e.g. Edelstein and O’Brian, [218]). In
particular, �p(1 < p < ∞) spaces are Opial spaces but Lp (1 < p < ∞, p 
= 2)
spaces are not. Suppose now K is a weakly compact convex subset of a real
Opial space X and T is a nonexpansive mapping of K into itself. While
example 6.10 shows that we cannot, in general, get strong convergence of the
sequence defined by (6.3) to a fixed point of T , Theorem 6.20 (below) allows
us to conclude that the sequence converges weakly to a fixed point of T if E
is an Opial space.

6.3 Uniform Asymptotic Regularity

Definition 6.12. Let K be a subset of a real normed linear space X.
A mapping U : K → X is called uniformly asymptotically regular if for
any ε > 0, there exists an integer N > 0 such that for any x0 ∈ K and for all
n ≥ N, ||Un+1x0 − Unx0|| < ε.

Definition 6.13. Given a set A and x0 ∈ A, call a sequence {xn}∞n=0 admis-
sible if there is a non-increasing sequence {Cn}∞n=0 in (0, 1) such that (6.3)
holds.

We now prove the following theorems.

Theorem 6.14. Let K be a subset of a real normed linear space X and let f
be a nonexpansive mapping from K into X. Suppose for x0 ∈ K there exists
an admissible sequence {xn}∞n=0 ⊆ K which is bounded. Then lim

n→∞
‖xn+1 −

xn‖ = 0. Moreover, if K is a bounded subset of X, then the above limit is
uniform.
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Theorem 6.15. With K, f and X as in Theorem 6.14 and x0 ∈ K, suppose
there exists an admissible sequence {xn}∞n=0 ⊆ K which is bounded and which
is such that the non-increasing sequence {Cn}∞n=0 also satisfies 0<a ≤ Cn <1
for all n ≥ 1. Then lim

n→∞
‖xn − f(xn)‖ = 0.

The above theorems are easy consequences of the following more technical
theorem.

Theorem 6.16. Let K be a subset of a real normed linear space X and let f
be a nonexpansive mapping from K into X. Suppose there exists a set A ⊆ K
such that for each x0 ∈ A there is an admissible sequence {xn}∞n=0 ⊆ A,
and suppose further that there exists some δ > 0 such that for each positive
integer N , and some admissible sequence {xn}∞n=0 ⊆ A,

sup
k≥N

||xk+1 − xk|| > δ. (6.4)

Then, A is unbounded.

We prove Theorems 6.14 and 6.15 from Theorem 6.16.

Proof of Theorem 6.14. Both parts follow immediately from Theorem
6.16; the first by setting {xn}∞n=0 = A in the theorem and the second by
setting K = A. �


Proof of Theorem 6.15. Since f is nonexpansive we obtain,

‖xn+1 − f(xn+1)‖ = ‖(1 − Cn)(xn − f(xn)) + f(xn) − f(xn+1)‖

≤ (1 − Cn)‖xn − f(xn)‖

+‖xn − ((1 − Cn)xn + Cnf(xn))‖

= ‖xn − f(xn)‖·

Thus the sequence {‖xn − f(xn)‖}∞n=0 is non-increasing and bounded below,
so lim

n→∞
‖xn − f(xn)‖ exists. But from xn+1 = (1 − Cn)xn + Cnf(xn),

lim
n→∞

‖xn − f(xn)‖ = lim
n→∞

1
Cn

‖xn+1 − xn‖ ≤ 1
a

lim
n→∞

‖xn+1 − xn‖ = 0,

(by Theorem 6.16 since the admissible sequence {xn}∞n=0 is bounded), and
this establishes Theorem 6.15. We next give the following proof.

Proof of Theorem 6.16. Assume by way of contradiction that A is bounded
and let ‖xn‖ ≤ ρ for each n. Let M be a fixed positive integer such that
(M − 1)δ > 2ρ+1. Choose N , with N > max{M, [(2ρ− δ)M/(1−C1)MC1]}
(where here [·] denotes the greatest integer function) such that for some δ > 0



6.3 Uniform Asymptotic Regularity 63

and x0 ∈ A, the corresponding admissible sequence {xn}∞n=0 in A satisfies
‖xN+1 − xN‖ > δ. Using the nonexpansiveness of f , we easily obtain the
following:

‖xn+1 − xn‖ = Cn‖(1 − Cn−1)(xn−1 − f(xn−1)) + f(xn−1) − f(xn)‖
≤ Cn(1 − Cn−1)‖xn−1 − f(xn−1)‖

+‖xn−1 − [(1 − Cn−1)xn−1 + Cn−1f(xn−1)]‖
= Cn

Cn−1
‖xn − xn−1‖ ≤ ‖xn − xn−1‖ ,

the last equality following from (6.3) with n replaced by (n − 1) and T re-
placed by f while the last inequality follows since {Cn}∞n=0 is a non-increasing
sequence. Hence it follows that ‖xi+1−xi‖ > δ for all i ≤ N , and furthermore
we obtain the following:

δ < ‖xN+1 − xN‖ ≤ ‖xN − xN−1‖ ≤ · · · ≤ ‖x2 − x1‖ ≤ 2ρ; (6.5)

‖f(xi+1) − f(xi)‖ ≤ ‖xi+1 − xi‖ for all i = 0, 1, . . . , N ; (6.6)

and xi+1 = (1 − Ci)xi + Cif(xi) so that

f(xi) =
xi+1

Ci
−

(
1 − Ci

Ci

)
xi, i = 1, 2, . . . , N ; (6.7)

which implies,
∣∣∣
∣∣∣ 1
Ci

{xi+1 − (1 − Ci)xi} −
1

Ci−1
{xi − (1 − Ci−1)xi−1}

∣∣∣
∣∣∣

= ‖f(xi) − f(xi−1)‖ ≤ ‖xi − xi−1‖,
and this reduces to

∣∣∣
∣∣∣ 1
Ci

[xi+1 − xi] −
(

1 − Ci−1

Ci−1

)
[xi − xi−1]

∣∣∣
∣∣∣ ≤ ‖xi − xi−1‖ (6.8)

for all i = 1, 2, . . . , N . Now set I = [(2ρ − δ)/(1 − C1)MC1] and consider the
collection of I intervals [sk, sk+1] where

sk =
{

δ + k(1 − C1)MC1, k = 0, 1, ..., I − 1,
2ρ, k = I.

We claim that some one of these intervals must contain at least M of the
numbers {||xi − xi+1||}N−1

i=0 ⊆ [δ, 2ρ]. If this is not the case, then N < MI =

M
[

2ρ−δ
(1−C1)M C1

]
contradicting our choice of N . Thus for some r, and some

s = sk ∈ [δ, 2ρ],
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‖xr+i+1 − xr+i‖ ∈ [s, s + (1 − C1)MC1] (6.9)

for i = 0, 1, . . . , (M − 1). Define Δxi = xi − xi−1, i = 1, 2, . . . , N . Replacing
i in (6.8) by r + M − j − 1, (j = 0, 1, . . . ,M − 1) we see that (6.8) and (6.9)
imply

∣∣∣
∣∣∣ 1
Cr+M−j−1

Δxr+M−j −
(

1 − Cr+M−j−2

Cr+M−j−2

)
Δxr+M−j−1

∣∣∣
∣∣∣

≤ s + (1 − C1)MC1. (6.10)

Choose f∗ ∈ X∗ (the dual space of X) with ‖f∗‖ = 1 and f∗(Δxr+M ) =
‖Δxr+M‖. Then using (6.10) we obtain,

∣∣∣∣
1

Cr+M−j−1
f∗(Δxr+M−j) −

(
1 − Cr+M−j−2

Cr+M−j−2

)
f∗(Δxr+M−j−1)

∣∣∣∣

≤ ‖f∗‖ ·
∣∣∣
∣∣∣ 1
Cr+M−j−1

Δxr+M−j −
(

1 − Cr+M−j−2

Cr+M−j−2

)
Δxr+M−j−1

∣∣∣
∣∣∣

≤ s + (1 − C1)MC1,

which yields

f∗(Δxr+M−j−1) ≥
(

Cr+M−j−2

Cr+M−j−1

)(
1

1 − Cr+M−j−2

)
f∗(Δxr+M−j)

−
(

Cr+M−j−2

1 − Cr+M−j−2

)
(s + (1 − C1)MC1). (6.11)

Observe that since {Ci}∞i=0 is non-increasing, for all i ≥ 1, (1−Ci)−1 ≤ (1−
C1)−1 and Ci(1−Ci)−1 ≤ C1(1−C1)−1. Now for j = 0, using f∗(Δxr+M ) =
‖Δxr+M‖ ∈ [s, s + (1 − C1)MC1] we obtain from (6.11),

f∗(Δxr+M−1) ≥
(

1
1 − Cr+M−2

)
s −

(
Cr+M−2

1 − Cr+M−2

)
{s + (1 − C1)MC1}

≥ s − C2
1 (1 − C1)M−1. (6.12)

We will show that (6.12) implies

f∗(Δxr+M−j−1) ≥ s − (1 − C1)M−1C2
1

j∑
t=0

(
1

1 − C1

)t

, (6.13)

for j = 1, 2, . . . , M − 1. We establish this by induction. For j = 0, (6.13)
reduces to (6.12). Suppose now (6.13) holds for j ≤ k, for some k ∈
{1, 2, 3, . . . ,M − 2}. Then from (6.11) and the inductive hypothesis we
obtain,
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f∗(Δxr+M−(k+1)−1) = f∗(Δxr+M−k−2)

≥
(

Cr+m−k−3
Cr+M−k−2

)(
1

1−Cr+M−k−3

)
f∗ (Δxr+M−k−1)

−
(

Cr+M−k−3
1−Cr+M−k−3

)
{s + (1 − C1)MC1}

≥
(

1
1−Cr+M−k−3

)[
s − (1 − C1)M−1C2

1

k∑
t=0

(
1

1−C1

)t
]

−
(

Cr+M−k−3
1−Cr+M−k−3

)
{s + (1 − C1)MC1}

≥ s −
(

1
1−C1

)
(1 − C1)M−1C2

1

k∑
t=0

(
1

1−C1

)t

−
(

C1
1−C1

)
(1 − C1)MC1

= s − (1 − C1)M−1C2
1

k+1∑
t=0

(
1

1−C1

)t

,

which completes the induction. Recalling that f∗ is linear and summing
(6.13), by telescoping, from j = 0 to (M − 2) yields:

f∗(xr+M−1 − xr) = f∗(xr+M−1) − f∗(xr)

≥ (M − 1)s − (1 − C1)M−1C2
1

[
1 +

(
1 +

1
1 − C1

)

+ · · · +
(
1 +

1
1 − C1

+ · · · +
( 1

1 − C1

)M−2)]
.

Set λ = 1 − C1 so that,

f∗(xr+M−1 − xr) = (M − 1)s − λM−1(1 − λ)2
[
1 +

(λ + 1
λ

)

+ · · · +
(λM−2 + · · · + λ + 1

λM−2

)]

= (M − 1)s − λ(1 − λ)
[
λM−1

{(1 − λ

λ

)
+

(1 − λ2

λ2

)

+ · · · +
(1 − λM−1

λM−1

)}]
≥ (M − 1)s − 1,

the last inequality following since

λ(1 − λ)
[
λM−1

{(
1 − λ

λ

)
+

(
1 − λ2

λ2

)
+ · · · +

(
1 − λM−1

λM−1

)}]

< λ(1 − λ)(λM−2 + · · · + λ + 1) ≤ 1 .

But s ≥ δ implies (M−1)s ≥ (M−1)δ > 2ρ+1, so that f∗(xr+M−1−xr) > ρ.
Also,
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f∗(xr+M−1 − xr) ≤ |f∗(xr+M−1 − xr)| ≤ ‖f∗‖ · ‖xr+M−1 − xr‖

= ‖xr+M−1 − xr‖ .

Hence, ‖xr+M−1 − xr‖ > 2ρ, contradicting the assumption that ‖xn‖ ≤ ρ
for each n, and completing the proof of Theorem 6.16. �

6.4 Strong Convergence

Using the technique of Theorem 6.16 we are able to prove the following
theorem.

Theorem 6.17. With K, X and f as in Theorem 6.16, suppose for some
x0 ∈ K, the corresponding admissible sequence {xn}∞n=0 ⊆ K has a cluster
point q ∈ K. Then f(q) = q and xn → q. In particular, if the range of f
is contained in a compact subset of K then {xn}∞n=0 converges strongly to a
fixed point of f .

Proof. In Edelstein [216], it was shown that q is also a cluster point of {fn(q)}
and that ‖fn+1(q) − fn(q)‖ = ‖f(q) − q‖ for all n. Thus if f i(q) := xi and
Δxi = xi−xi−1, i = 1, 2, . . . then ‖Δxi+1‖ = ‖Δxi‖ for all i. As in the proof
of Theorem 6.16, we have, ‖Δxi+1‖ = ‖xi+1−xi‖ ≤ Ci

Ci−1
‖xi−xi−1‖ ≤ ‖xi−

xi−1‖ = ‖Δxi‖ and this implies Ci = Ci−1 for all i since ‖Δxi−1‖ = ‖Δxi‖.
Hence, from xi+1 −xi = (1−Ci)xi +Cif(xi)− (1−Ci−1)xi−1 −Ci−1f(xi−1)
we obtain,

‖Δxi+1‖ ≤ (1 − Ci)‖Δxi‖ + Ci‖Δf(xi)‖

≤ (1 − Ci)‖Δxi‖ + Ci‖Δxi‖ = ‖Δxi‖ ,

and this implies, ‖Δxi‖ = ‖Δf(xi)‖. Assume for contradiction that,

‖Δxi‖ = ‖Δf(xi)‖ = β > 0, i = 1, 2, . . .. (6.14)

Choose N , K ∈ N
+ sufficiently large. From (6.14) we have, for i = N + K,

‖ΔxN+K‖ = ‖Δf(xN+K)‖ = β > 0 . (6.15)

Let f∗ ∈ X∗ such that ‖f∗‖ = 1 and f∗(ΔxN+K) = ‖ΔxN+K‖. Then for
j = 0, 1, 2, . . . ,

f∗(Δf(xN+K−j)) ≤ ‖f∗‖ · ‖Δf(xN+K−j)‖ = ‖Δf(xN+K−j)‖ = s· (6.16)

From xN+K−j+1 = (1−CN+K−j)xN+K−j + CN+K−jf(xN+K−j) we obtain,
using Ci = Ci−1 for all i,

ΔxN+K−j+1 = (1 − CN+K−j)ΔxN+K−j + CN+K−jΔf(xN+K−j)· (6.17)
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We will show that applying f∗ to this equation yields:

f∗(ΔxN+K−j) ≥ β for j = 0, 1, . . .. (6.18)

We establish (6.18) by induction. Observe that f∗(ΔxN+K) = ‖ΔxN+K‖ = β
satisfies (6.18) with j = 0. Now if j = 1, applying f∗ to (6.17) and using (6.16)
yield:

f∗(ΔxN+K−1) =
(

1
1 − CN+K−1

)
f∗(ΔxN+K) −

(
CN+K−1

1 − CN+K−1

)
×

f∗ (Δf(xN+K−1))

≥
(

1
1 − CN+K−1

)
β −

(
CN+K−1

1 − CN+K−1

)
β = β ,

and (6.18) holds for j = 1. Assume it holds for j = 0, 1, . . . , t. Then using
(6.16), (6.17), and the inductive hypothesis we have,

f∗(ΔxN+K−t−1) =
(

1
1−CN+K−t−1

)
f∗ (ΔxN+K−t)

−
(

CN+K−t−1
1−CN+K−t−1

)
f∗ (Δf(xN+K−t−1))

≥
(

1
1−CN+K−t−1

)
β −

(
CN+K−t−1

1−CN+K−t−1

)
β = β ,

which completes the induction. Using the technique of the proof of Theorem
6.16 and summing (6.18) from j = 0 to K − 1 yields:

‖xN+K − xN‖ ≥ f∗(xN+K − xN ) ≥ Kβ , (6.19)

and this implies that the sequence {xi}∞i=0 cannot have a convergent subse-
quence, a contradiction of the fact that {xn}∞n=0 has a cluster point. Hence
β = 0 and f(q) = q. That xn → q now follows readily from the nonexpan-
siveness of f . �


For our next result the following definition is needed.

Definition 6.18. (Petryshyn, [381]). Let C be a subset of a real normed
linear space X. A mapping f : C → X is said to be demicompact at h ∈ X
if, for any bounded sequence {xn}∞n=0 in C such that xn − f(xn) → h as
n → ∞, there exist a subsequence {xnj

}∞j=0 and an x ∈ C such that xnj
→ x

as j → ∞ and x − f(x) = h.

Corollary 6.19 Suppose X is a real normed linear space, C is a closed
bounded convex subset of X and f is a nonexpansive mapping of C into C.
Suppose further that either, (i) f is demicompact at 0, or (ii) (I − f) maps
closed bounded subsets of X into closed subsets of X. For x0 ∈ C let
{xn}∞n=0 ⊆ C be an admissible sequence where the real sequence {Cn}∞n=0
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also satisfies 0 < a ≤ Cn ≤ b < 1 for all n ≥ 1. Then {xn}∞n=0 converges
strongly to a fixed point of f in C.

Proof. (i) From xn+1 = (1 − Cn)xn + Cnf(xn) we obtain xn − f(xn) =
1

Cn
{xn−xn−1}. Since C is bounded, {xn}∞n=0 is a bounded sequence and also

{Cn}∞n=1 bounded away from 0 implies (by Theorem 6.15) that {xn −f(xn)}
is convergent to 0 so that by the demicompactness of f at 0, {xn}∞n=0 has a
cluster point in C. The result follows by Theorem 6.17.
(ii) If q is a fixed point of f , {‖xn−q‖}∞n=0 does not increase with n. It suffices,
therefore, to show that there exists a subsequence of {xn}∞n=0 which converges
strongly to a fixed point of f . For x0 ∈ C, let K be the strong closure of the
set {xn}∞n=0. By Theorem 6.15, {(I − f)(xn)} converges strongly to 0 as
n → ∞. Hence, 0 lies in the strong closure of (I − f)(K) and since the latter
is closed by hypothesis (since K is closed and bounded), 0 lies in (I − f)(K).
Hence, there is a subsequence {xnj

}∞j=0 such that xnj
→ μ ∈ C, where μ is a

point such that (I − f)μ = 0. Hence xn → μ. �


6.5 Weak Convergence

Theorem 6.20. Let X be an Opial space and f : K → K be a nonexpansive
self-mapping of a weakly compact convex subset K of X. For any x0 in K,
let {xn}∞n=0 ⊆ K be the corresponding admissible sequence which is such that
the non-increasing sequence {Cn}∞n=1 also satisfies 0 < a ≤ Cn < 1 for all
n ≥ 1. Then {xn}∞n=0 converges weakly to a fixed point of f .

We shall need the following definition.

Definition 6.21. A mapping T : K → X is called demiclosed at y if, for
any sequence {xn}∞n=0 ⊆ K which converges weakly to an x in K, the strong
convergence of the sequence {T (xn)}∞n=0 to y in K implies Tx = y.

The technique of Edelstein and O’Brian [218] together with Theorem 6.15
yields the following proof.

Proof of Theorem 6.20. Since X is an Opial space and f is nonexpansive,
(I − f) is demiclosed (see, e.g. Opial, [366]). Furthermore, by Theorem 6.15,
f is asymptotically regular. Hence, by a result of Browder and Petryshyn
[51], any weak cluster point of {xn}∞n=0 ⊆ K is a fixed point of f . We
claim that {xn}∞n=0 ⊆ K has a unique weak cluster point. Suppose there
exist two distinct weak cluster points of {xn}∞n=0, say q1 and q2, and two
subsequences {xni

}∞i=1 and {xnj
}∞j=1 such that {xni

}∞i=1 converges weakly to
q1 and {xnj

}∞j=1 converges weakly to q2. Let p ∈ F (f) where F (f) denotes
the fixed point set of f . Then, it is easy to see that ‖xn+1 − p‖ ≤ ‖xn − p‖
for each n ≥ 0 so that lim

n→∞
‖xn − p‖ exists for every p ∈ F (f). Thus, since

X is an Opial space, it follows that
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lim
n→∞

‖xn − q1‖ = lim
i→∞

‖xni
− q1‖ < lim

i→∞
‖xni

− q2‖

= lim
n→∞

‖xn − q2‖

lim
n→∞

‖xn − q2‖ = lim
j→∞

‖xnj
− q2‖ < lim

j→∞
‖xnj

− q1‖

= lim
n→∞

‖xn − q1‖,

this contradiction implies there exists exactly one weak cluster point q of
{xn}∞n=0 ⊆ K. By weak compactness of K, {xn}∞n=0 converges weakly to q.
�


Theorem 6.22. Let K be a closed convex subset of a reflexive Banach space
X, and T a continuous mapping of K into X such that (i) F (T ) 
= ∅, where
F (T ) denotes the fixed point set of T in K, (ii) If Tp = p, then ‖Tx − p‖ ≤
‖x − p‖ for all x in K, (iii) There exist an x0 in K and a corresponding
admissible sequence {xn}∞n=0 ⊆ K, (iv) T is asymptotically regular at x0, (v)
If {xnj

}∞j=1 is a subsequence of {xn}∞n=0 such that {xnj
}∞j=1 converges weakly

to x̃ in K and {xnj
−Txnj

} converges strongly to zero then x̃−T x̃ = 0, (vi)
X is an Opial space. Then the sequence {xn}∞n=0 converges weakly to a fixed
point of T in K.

Proof. Theorem 4.2 of Petryshyn and Williamson [382] implies the sequence
{xn}∞n=0 contains a weakly convergent subsequence with its limit in F (T )
and, furthermore, that every weakly convergent subsequence of {xn}∞n=0 has
a point q in F (T ) for its limit. As in the proof of Theorem 6.20, the sequence
{xn}∞n=0 has a unique weak cluster point q in K. By weak compactness of K,
{xn}∞n=0 converges weakly to q. �


6.6 Some Examples

Let K be a nonempty subset of a real normed linear space X. Recall that
a mapping T : K → X is called quasi-nonexpansive provided T has a fixed
point in K and that if Tp = p, p in K, then ‖Tx−p‖ ≤ ‖x−p‖ for all x in K.
In this section, we shall exhibit large classes of quasi-nonexpansive mappings
and these classes, in particular, properly contain the class of nonexpansive
mappings with fixed points.

The concept of quasi-nonexpansive mappings was essentially introduced
by Diaz and Metcalf [205]. A nonexpansive map T : K → K with at least
one fixed point in K is quasi-nonexpansive. Also, a linear quasi-nonexpansive
mapping on a subspace is nonexpansive on that subspace; but there exist
continuous and discontinuous nonlinear quasi-nonexpansive mappings which
are not nonexpansive (see, e.g., Example 6.23 below). We proved in Section
6.3 that if K is a nonempty closed convex bounded subset of X and T is a
nonexpansive mapping of K into a bounded subset of X, the iterates of the
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map Sλ = (1−λ)I+λT , λ ∈ (0, 1), are uniformly asymptotically regular on K.
In this section, we shall show by means of an example that this result does
not extend to the class of quasi-nonexpansive maps.

We start with the following example which shows that the class of quasi-
nonexpansive mappings properly includes that of nonexpansive maps with
fixed points.

Example 6.23. Let X = �∞ and K := {x ∈ �∞ : ‖x‖∞ ≤ 1}. Define f :K→K
by f(x) = (0, x2

1, x
2
2, x

2
3, . . . ) for x = (x1, x2, x3, . . . ) in K. Then it is clear

that f is continuous and maps K into K. Moreover f(p) = p if and only if
p = 0. Furthermore,

‖f(x) − p‖∞ = ‖f(x)‖∞ = ‖(0, x2
1, x

2
2, x

2
3, . . . )‖∞

≤ ‖(0, x1, x2, x3, . . . )‖∞ = ‖x‖∞ = ‖x − p‖∞

for all x in K. Therefore, f is quasi-nonexpansive. However, f is not nonex-
pansive.

For, if x = (3
4 , 3

4 , . . . ) and y = (1
2 , 1

2 , . . . ), it is clear that x and y belong
to K. Furthermore, ‖x − y‖∞ = ‖( 1

4 , 1
4 , . . . )‖ = 1

4 , and ‖f(x) − f(y)‖∞ =
‖(0, 5

16 , 5
16 , . . . )‖∞ = 5

16 > 1
4 = ‖x − y‖∞. �


Before we exhibit a large class of quasi-nonexpansive mappings we need the
following preliminaries.

Suppose X is a Banach space and K is a bounded closed and convex subset
of X. Within the past thirty years or so numerous papers have appeared
concerning variants of the following contractive condition for mappings T :
K → K introduced by Kannan [271]:

||Tx − Ty|| ≤ 1
2
(||x − Tx|| + ||y − Ty||), x, y ∈ K (∗)

(see e.g., Bianchini [31], Ciric [190], Hardy and Rogers [248], Ray [398], Reich
[399]-[402], Rhoades [415]-[420], Shimi [448], Soardi [457]). These mappings
are neither stronger nor weaker than the nonexpansive mappings. Neverthe-
less, it appears that most of the fixed point Theorems for nonexpansive map-
pings also hold for mappings which are continuous and satisfy (∗). A more
general class of mappings was introduced in Hardy and Rogers [248] and the
following result was proved.

Theorem 6.24. (Hardy and Rogers, [248]) Let (M,d) be a complete metric
space and T : M → M a continuous mapping satisfying for x, y ∈ M :

d(Tx, Ty) ≤ a1d(x, y) + a2d(x, Tx) + a3d(y, Ty)
+ a4d(x, Ty) + a5d(y, Tx), (6.20)

where ai ≥ 0,
5∑

i=1

ai < 1. Then T has a unique fixed point in M .
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Condition (6.20), of course, implies T is a strict contraction if ai = 0, i =
2, . . . , 5; it reduces to the condition studied by Reich [399] if a4 = a5 = 0;
and to a condition of Kannan [271] if a1 = a4 = a5 = 0, a2 = a3.

In the case that M is replaced by a uniformly convex Banach space, in-

equality (6.20) has been weakened to allow
5∑

i=1

ai = 1.

Theorem 6.25. (Goebel, Kirk and Shimi, [233]) Let X be a uniformly convex
Banach space, K a nonempty bounded closed and convex subset of X, T :
K → K a continuous mapping satisfying for all x, y in K:

‖Tx − Ty‖ ≤ a1‖x − y‖ + a2‖x − Tx‖ + a3‖y − Ty‖
+a4‖x − Ty‖ + a5‖y − Tx‖ (6.21)

where ai ≥ 0,
5∑

i=1

ai ≤ 1. Then T has a fixed point in K.

Remark 6.26. Since the four points {x, y, Tx, Ty} determine six distances in
M , inequality (6.21) amounts to saying that the image distance d(Tx, Ty)
never exceeds a fixed convex combination of the remaining five distances.
Geometrically, this type of condition is quite natural.

We now have the following proposition.

Proposition 6.27. Let T : K → K be a map satisfying inequality (6.21).
Then T is quasi-nonexpansive.

Iterative methods for approximating fixed points of quasi-nonexpansive map-
pings have been studied by various authors (e.g., Chidume [93, 96, 101, 105],
Dotson [211, 212, 213], Hardy and Rogers [248], Johnson [263], Outlaw [377],
Outlaw and Groetsch [378], Reich [399]-[402], Rhoades [419], Senter and
Dotson [441], Shimi [448]) and a host of other authors.

We now turn to the main example of this section which shows that a
quasi-nonexpansive mapping in an arbitrary real Banach space need not be
uniformly asymptotically regular.

Example 6.28. Let X = �∞ and B(0, 1) = {x ∈ �∞ : ‖x‖∞ ≤ 1}. The example
is the construction of an f : �∞ → �∞ such that, (i) f is continuous; (ii)
f : �∞ → B(0, 1); (iii) f(p) = p if and only if p = 0; (iv) ‖f(x) − p‖∞ ≤
‖x−p‖∞ for all x ∈ �∞ and the fixed point p; (v) for all n ∈ N

+, there exists
x ∈ B(0, 1) such that

‖Sn+1
λ x − Sn

λx‖ > λ2(1 − λ)2 ,

for arbitrary λ ∈ (0, 1) where Sn
λ (x) = Sλ(Sn−1

λ x) and Sλx = λx+(1−λ)f(x).

Define f : �∞ → B(0, 1) ⊂ �∞ by

f(x) =
{

(0, x2
1, x

2
2, x

2
3, . . . , . . . ); if ‖x‖∞ ≤ 1

‖x‖−2
∞ (0, x2

1, x
2
2, x

2
3, . . . ); if ‖x‖∞ > 1 ,
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where x = (x1, x2, x3, . . . ) ∈ �∞. Then it is clear that f satisfies (i) − (iii)
above. For (iv) we have,

‖f(x) − p‖∞ = ‖f(x)‖∞ ≤
{
‖x‖2

∞ ≤ ‖x‖∞; if ‖x‖∞ ≤ 1
1; if ‖x‖∞ > 1 ,

i.e., ‖f(x)− p‖∞ ≤ ‖x− p‖∞ and (iv) is satisfied. For (v), we examine f and
Sλ more closely. Now,

Sλ(x) = {λx1, λx2 + (1 − λ)x2
1, λx3 + (1 − λ)x2

2, . . . }.

Thus, if x = (x1, x2, x3, . . . ) and xj = a, where a is a constant for j ≥ k, then

(Sλ(x))j = λa + (1 − λ)a2 for j ≥ k + 1. (6.22)

More generally, by induction, if xj = a for j ≥ k then (Sn
λ (x))j = an, a

constant for j ≥ k + n, where the {an} satisfies the recurrence relation,

an = λan−1 + (1 − λ)a2
n−1, n ≥ 1, a0 = a. (6.23)

Suppose we have chosen x = (a, a, a, . . . ). Then

‖Sn+1
λ x − Sn

λx‖∞ = ‖λ(Sn
λ (x)) + (1 − λ)f(Sn

λ (x)) − Sn
λ (x)‖∞

= (1 − λ)‖Sn
λ (x) − f(Sn

λ (x))‖∞

= (1 − λ) sup
j≥1

|(Sn
λ (x))j−1 − (Sn

λ (x))2j−1|

≥ (1 − λ) sup
j>n

|(Sn
λ (x))j−1 − (Sn

λ (x))2j−1|

≥ (1 − λ)λ|an − a2
(n−1)|.

If we could choose 0 < a < 1 such that an = λ then x ∈ B(0, 1) and condition
(v) would be satisfied, completing the example. To do this, we note first that
from (6.23), if a < 1, then ak < a, inductively, and so

ak = λak−1 + (1 − λ)a2
k−1 < λak−1 + (1 − λ)ak−1 = ak−1 .

Thus, 1 > a > a1 > a2 > · · · > ak > . . . . Also, if we know ak then we can
find ak−1 from (6.23) (i.e., solving) as

ak−1 = 2−1(1 − λ)−1{−λ + [λ2 + 4(1 − λ)ak]
1
2 }. (6.24)

Note that if ak < 1, then ak−1 < 1 for, from (6.24), using ak < 1 we have,

ak−1 < 2−1(1 − λ)−1{−λ + [λ2 + 4(1 − λ)]
1
2 }

= 2−1(1 − λ)−1{−λ + (2 − λ)} = 1 .
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We can now show that (v) is satisfied. Choose n ∈ N+, and put an = λ.
Use (6.24) to compute an−1, an−2, . . . , a1, a0; a0 < 1. Then starting with
x = (a0, a0, a0, . . . ) we have x ∈ B(0, 1), an = λ and so, ‖Sn+1

λ x − Sn
λx‖ >

λ2(1 − λ)2, as required. �

6.7 Halpern-type Iteration Method

Let E be a real Banach space, K a closed convex subset of E and T : K → K
a nonexpansive mapping. For fixed t ∈ (0, 1) and arbitrary u ∈ K, let zt ∈ K
denote the unique fixed point of Tt defined by Ttx := tu + (1 − t)Tx, x ∈ K.
Assume F (T ) := {x ∈ K : Tx = x} 
= ∅. Browder [44] proved that if E = H,
a Hilbert space, then lim

t→0
zt exists and is a fixed point of T . Reich [412]

extended this result to uniformly smooth Banach spaces. Kirk [284] obtained
the same result in arbitrary Banach spaces under the additional assumption
that T has pre-compact range.

For a sequence {αn} in [0, 1] and an arbitrary u ∈ K, let the sequence
{xn} in K be iteratively defined by x0 ∈ K,

xn+1 := αnu + (1 − αn)Txn, n ≥ 0. (6.25)

Concerning this process, Reich [412] posed the following question.

Question. Let E be a Banach space. Is there a sequence {αn} such that
whenever a weakly compact convex subset K of E has the fixed point property
for nonexpansive mappings, then the sequence {xn} defined by (6.25) con-
verges to a fixed point of T for arbitrary fixed u ∈ K and all nonexpansive
T : K → K?

Halpern [245] was the first to study the convergence of the algorithm (6.25)
in the framework of Hilbert spaces. He proved the following Theorem.

Theorem H (Halpern, [245]) Let K be a bounded closed convex subset
of a Hilbert space H and T : K → K be a nonexpansive mapping. Let u ∈ K
be arbitrary. Define a real sequence {αn} in [0, 1] by αn = n−θ, θ ∈ (0, 1).
Define a sequence {xn} in K by x1 ∈ K, xn+1 = αnu + (1−αn)Txn, n ≥ 1.
Then, {xn} converges strongly to the element of F (T ) := {x ∈ K : Tx = x}
nearest to u.

An iteration method with recursion formula of the form (6.25) is now
referred to as a Halpern-type iteration method.

Lions [313] improved Theorem H, still in Hilbert spaces, by proving
strong convergence of {xn} to a fixed point of T if the real sequence {αn}
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satisfies the following conditions: (i) lim
n→∞

αn = 0; (ii)
∞∑

n=1
αn = ∞; and (iii)

lim
n→∞

|αn−αn−1|
α2

n
= 0.

Reich [412] gave an affirmative answer to the above question in the case
when E is uniformly smooth and αn = n−a with 0 < a < 1. It was observed
that both Halpern’s and Lions’ conditions on the real sequence {αn} excluded
the natural choice, αn := (n + 1)−1. This was overcome by Wittmann [505]
who proved, still in Hilbert spaces, the strong convergence of {xn} if {αn}
satisfies the following conditions:

(i) lim
n→∞

αn = 0; (ii)
∞∑

n=1

αn = ∞; and ; (iii)
∞∑

n=1

|αn+1 − αn| < ∞. (6.26)

Reich [413] extended this result of Wittmann to the class of Banach spaces
which are uniformly smooth and have weakly sequentially continuous duality
maps (e.g., lp(1 < p < ∞)), where the sequence {αn} is required to satisfy
conditions (i) and (ii) of (6.26) and to be decreasing (and hence also satisfies
(iii) of (6.26)). Shioji and Takahashi [450] extended Wittmann’s result to
Banach spaces with uniformly Gâteaux differentiable norms and in which
each nonempty closed convex bounded subset of K has the fixed point prop-
erty for nonexpansive mappings (e.g., Lp spaces (1 < p < ∞)). They proved
the following theorem.

Theorem ST. Let E be a Banach space whose norm is uniformly Gâteaux
differentiable and let K be a closed convex subset of E. Let T be a nonex-
pansive mapping from K into K such that the set F (T ) of fixed points of T
is nonempty. Let {αn} be a sequence which satisfies the following conditions:
0 ≤ αn ≤ 1, lim αn = 0,

∑
αn = ∞,

∑
|αn+1−αn| < ∞. Let u ∈ K and let

{xn} be the sequence defined by x0 ∈ K, xn+1 = αnu + (1 − αn)Txn, n ≥ 0.
Assume that {zt} converges strongly to z ∈ F (T ) as t ↓ 0, where for
0 < t < 1, zt is the unique element of K which satisfies zt = tu + (1 − t)Tzt.
Then, {xn} converges strongly to z.

A result of Reich [409] and that of Takahashi and Ueda [478] show that
if K satisfies some additional assumption, then {zt} defined above converges
strongly to a fixed point of T . In particular, the following is true.

Let E be a Banach space whose norm is uniformly Gâteaux differentiable
and let K be a weakly compact convex subset of E. Let T be a nonexpansive
mapping from K into K. Let u ∈ K and let zt be the unique element of K
which satisfies zt = tu+(1−t)Tzt for 0 < t < 1. Assume that each nonempty
T−invariant closed convex subset of K contains a fixed point of T . Then, {zt}
converges strongly to a fixed point of T .

Morales and Jung [341] established the following result.
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Theorem MJ (Morales and Jung, [341]) Let K be a nonempty closed convex
subset of a reflexive Banach space E which has uniformly Gâteaux differ-
entiable norm and T : K → K be a nonexpansive mapping with F (T ) 
= ∅.
Suppose that every nonempty closed convex bounded subset of K has the fixed
point property for nonexpansive mappings. Then there exists a continuous
path t → zt, 0 < t < 1 satisfying zt = tu + (1 − t)Tzt, for arbitrary but fixed
u ∈ K, which converges strongly to a fixed point of T .

Xu [511] (see, also [510]) showed that the result of Halpern holds in uni-
formly smooth Banach spaces if condition (iii) of Lions is replaced with the
condition (iii)∗ lim

n→∞
|αn−αn−1|

αn
= 0. He proved the following theorem.

Theorem 6.29. (Xu, [511]) Let E be a uniformly smooth Banach space, K
be a closed convex nonempty subset of E, T : K → K be a nonexpansive
mapping with F (T ) 
= ∅. Let u, x0 ∈ K be given and let {αn} ⊂ [0, 1] satisfy
the conditions: (a) lim αn = 0; (b)

∑
αn =∞; and (c) lim |αn−1−αn|

αn
=0. Then

the sequence {xn} generated by x0 ∈ K, xn+1 := (1−αn)Txn + αnu, n ≥ 0,
converges strongly to some x∗ ∈ F (T ).

Remark 6.30. Wittman [505] had earlier proved Theorem 6.29 with condition
(c) replaced by: (c)∗

∑
|αn+1 − αn| < ∞. The conditions (c) and (c)∗ are

not comparable. For instance, the sequence {αn} defined by

αn :=
{

n− 1
2 , if n is odd,

(n− 1
2 − 1)−1, if n is even,

satisfies (c) but fails to satisfy (c)∗.

Remark 6.31. Halpern showed that the conditions (i) lim
n→∞

αn = 0 and (ii)
∞∑

n=0
αn = ∞ are necessary for the convergence of the sequence {xn} de-

fined by (6.25). It is not known if generally they are sufficient. Some authors
have established that if in the recursion formula (6.25), Txn is replaced with

Tnxn :=
(

1
n

)n−1∑
k=0

T kxn, then conditions (i) and (ii) are sufficient.

In order to prove the main theorems of this section, we shall make use of the
following lemmas.

Lemma 6.32. (Tan and Xu, [487]) Let {an} be a sequence of nonnegative
real numbers satisfying the following relation:

an+1 ≤ an + σn, n ≥ 0,

such that
∞∑

n=1
σn < ∞. Then, lim an exists. If, in addition, {an} has a subse-

quence that converges to 0, then an converges to 0 as n → ∞.
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Proof. From 0 ≤ an+1 ≤ an + σn, n ≥ 0, we obtain that 0 ≤ an+1 ≤
a1+

∑n
1 σn ≤ a1+

∑∞
1 σn < ∞, n ≥ 0, and so {an} is bounded. Furthermore,

for fixed m ∈ N, we have

0 ≤ an+m ≤ an+m−1 + σn+m−1

≤ an+m−2 + σn+m−2 + σn+m−1

...

≤ αn +
n+m−1∑

i=n

σi.

Taking “lim sup” as m → ∞, we obtain that lim sup
m→∞

an ≤ an +
∑∞

i=n σi. Now,

taking “lim inf” as n → ∞, we get lim sup
n→∞

an ≤ lim inf an. Thus, lim inf
n→∞

an =

lim sup
n→∞

an, and the limit exists. If, in addition, {an} has a subsequence that

converges to 0, since the limit of {an} exists, then {an} converges to 0 as
n → ∞. �


Aliter. We give another proof of the first part of Lemma 6.32.

Define ρn :=
∑n−1

k=1 σk. Recall that lim
n→∞

ρn :=
∑∞

k=1 σk < ∞. Let
lim

n→∞
ρn = L < ∞, for some L ∈ R. Now, an+1+ρn ≤ an+σn+ρn = an+ρn+1

so that an+1 − ρn+1 ≤ an − ρn ∀ n ≥ 1. This implies that {an − ρn} is non-
increasing. Two cases arise.

Case 1: lim
n→∞

(an − ρn) = −∞, or, Case 2: lim
n→∞

(an − ρn) = M , for
some M ∈ R. We show Case 1 is impossible. Suppose, for contradiction,
case 1 holds. Then, lim

n→∞
an = lim

n→∞

(
an − ρn + ρn

)
= −∞ + L = −∞,

contradicting the hypothesis that an ≥ 0. So, case 2 holds. Hence,
lim

n→∞
an = lim

n→∞

(
an − ρn + ρn

)
= M + L, completing the proof.

Lemma 6.33. (Suzuki, [463]). Let {xn} and {yn} be bounded sequences in
a Banach space E and let {βn} be a sequence in [0, 1] with 0 < lim inf

n→∞
βn ≤

lim sup
n→∞

βn < 1. Suppose xn+1 = βnyn + (1− βn)xn for all integers n ≥ 0 and

lim sup
n→∞

(||yn+1 − yn|| − ||xn+1 − xn||) ≤ 0. Then, lim
n→∞

||yn − xn|| = 0.

Lemma 6.34. (Xu, [511]). Let {an} be a sequence of nonnegative real num-
bers satisfying the following relation:

an+1 ≤ (1 − αn)an + αnσn + γn, n ≥ 0,
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where,

(i) {αn} ⊂ [0, 1],
∑

αn = ∞;
(ii) lim sup

n→∞
σn ≤ 0;

(iii) γn ≥ 0; (n ≥ 0),
∑

γn < ∞. Then, an → 0 as n → ∞.

6.7.1 Convergence Theorems

In the sequel, F (T ) := {x ∈ K : Tx = x}. In the next theorem, we shall
assume that {zt} converges strongly to a fixed point z of T as t → 0, where
zt is the unique element of K which satisfies zt = tu+(1− t)Tzt for arbitrary
u ∈ K.

Theorem 6.35. Let K be a nonempty closed convex subset of a real Banach
space E which has a uniformly Gâteaux differentiable norm and T : K → K
be a nonexpansive mapping with F (T ) 
= ∅. For a fixed δ ∈ (0, 1), define
S : K → K by Sx := (1− δ)x+ δTx ∀ x ∈ K. Let {αn} be a real sequence in
(0, 1) which satisfies the following conditions: C1 : lim αn = 0; C2 :

∑
αn =

∞. For arbitrary u, x0 ∈ K, let the sequence {xn} be defined iteratively by

xn+1 = αnu + (1 − αn)Sxn, n ≥ 0. (6.27)

Then, {xn} converges strongly to a fixed point of T .

Proof. Observe first that S is nonexpansive and has the same set of fixed
points as T . Define

βn := (1 − δ)αn + δ ∀ n ≥ 0; yn :=
xn+1 − xn + βnxn

βn
, n ≥ 0. (6.28)

Observe that βn → δ as n → ∞, and that if {xn} is bounded, then {yn}
is bounded. Let x∗ ∈ F (T ) = F (S). One easily shows by induction that
||xn − x∗|| ≤ max{||x0 − x∗||, ||u − x∗||} for all integers n ≥ 0, and so,
{xn}, {yn}, {Txn} and {Sxn} are all bounded. Also,

||xn+1 − Sxn|| = αn||u − Sxn|| → 0, (6.29)

as n → ∞. Observe also that from the definitions of βn and S, we obtain
that yn = 1

βn
(αnu + (1 − αn)δTxn) so that

||yn+1 − yn|| − ||xn+1 − xn|| ≤
∣∣∣αn+1

βn+1
− αn

βn

∣∣∣.||u||

+
(1 − αn+1)

βn+1
δ ||Txn+1 − Txn||

+
∣∣∣1 − αn+1

βn+1
− 1 − αn

βn

∣∣∣ δ ||Txn|| − ||xn+1 − xn||,
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so that, since {xn} and {Txn} are bounded, we obtain that, for some con-
stants M1 > 0, and M2 > 0,

lim sup
n→∞

(||yn+1 − yn|| − ||xn+1 − xn||) ≤ lim sup
n→∞

{∣∣∣αn+1

βn+1
− αn

βn

∣∣∣.||u||

+
∣∣∣ (1 − αn+1)

βn+1
δ − 1

∣∣∣ M1

+
∣∣∣1 − αn+1

βn+1
− 1 − αn

βn

∣∣∣δM2

}
≤ 0.

Hence, by Lemma 6.33, ||yn−xn|| → 0 as n → ∞. Consequently, lim
n→∞

||xn+1−
xn|| = lim

n→∞
βn||yn − xn|| = 0. Combining this with (6.29) yields that

||xn − Sxn|| → 0 as n → ∞. (6.30)

We now show that

lim sup
n→∞

〈u − z, j(xn − z)〉 ≤ 0. (6.31)

For each integer n ≥ 1, let tn ∈ (0, 1) be such that

tn → 0, and
||xn − Sxn||

tn
→ 0, n → ∞. (6.32)

Let ztn
∈ K be the unique fixed point of the contraction mapping Stn

given
by Stn

x := tnu + (1 − tn)Sx, x ∈ K. Then, ztn
− xn = tn(u − xn) + (1 −

tn)(Sztn
− xn). Using inequality (4.4), we compute as follows:

||ztn
− xn||2 ≤ (1 − tn)2||Sztn

− xn||2 + 2tn〈u − xn, j(ztn
− xn)〉

≤ (1 − tn)2(||Sztn
− Sxn|| + ||Sxn − xn||)2 + 2tn(||ztn

− xn||2

+ 〈u − ztn
, j(ztn

− xn)〉)
≤ (1 + t2n)||ztn

− xn||2 + ||Sxn − xn|| ×
(2||ztn

− xn|| + ||Sxn − xn||)
+ 2tn〈u − ztn

, j(ztn
− xn)〉,

and hence,

〈u − ztn
, j(xn − ztn

)〉 ≤ tn
2
||ztn

− xn||2 +
||Sxn − xn||

2tn
× (2||ztn

− xn|| + ||Sxn − xn||).

Since {xn}, {ztn
} and {Sxn} are bounded and ||Sxn−xn||

2tn
→ 0, n → ∞, it

follows from the last inequality that

lim sup
n→∞

〈u − ztn
, j(xn − ztn

)〉 ≤ 0. (6.33)
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Moreover, we have that

〈u − ztn
, j(xn − ztn

)〉 = 〈u − z, j(xn − z)〉
+ 〈u − z, j(xn − ztn

) − j(xn − z)〉
+ 〈z − ztn

, j(xn − ztn
)〉. (6.34)

But, by hypothesis, ztn
→ z ∈ F (S), n → ∞. Thus, using the bound-

edness of {xn} we obtain that 〈z − ztn
, j(xn − ztn

)〉 → 0, n → ∞. Also,
〈u − z, j(xn − ztn

) − j(xn − z)〉 → 0, n → ∞, since j is norm-to-weak∗ uni-
formly continuous on bounded subsets of E. Hence, we obtain from (6.33)
and (6.34) that lim sup

n→∞
〈u− z, j(xn − z〉 ≤ 0. Furthermore, from (6.27) we get

that xn+1 − z = αn(u − z) + (1 − αn)(Sxn − z). It then follows that

||xn+1 − z||2 ≤ (1 − αn)2||Sxn − z||2 + 2αn〈u − z, j(xn+1 − z)〉
≤ (1 − αn)||xn − z||2 + αnσn,

where σn := 2〈u − z, j(xn+1 − z)〉; γn ≡ 0 ∀ n ≥ 0. Thus, by Lemma 6.34,
{xn} converges strongly to a fixed point of T . �


Remark 6.36. We note that every uniformly smooth Banach space has a uni-
formly Gâteaux differentiable norm and is such that every nonempty closed
convex and bounded subset of E has the fixed point property for nonexpan-
sive maps (see e.g., [189]).

Let Sn(x) := 1
n

n−1∑
k=0

Skx, where S : K → K is a nonexpansive map. With this

definition, Xu proved the following theorem.

Theorem HKX (Xu, [511], Theorem 3.2) Assume that E is a real uni-
formly convex and uniformly smooth Banach space. For given u, x0 ∈ K, let
{xn} be generated by the algorithm:

xn+1 = αnu + (1 − αn)Snxn, n ≥ 0. (6.35)

Assume that (i) lim αn = 0; (i)
∑

αn = ∞. Then, {xn} converges strongly
to a fixed point of S.

Remark 6.37. Theorem 6.35 is a significant improvement of Theorem HKX
in the sense that the recursion formula (6.27) is simpler and requires less
computation at each stage than the recursion formula (6.35). Moreover, the
requirement that E be also uniformly convex imposed in Theorem HKX is
dispensed with in Theorem 6.35. Furthermore, Theorem 6.35 is proved in the
framework of the more general real Banach spaces with uniformly Gâteaux
differentiable norms.
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6.7.2 The Case of Non-self Mappings

Definition 6.38. Let K be a nonempty subset of a Banach space E. For
x ∈ K, the inward set of x, IKx, is defined by IKx := {x + α(u − x) : u ∈
K,α ≥ 1}. A mapping T : K → E is called weakly inward if Tx ∈ cl[IK(x)]
for all x ∈ K, where cl[IK(x)] denotes the closure of the inward set. Every
self-map is trivially weakly inward.

Definition 6.39. Let K ⊆ E be closed convex and Q be a mapping of E
onto K. Then Q is said to be sunny if Q(Qx + t(x − Qx)) = Qx for all
x ∈ E and t ≥ 0. A mapping Q of E into E is said to be a retraction if
Q2 = Q. If a mapping Q is a retraction, then Qz = z for every z ∈ R(Q),
range of Q. A subset K of E is said to be a sunny nonexpansive retract of
E if there exists a sunny nonexpansive retraction of E onto K and it is said
to be a nonexpansive retract of E if there exists a nonexpansive retraction
of E onto K. If E = H, the metric projection PK is a sunny nonexpansive
retraction from H to any closed convex subset of H.

Remark 6.40. We note that, if T : K → E is weakly inward, then F (T ) =
F (QT ), where Q is a sunny nonexpansive retraction of E onto K. In fact,
clearly, F (T ) ⊆ F (QT ). We show F (QT ) ⊆ F (T ). Suppose this is not the
case. Then there exists x ∈ F (QT ) such that x /∈ F (T ). But, since T is
weakly inward there exists u ∈ K, such that Tx = x + λ(u − x) for some
λ > 1 and u 
= x. Observe that if u = x then Tx = x, a contradiction, since
x /∈ F (T ). As Q is sunny nonexpansive, we have Q

[
QTx+ t(Tx−QTx)

]
= x

for all t ≥ 0. But QTx = x so that Q
[
tTx + (1− t)x

]
= x for all t ≥ 0. Since

T is weakly inward, there exists t0 ∈ (0, 1) such that u := t0Tx + (1 − t0)x,
and since u ∈ K, Qu = u. This implies u = Qu = x, a contradiction, since
x 
= u. Therefore, F (QT ) ⊆ F (T ), which implies that F (QT ) = F (T ).

We now prove the following convergence theorem.

Theorem 6.41. (Chidume et al., [184]) Let K be a nonempty closed convex
subset of a real Banach space E which has a uniformly Gâteaux differentiable
norm, and T : K → E be a nonexpansive mapping satisfying weakly inward
condition with F (T ) 
= ∅. Assume K is a sunny nonexpansive retract of E
with Q as the sunny nonexpansive retraction. Assume that {zt} converges
strongly to a fixed point z of QT as t → 0, where for 0 < t < 1, zt is the
unique element of K which satisfies zt = tx+(1− t)QTzt. Let {αn} be a real
sequence in (0, 1) which satisfies the following conditions: (i) lim

n→∞
αn = 0, (ii)

∞∑
n=1

αn = ∞, and either (iii)
∞∑

n=1
|αn−αn−1| < ∞, or (iii)∗ lim

n→∞
|αn−αn−1|

αn
=0.

For fixed u, x0 ∈ K, let the sequence {xn} be defined iteratively by

xn+1 := αnu + (1 − αn)QTxn, n ≥ 0. (6.36)

Then, {xn}∞n=0 converges strongly to a fixed point of T .
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Proof. Let x∗ ∈ F (T ). One easily shows by induction that ||xn − x∗|| ≤
max{||x0−x∗||, ||u−x∗||} for all integers n ≥ 0, and hence {xn} and {QTxn}
are bounded. But this implies from (6.36) that

||xn+1 − QTxn|| = αn||u − QTxn|| → 0 as n → ∞. (6.37)

Furthermore, for some constant M > 0,

||xn+1 − xn|| = ||(αn − αn−1)(u − QTxn−1) + (1 − αn)(QTxn − QTxn−1)||
≤ M |αn−1 − αn| + (1 − αn)||xn − xn−1||.

We consider two cases.
Case 1. Condition (iii)∗ is satisfied. Then, ||xn+1 −xn|| ≤ (1−αn)||xn −

xn−1|| + σn, where σn := αnβn and βn := (|αn − αn−1|M/αn) so that σn =
o(αn).

Case 2. Condition (iii) is satisfied. Then, ||xn+1 − xn|| ≤ (1 − αn)||xn −
xn−1||+σn, where σn := M |αn −αn−1| so that

∞∑
n=1

σn < ∞. In either case, a

lemma of [511] (see, Exercises 6.1, Problem 8) yields that ||xn+1 − xn|| → 0
as n → ∞. Combining this with (6.36), we obtain that ||xn − QTxn|| → 0
as n → ∞. For each integer n ≥ 0, let tn ∈ (0, 1) be such that tn → 0 and
||xn−QTxn||

tn
→ 0. Let ztn

∈ K be the unique fixed point of the contraction
mapping Ttn

given by Ttn
x := tnu + (1 − tn)QTx, x ∈ K. Then, ztn

− xn =
tn(u−xn.)+ (1− tn)(QTztn

−xn). Moreover, using inequality (4.4), we have

||ztn
− xn||2

≤ (1 − tn)2||QTztn
− xn||2 + 2tn〈u − xn, j(ztn

− xn)〉
≤ (1 − tn)2(||QTztn

− QTxn|| + ||QTxn − xn||)2 + 2tn(||ztn
− xn||2

+〈u − ztn
, j(ztn

− xn)〉)
≤ (1 + t2n)||ztn

− xn||2 + ||QTxn − xn||(2||ztn
− xn|| + ||QTxn − xn||)

+ 2tn〈u − ztn
, j(ztn

− xn)〉,

and hence,

〈u − ztn
, j(xn − ztn

)〉 ≤ tn
2
||ztn

− xn||2 +
||QTxn − xn||

2tn

×(2||ztn
− xn|| + ||QTxn − xn||).

Since {xn}, {ztn
} and {Txn} are bounded and ||xn−QTxn||

tn
→ 0 as n → ∞,

it follows from the last inequality that

lim sup
n→∞

〈u − ztn
, j(xn − ztn

)〉 ≤ 0. (6.38)
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Moreover, we have that

〈u − ztn
, j(xn − ztn

)〉 = 〈u − z, j(xn − z)〉 + 〈u − z, j(xn − ztn
)

−j(xn − z)〉 + 〈z − ztn
, j(xn − ztn

)〉. (6.39)

But, by hypothesis, ztn
→ z ∈ F (QT ) as n → 0 and by Remark 6.40 we have

that QTz = z = Tz. Thus, 〈z − ztn
, j(xn − ztn

)〉 → 0 as n → ∞ (since {xn}
is bounded). Also, 〈u − z, j(xn − ztn

) − j(xn − z)〉 → 0 as n → ∞ (since j is
norm-to-w∗ uniformly continuous on bounded subsets of E). Therefore, we
obtain from (6.38) and (6.39) that lim sup

n→∞
〈u − z, j(xn − z)〉 ≤ 0. Now from

(6.36), we get xn+1 − z = αn(u − z) + (1 − αn)(QTxn − z). It follows that

||xn+1 − z||2 ≤ (1 − αn)2||QTxn − z||2 + 2αn〈u − z, j(xn+1 − z)〉
≤ (1 − αn)||xn − z||2 + σn,

where σn := 2αn〈u−z, j(xn+1−z)〉 so that lim sup
n→∞

σn ≤ 0. Thus, (see Exercise

6.1, Problem 8), {xn} converges strongly to a fixed point z of T . �


Remark 6.42. In [453], Shioji and Takahashi proved that if E is a uniformly
convex Banach space whose norm is uniformly Gâteaux differentiable, and T
is self-map of K ⊆ E with F (T ) := {x ∈ K : Tx = x} 
= ∅, and T satisfies
the following condition: ||Tnx − Tny|| ≤ kn||x − y|| ∀ x, y ∈ K,n ∈ N for
some sequence {kn}, kn ≥ 1, lim kn = 1, then the sequence {xn} defined
iteratively by u, x0 ∈ K arbitrary,

xn = αnu + (1 − αn)
1

n + 1

n∑
j=0

T jxn, n ≥ N0,

for N0 sufficiently large, converges strongly to Pu, where P is the sunny
nonexpansive retract from K onto F (T ) and {αn} satisfies the following con-
ditions: 0 ≤ αn ≤ 1, lim αn = 0,

∑
αn = ∞ and

∑((
1 − αn

)( 1
n + 1

n∑
j=0

kj

)2

− 1
)

< ∞.

The two authors [450] had earlier established the same result in Hilbert space
for the iterative scheme, x0, u ∈ K arbitrary,

yn = βnu +
(1 − βn)
n + 1

n∑
j=0

T jxn; xn+1 = αnu +
(1 − αn)

n + 1

n∑
j=0

T jyn.

In these results, αn and βn are real sequences satisfying appropriate
conditions.
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Finally, we have the following Theorem which holds in uniformly convex
Banach spaces.

Theorem 6.43. (Xu, [511]). Let E be a uniformly convex Banach space, K
a nonempty closed convex subset of E, T : K → K a nonexpansive mapping
with F (T ) 
= ∅. Assume that E has a Fréchet differentiable norm or satisfies
Opial’s condition. With an initial x0 ∈ K, let {xn} be defined by xn+1 := (1−
αn)Tnxn +αnu, n ≥ 0, where {αn} ⊂ [0, 1] satisfies the following conditions:

(i) lim αn = 0; (ii)
∑

αn = ∞, and Tn is defined by Tnx :=
(

1
n

)n−1∑
j=1

T jx.

Then, {xn} converges weakly to some x∗ ∈ F (T ).

EXERCISES 6.1

1. Verify the assertions made in Example 6.4.
2. Prove Theorem 6.7, i.e., suppose M is a metric space and T : M → M

is continuous and asymptotically regular at x0 in M . Then, any cluster
point of {Tn(x0)} is a fixed point of T .

3. Prove Proposition 6.27.
4. (a) Find an example of a complete metric space (E, ρ) and a mapping

f : E → E such that ρ(f(x), f(y)) < ρ(x, y) ∀ x, y ∈ E, and f has no
fixed points.
Hint: Consider (E, ρ) ≡ (IR, ρ) where ρ is the usual metric and f(x) =
�n (1 + ex).

(b) Prove that if the Contraction Mapping Principle applies to fn where
n is a positive integer, then f has a unique fixed point.

(c) Let (E, ρ) be a complete metric space and f, g : E → E be functions.
Suppose f is a contraction and f(g(x)) = g(f(x)) ∀ x ∈ E. Prove that
g has a fixed point but that such a fixed point need not be unique.

5. Let E = C[0, 1] with “sup” norm and let K = {f ∈ C[0, 1] : f(0) = 0,
f(1) = 1, 0 ≤ f(x) ≤ 1}. For each f ∈ K define ϕ : K → C[0, 1] by
(ϕf)(x) = xf(x). Prove: (a) K is nonempty, closed, convex and bounded;
(b) ϕ maps K into K; (c) ϕ is nonexpansive; (d) ϕ has no fixed points.

6. (a) State the Contraction Mapping Principle.
(b) Let (E, ρ) be a complete metric space and T : E → E a contraction
map with constant k < 1. Define the sequence {xn} inductively by
xn+1 = Txn, n = 1, 2, . . . , x0 ∈ E. If x∗ is the unique fixed point of T ,

prove: (i) xn → x∗ as n → ∞; (ii) ρ(xn, x∗) ≤ kn

1 − k
ρ(x1, x0).

7. Let C[0, 1] be endowed with the “sup” metric. Define T : C[0, 1] →
C[0, 1] by (Tf)(t) =

∫ t

0
f(s)ds, f ∈ C[0, 1], t ∈ [0, 1]. Prove:

(a) T is not a contraction map;
(b) T 2 is a contraction map.
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(Note: “sup” metric ρ is given by ρ(f, g) = sup
0≤t≤1

|f(t) − g(t)|).

(c) Does T have a fixed point?
8. Let {an} be a sequence of nonnegative real numbers satisfying the following

relation:
an+1 ≤ (1 − αn)an + σn, n ≥ 0,

where (i) 0 < αn < 1; (ii)
∞∑

n=1
αn = ∞. Suppose,

∞∑
n=1

σn < ∞. Prove that

an → 0 as n → ∞.

6.8 Historical Remarks

Remark 6.44. If the constant vector u in the Halpern-type recursion formula
(6.25) is replaced with f(xn), where f : K → K is a strict contraction,
an iteration method involving the resulting formula is called the viscosity
method. We make the following remarks concerning this method.

• The recursion formula with f(xn) involves more computation at each stage
of the iteration than that with u and does not result in any improvement
in the speed or rate of convergence of the scheme. Consequently, from the
practical point of view, it is undesirable.

• When a Theorem has been proved using a Halpern-type recursion for-
mula with a constant vector, say u, the proof of the same Theorem with
u replaced by f(xn), the so-called viscosity method, generally does not
involve any new ideas or method. Such a proof is generally an unnecessary
repetition of the proof when the vector u is used.

• The so-called viscosity method may be useful in other iteration processes.
But for the approximation of fixed points of nonexpansive and related
operators, there seems to be no justification for studying it.

Let I = [a, b] and let T be a self-map of I and suppose T has a unique fixed
point in I. Mann [319] proved that the iteration process: x0 ∈ I,

xn+1 = (1 − cn)xn + cnTxn,with cn =
1

n + 1
(6.40)

converges to the fixed point. Franks and Marzec [225] proved that the unique-
ness assumption was unnecessary. Rhoades ([415], Theorem 1) extended the
Franks and Marzec result to: 0 ≤ cn ≤ 1,

∑
cn = ∞. Outlaw and Groetcsh

[378] obtained convergence for a nonexpansive mapping T of a convex com-
pact subset of the complex plane. Groetsch [242] generalized the method for
nonexpansive mappings on uniformly convex Banach spaces. Dotson [212]
also used the method for quasi-nonexpansive mappings on strictly convex
Banach spaces.
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The concept of uniform asymptotic regularity was introduced by Edelstein
and O’Brian in [218] where they also proved that, on any normed linear space
E, and on any bounded convex subset K ⊂ E, Sλ is uniformly asymptoti-
cally regular. Results on the asymptotic regularity of Sλ were first obtained
by Browder and Petryshyn [52]. They proved that if E is uniformly convex
and T : K → K is a nonexpansive self-mapping of K, where K is a nonempty
closed convex and bounded subset of E, then Sλ is asymptotically regular.
As is easily seen, Sλ(x∗) = x∗ is equivalent to Tx∗ = x∗, so that prob-
lems pertaining to the existence and location of fixed points for T reduce
to similar problems for Sλ, where, by the result of Edelstein and O’Brian
cited above, Sλ can be assumed to be uniformly asymptotically regular. The-
orem 6.3 is the well known Browder-Göhde-Kirk theorem [42, 238, 283].
Theorem 6.7 and Proposition 6.8 are due to Edelstein and O’Brian [218];
Example 6.10 is due to Genel and Lindenstrauss [228]. Part (i) of Corollary
6.19 was originally proved by Petryshyn [381] for uniformly convex Banach
spaces and part (ii) was first proved by Browder and Petryshyn [51] again,
for uniformly convex Banach spaces. Edelstein and O’Brian [218] extended
these results to arbitrary normed linear spaces for the sequence {Sn

λ}, defined
by (6.2).

A consequence of a result of Browder and Petryshyn [51] shows that if T
is asymptotically regular and (I − T ) is demiclosed, then any weak cluster
point of {Tn(x0)} is a fixed point of T . It is also known that in an Opial
space, (I − T ) is always demiclosed for any nonexpansive self-map T of a
nonempty closed convex and bounded subset K. Edelstein and O’Brian [218]
then proved that in an Opial space E, if K ⊂ E is weakly compact and
convex and T is a self-mapping of K, then for any x0 ∈ K, the sequence
{Sn

λ (x0)} converges weakly to a fixed point of T . This result is a generalization
of an earlier result of Opial [366] who had proved the same result under
the assumption that E is uniformly convex and has a weakly continuous
duality map. It is pertinent to mention here that Gossez and Lami Dozo [241]
have shown that for any normed linear space E, the existence of a weakly
continuous duality map implies that E satisfies Opial’s condition which in
turn implies that E has normal structure, (see e.g., Brodskii and Mil’man,
[38] for definition), but that none of the converse implications hold.

Theorems 6.14, 6.15 and 6.16 were proved by Edelstein and O’Brian [218]
where the sequence {xn} is defined by (6.2). Theorem 6.15 was proved by
Ishikawa for the more general sequence defined by (6.3). But then, while
this result is somewhat stronger than the result of Edelstein and O’Brian in
the sense that it involves the more general Mann iterates, the theorems of
Edelstein and O’Brian are stronger in the sense that uniform asymptotic reg-
ularity is proved. Theorems 6.14, 6.15 and 6.16 unify these results of Ishikawa
and those of Edelstein and O’Brian. The theorems are due to Chidume [87]
who used a method which seems simpler and totally different from those of
Ishikawa and, Edelstein and O’Brian. Finally, the results of Sections 6.3 to
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6.5 together with Example 6.23 and Example 6.28 are also due to Chidume
[87, 93]. Theorem 6.41 is due to Chidume et al. [184].

Strong convergence theorems for a generalization of nonexpansive map-
pings (relatively weak nonexpansive mappings) can be found in Zegeye and
Shahzad [548].



Chapter 7

Hybrid Steepest Descent Method
for Variational Inequalities

7.1 Introduction

Let (E, ρ) be a metric space and K be a nonempty subset of E. For every
x ∈ E, the distance between the point x and K is denoted by ρ(x,K) and is
defined by the following minimum problem:

ρ(x,K) := inf
y∈K

ρ(x, y).

The metric projection operator (also called the nearest point mapping) PK

defined on E is a mapping from E to 2K such that

PK(x) := {z ∈ K : ρ(x, z) = ρ(x,K)} ∀ x ∈ E.

If PK(x) is singleton for every x ∈ E, then K is said to be a Chebyshev set. It
is well known that if E is a uniformly convex and uniformly smooth Banach
space, then any closed convex nonempty subset K of E is a Chebyshev set
(see e.g., Johnson [262]).

We state a property of PK as it applies to real Banach spaces which are
uniformly convex and uniformly smooth. For properties of PK in more general
Banach spaces, the reader may consult any of the following references Isac
[257]; Li [298]; Wen and Zhengjun [504]; Takahashi, [475]).

Lemma 7.1. Let E be a uniformly convex and uniformly smooth real Banach
space and K ⊆ E be a nonempty closed and convex subset. For any given
x ∈ E, PK is the metric projection of x onto K if and only if

〈jq(x − PKx), PKx − y〉 ≥ 0 ∀ y ∈ K,

where for q > 1, jq is the generalized normalized duality map on E.

Remark 7.2. The above lemma is easily proved in a q−uniformly smooth
space E.

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 87
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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From the definition of PK , we have the following inequality: for arbitrary
x ∈ E, it is clear that

||x − PKx|| ≤ ||x − ω|| ∀ ω ∈ K.

For λ ∈ (0, 1), we have that if u ∈ K, then v := (1 − λ)PKx + λu is in K.
Substituting this for ω, and using inequality (5.10), we obtain the following
estimates:

||x − PKx||q ≤ ||x − PKx + λ(PKx − u)||q

≤ ||x − PKx||q + qλ〈PKx − u, jq(x − PKx)〉
+ dqλ

q||PKx − x||q.

This implies,

0 ≤ q〈PKx − u, jq(x − PKx)〉 + dqλ
q−1||PKx − x||q,

so that, letting λ → 0, we obtain the desired result.

Let K be a nonempty closed convex subset of a real normed space E, and
S : K → E be a nonlinear operator. The variational inequality problem is
formulated as follows: Find a point x∗ ∈ K such that

V IP (S,K) : 〈jq(Sx∗), y − x∗〉 ≥ 0 ∀y ∈ K, (7.1)

where jq ∈ J(q) and Jq is the generalized duality map on E. If E = H, a real
Hilbert space, the variational inequality problem reduces to the following:
Find a point x∗ ∈ K such that

V IP (S,K) : 〈Sx∗, y − x∗〉 ≥ 0 ∀y ∈ K. (7.2)

A mapping G : K → E is said to be accretive if ∀x, y ∈ E, there exists
jq(x − y) ∈ Jq(x − y) such that

〈Gx − Gy, jq(x − y)〉 ≥ 0. (7.3)

In Hilbert spaces, accretive operators are called monotone. For some real
number η > 0, G is called η−strongly accretive if ∀x, y ∈ E, there exists
jq(x − y) ∈ Jq(x − y) such that

〈Gx − Gy, jq(x − y)〉 ≥ η‖x − y‖q. (7.4)

Applications of variational inequalities span as diverse disciplines as differ-
ential equations, time-optimal control, optimization, mathematical program-
ming, mechanics, finance and so on (see, for example, [281, 358] for more
details).

By using Lemma 7.1, the following lemma is easily proved.
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Lemma 7.3. Let E be a uniformly convex and uniformly smooth real Banach
space and K ⊆ E be a nonempty closed and convex subset. Let S : K → E
be a mapping. Then, an element x∗ ∈ K is a solution of the variational
inequality problem, VIP(S,K) if and only if x∗ = PK(I − δS)x∗ for some
suitable δ > 0.

Remark 7.4. It then follows from Lemma 7.3 that solving the variational in-
equality problem, VIP(S,K), is equivalent to finding a fixed point of the
mapping PK(I − δS) : K → K.

It is known that if S is Lipschitz and η−strongly accretive, then V IP (S,K)
has a unique solution. An important problem is how to find a solution of
V IP (S,K) whenever it exists. Considerable efforts have been devoted to this
problem (see, e.g. [518, 531] and the references contained therein).

Lemma 7.3 asserts that in a real Hilbert space, the V IP (S,K) is equivalent
to the following fixed point equation

x∗ = PK(x∗ − δSx∗), (7.5)

where δ > 0 is a suitable fixed constant and PK is the nearest point projection
map from H onto K, i.e., PKx = y where ‖x − y‖ = inf

u∈K
‖x − u‖ for x ∈ H.

Consequently, under appropriate conditions on S and δ, fixed point methods
can be used to find or approximate a solution of V IP (S,K). For instance,
if S is η−strongly monotone and Lipschitz, then a mapping G : H → H
defined by Gx = PK(x− δSx), x ∈ H with δ > 0 sufficiently small is a strict
contraction. Hence, the Picard iteration, x0 ∈ H, xn+1 = Gxn, n ≥ 0, of
the classical Banach contraction mapping principle converges to the unique
solution of the V IP (S,K).

In applications, however, the projection operator PK in the fixed point
formulation (7.5) may make the computation of the iterates difficult due
to possible complexity of the convex set K where K is an arbitrary closed
convex subset of H. In order to reduce the possible difficulty with the use
of PK , Yamada [531] introduced a hybrid steepest descent method for solving
V IP (S,K). Let T : H → H be a map and let K := {x ∈ H : Tx =
x} 
= ∅. Let S be η−strongly monotone and κ−Lipschitz on H. Let δ ∈
(0, 2η

κ2 ) be an arbitrary but fixed real number and let a sequence {λn} in
(0, 1) satisfy the following conditions: C1 : lim

n→∞
λn = 0; C2 :

∑
λn =

∞; and C3 : lim
n→∞

λn−λn+1
λ2

n
= 0. Starting with an arbitrary initial guess

x0 ∈ H, let a sequence {xn} be generated by the following algorithm

xn+1 = Txn − λn+1δS(Txn), n ≥ 0. (7.6)

Then, Yamada [531] proved that {xn} converges strongly to the unique solu-
tion of V IP (S,K).



90 7 Hybrid Steepest Descent Method for Variational Inequalities

In the case that K =
r
∩

i=1
F (Ti) 
= ∅, where {Ti}r

i=1 is a finite family of

nonexpansive mappings, Yamada [531] studied the following algorithm,

xn+1 = T[n+1]xn − λn+1δS(T[n+1]xn), n ≥ 0, (7.7)

where T[k] = Tk mod r, for k ≥ 1, with the mod function taking values in
the set {1, 2, ..., r}, where the sequence {λn} satisfies the conditions C1, C2
and the following condition: C4 :

∑
|λn − λn+N | < ∞. Under these condi-

tions, he proved the strong convergence of {xn} to the unique solution of the
V IP (S,K).

Xu and Kim [518] studied the convergence of the algorithms (7.6) and
(7.7), still in the framework of Hilbert spaces, and proved strong convergence
theorems with condition C3 replaced by C5 : lim

n→∞
λn−λn+1

λn+1
= 0 and with

condition C4 replaced by C6 : lim
n→∞

λn−λn+r

λn+r
= 0. They proved the following

theorems.

Theorem 7.5. Let H be a real Hilbert space, T : H → H be a nonexpansive
mapping, K := {x ∈ H : Tx = x} = F (T ) 
= ∅. Let G be an η−strongly
monotone and κ−Lipschitzian map on H. Let μ ∈ (0, 2η

κ2 ) and a sequence
{λn} in (0, 1) satisfy the following conditions:

C1 : limλn = 0, C2 :
∑

λn = ∞, C5 : lim
λn − λn+1

λn+1
= 0.

Then, the sequence {xn} defined by (7.6) converges strongly to the unique
solution x∗ of the V I(G,K).

Theorem 7.6. Let H be a real Hilbert space, Ti : H → H, i = 1, 2, ...r

be a finite family of nonexpansive mappings, K :=
r
∩

i=1
(Ti) = F (T1T2...Tr) =

F (TrT1...Tr−1) = ... = F (TrTr−1...T1) 
= ∅. Let G be an η−strongly monotone
and κ−Lipscitzian map on H. Let μ ∈ (0, 2η

κ2 ) and a sequence {λn} in (0, 1)
satisfy the following conditions:

C1 : limλn = 0, C2 :
∑

λn = ∞, C6 : lim
λn − λn+r

λn+r
= 0.

Then, the sequence {xn} defined by (7.7) converges strongly to the unique
solution x∗ of the V I(G,K) where T[k] = Tk mod r, for k ≥ 1, with the mod
function taking values in the set {1, 2, ..., r}.

These theorems are improvements on the results of Yamada. In particular,
the canonical choice λn := 1

n+1 is applicable in the results of Xu and Kim
but is not in the result of Yamada [531] with condition C3. For further recent
results on the schemes (7.6) and (7.7), the reader my consult Wang [499],
Zeng and Yao [553] and the references contained in them.
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In the next section, we present theorems which extend the results of Xu and
Kim [518] to q−uniformly smooth real Banach spaces, q ≥ 2. In particular,
the theorems to be presented will be applicable in Lp spaces, 2 ≤ p < ∞. In
section 7.4, we present an iteration process which again extends the results
of Xu and Kim [518] to q-uniformly smooth Banach spaces, q ≥ 2 but where
the iteration parameter {λn} is now required to satisfy only conditions C1
and C2.

We remark that q-uniformly smooth Banach spaces, q ≥ 2, include the Lp

space, 2 ≤ p < ∞. They do not include Lp spaces, 1 < p < 2. In section 7.5,
we use a different tool to extend all the theorems of sections 7.3 and 7.4 to
Lp spaces, 1 < p ≤ 2.

7.2 Preliminaries

Let K be a nonempty closed convex and bounded subset of a Banach space
E and let the diameter of K be defined by d(K) := sup{‖x− y‖ : x, y ∈ K}.
For each x ∈ K, let r(x,K) := sup{‖x − y‖ : y ∈ K} and let r(K) :=
inf{r(x,K) : x ∈ K} denote the Chebyshev radius of K relative to itself.
The normal structure coefficient N(E) of E (see e.g. Bynum, [62]) is defined
by N(E) := inf

{
d(K)
r(K) : K is a closed convex and bounded subset of E

with d(K) > 0
}

. A space E such that N(E) > 1 is said to have uniform
normal structure . It is known that all uniformly convex and uniformly smooth
Banach spaces have uniform normal structure (see e.g., Lim and Xu, [307]).

We shall denote a Banach limit by μ. Recall that μ is an element of (l∞)∗

such that ‖μ‖ = 1, lim inf
n→∞

an ≤ μnan ≤ lim sup
n→∞

an and μnan = μn+1an for

all {an}n≥0 ∈ l∞.
In the sequel, we shall also make use of the following lemmas.

Lemma 7.7. (Shioji and Takahashi, [450]) Let (a0, a1, ...) ∈ l∞ be such that
μn(an) ≤ 0 for all Banach limits μn and lim sup

n→∞
(an+1 − an) ≤ 0. Then,

lim sup
n→∞

an ≤ 0.

Lemma 7.8. (Lim and Xu, [307], Theorem 1) Suppose E is a Banach space
with uniform normal structure, K is a nonempty bounded subset of E, and
T : K → K is uniformly k−Lipschitzian mapping with k < N(E)

1
2 . Suppose

also there exists a nonempty bounded closed convex subset C of K with the
property (P ) :

(P ) x ∈ C implies ωw(x) ⊂ C,

where ωw(x) is the ω−limi set of T at x, i.e., the set

{y ∈ E : y = weak − lim
j

Tnj x for some nj → ∞}.

Then, T has a fixed point in C.
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Lemma 7.9. Let X be a reflexive real Banach space and f : X −→ R∪{+∞}
be a convex proper lower semi-continuous function. Suppose

lim
‖x‖→∞

f(x) = +∞.

Then, ∃ x̄ ∈ X such that f(x̄) ≤ f(x), x ∈ X, i.e.,

f(x̄) = inf
x∈X

f(x).

7.3 Convergence Theorems

We first prove the following lemma which will be central in the sequel.

Lemma 7.10. Let E be a q−uniformly smooth real Banach space with con-
stant dq, q ≥ 2. Let T : E → E be a nonexpansive mapping and G : E → E

be an η− strongly accretive and κ−Lipschitzian map. For λ ∈
(
0, 2

q(q−1)

)

and δ ∈
(
0,min

{
q
4η , ( qη

dqκq )
1

(q−1)

})
, define a map Tλ : E → E by Tλx =

Tx − λδG(Tx), x ∈ E. Then, Tλ is a strict contraction. Furthermore,

‖Tλx − Tλy‖ ≤ (1 − λα)‖x − y‖ ∀ x, y ∈ E, (7.8)

where α := q
2 −

√
q2

4 − δ(qη − δq−1dqκq) ∈ (0, 1).

Proof. For x, y ∈ E, using inequality (5.10), we have:

‖Tλx − Tλy‖q = ‖Tx − Ty − λδ(G(Tx) − G(Ty))‖q

≤ ‖Tx − Ty‖q − qλδ〈G(Tx) − G(Ty), jq(Tx − Ty)〉
+ dqλ

qδq‖G(Tx) − G(Ty)‖q

≤ ‖Tx − Ty‖q − qλδη‖Tx − Ty‖q + dqλ
qδqκq‖Tx − Ty‖q

≤
[
1 − λδ

(
qη − dqλ

q−1δq−1κq
)]
‖x − y‖q

≤
[
1 − λδ

(
qη − dqδ

q−1κq
)]
‖x − y‖q.

Define

f(λ) := 1 − λδ(qη − dqδ
q−1κq) = (1 − λτ)q, for some τ ∈ (0, 1), say.

By Taylor development, there exists ξ ∈ (0, λ) such that

1 − λδ(qη − dqδ
q−1κq) = 1 − qτλ +

1
2
q(q − 1)(1 − ξτ)q−2λ2τ2.
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Using λ ∈
(
0, 2

q(q−1)

)
which implies 1

2q(q − 1)λ < 1, we obtain that

1 − λδ(qη − dqδ
q−1κq) < 1 − qτλ +

1
2
q(q − 1)λ2τ2 < 1 − qτλ + λτ2,

so that
τ2 − qτ + δ(qη − dqδ

q−1κq) > 0.

Solvingthisquadratic inequality inτ ,weobtain,τ < q
2−

√
q2

4 −δ(qη − dqδq−1κq).
Now, set

α :=
q

2
−

√
q2

4
− δ(qη − dqδq−1κq).

Observe that

q2

4
− δ(qη − dqδ

q−1κq) =
(q2

4
− δqη

)
+ dqδ

q−1κq > 0,

since δ < q
4η . Moreover, since q ≥ 2 and λ < 2

q(q−1) < 2
q , we have

1 − λα = 1 − λq

2
+

√
q2λ2

4
− λ2δ(qη − dqδq−1κq) ∈ (0, 1).

The proof is complete. �


We note that Lp spaces, 2 ≤ p < ∞, are 2−uniformly smooth and the
following inequality holds (see e.g., inequality (5.10)): For each x, y ∈ Lp,
2 ≤ p < ∞,

‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x)〉 + (p − 1)‖y‖2.

It then follows that by setting q = 2, dq = (p− 1) in Lemma 7.10, we obtain
the following corollary.

Corollary 7.11 Let E = Lp, 2 ≤ p < ∞. Let T : E → E be a nonexpansive
map and G : E → E be an η−strongly accretive and κ−Lipschitzian map.
For λ ∈

(
0, 1

)
and δ ∈

(
0,min

{
1
2η , 2η

(p−1)κ2

})
, define a map Tλ : E → E by

Tλx = Tx−λδG(Tx), x ∈ E. Then, Tλ is a strict contraction. In particular,

‖Tλx − Tλy‖ ≤ (1 − λα)‖x − y‖, x, y ∈ E, (7.9)

where α := 1 −
√

1 − δ(2η − (p − 1)δκ2) ∈ (0, 1).

By setting p = 2 in Corollary 7.11, we obtain the following corollary.

Corollary 7.12 Let H be a real Hilbert space, T : H → H be a nonexpansive
map and G : H → H be an η−strongly monotone and κ−Lipschitzian map.
For λ ∈

(
0, 1

)
and δ ∈

(
0,min

{
1
2η , 2η

κ2

})
, define a map Tλ : H → H by

Tλx = Tx−λδG(Tx), x ∈ H. Then, Tλ is a strict contraction. In particular,
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‖Tλx − Tλy‖ ≤ (1 − λα)‖x − y‖, x, y ∈ H, (7.10)

where α := 1 −
√

1 − δ(2η − δκ2) ∈ (0, 1).

Remark 7.13. Corollary 7.12 is a result of Yamada [531] and is the main tool
used in Wang [499], Xu and Kim [518], Yamada [531], Zheng and Yao [553].
Lemma 7.10 and Corollary 7.11 extend this result to q-uniformly smooth
spaces, q ≥ 2, and Lp spaces, 2 ≤ p < ∞, respectively.

We prove the following theorem for family of nonexpansive maps. In the
theorem, dq is the constant which appears in inequality (5.10).

Theorem 7.14. Let E be a q−uniformly smooth real Banach space with con-
stant dq, q ≥ 2. Let Ti : E → E, i = 1, 2, ..., r be a finite family of nonexpan-

sive mappings with K :=
r
∩

i=1
Fix(Ti) 
= ∅. Let G : E → E be an η−strongly

accretive map which is also κ−Lipschitzian. Let {λn} be a sequence in [0, 1]
satisfying

C1 : limλn = 0; C2 :
∑

λn = ∞; C6 : lim
λn − λn+r

λn+r
= 0.

For δ ∈
(
0,min

{
q
4η , ( qη

dqκq )
1

(q−1)

})
, define a sequence {xn} iteratively in E

by x0 ∈ E,

xn+1 = T
λn+1

[n+1]xn = T[n+1]xn − δλn+1G(T[n+1]xn), n ≥ 0, (7.11)

where T[n] = Tn mod r. Assume also that

K = Fix(TrTr−1...T1) = Fix(T1Tr...T2) = ... = Fix(Tr−1Tr−2...Tr).

Then, {xn} converges strongly to the unique solution x∗ of the variational
inequality V I(G,K).

Proof. Let x∗ ∈ K, then the sequence {xn} satisfies

‖xn − x∗‖ ≤ max
{
‖x0 − x∗‖, δ

α
‖G(x∗)‖

}
, n ≥ 0.

It is obvious that this is true for n = 0. Assume it is true for n = k for some
k ∈ N. �

From the recursion formula (7.11) and condition C1, we have

‖xk+1 − x∗‖ = ‖Tλk+1

[k+1]xk − x∗‖

≤ ‖Tλk+1

[k+1]xk − T
λk+1

[k+1]x
∗‖ + ‖Tλk+1

[k+1]x
∗ − x∗‖

≤ (1 − λk+1α)‖xk − x∗‖ + λk+1δ‖G(x∗)‖

≤ max
{
‖x0 − x∗‖, δ

α
‖G(x∗)‖

}
,
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and the claim follows by induction. Thus the sequence {xn} is bounded and
so are {T[n+1]xn} and {G(T[n+1]xn)}. Using the recursion formula (7.11) we
get,

‖xn+1 − T[n+1]xn‖ = λn+1δ‖G(T[n+1]xn)‖ → 0 as n → ∞.

Also,

‖xn+r − xn‖ = ‖Tλn+r

[n+r]xn+r−1 − Tλn

[n] xn−1‖

≤ ‖Tλn+r

[n+r]xn+r−1 − T
λn+r

[n+r]xn−1‖ + ‖Tλn+r

[n+r]xn−1 − Tλn

[n] xn−1‖
≤ (1 − λn+rα)‖xn+r−1 − xn−1‖

+ αλn+r

( |λn+r − λn|
αλn+r

δ‖G(T[n]xn−1)‖
)
.

By Lemma 6.34 and condition C6, we have

‖xn+r − xn‖ → 0 as n → ∞. (7.12)

In particular,
‖xn+1 − xn‖ → 0 as n → ∞. (7.13)

Using the recursion formula (7.11), replacing n by (n+ r− 1) in this formula
and denoting [n + r] by n + r, we have,

||xn+r − Tn+rxn+r−1|| = δλn+r||G(Tn+rxn+r−1)|| → 0, n → ∞.

Using the fact that Ti is nonexpansive for each i, we obtain the following
finite table:

xn+r − Tn+rxn+r−1 → 0 as n → ∞;

Tn+rxn+r−1 − Tn+rTn+r−1xn+r−2 → 0 as n → ∞;

...

Tn+rTn+r−1...Tn+2xn+1 − Tn+rTn+r−1...Tn+2Tn+1xn → 0 as n → ∞;

and adding up the table yields

xn+r − Tn+rTn+r−1...Tn+1xn → 0 as n → ∞.

Using this and (7.12) we get that

lim
n→∞

||xn − Tn+rTn+r−1...Tn+1xn|| = 0. (7.14)

Define a map ϕ : E → R by ϕ(y) = μn‖xn+1 − y‖2, where μn denotes a
Banach limit. Then, ϕ is continuous, convex and ϕ(y) → +∞ as ‖y‖ → +∞.
Thus, since E is a reflexive Banach space, Lemma 7.9 implies that there
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exists y∗ ∈ E such that ϕ(y∗) = min
u∈E

ϕ(u). So, the set K∗ := {x ∈ E : ϕ(x) =

min
u∈E

ϕ(u)} 
= ∅. We now show Ti has a fixed point in K∗ for each i = 1, 2, ..., r.

We shall assume, from equation (7.14), that ∀i ,

lim
n→∞

||xn − Tixn|| = 0. (7.15)

We shall make use of Lemma 7.8. If x is in K∗ and y := ω−limj T
mj

i x belongs
to the weak ω − limit set ωw(x) of Ti at x, then, from the w-l.s.c. of ϕ and
equation (7.15), we have, (since equation (7.15) implies ||xn − Tm

i xn|| → 0
as n → ∞, this is easily proved by induction),

ϕ(y) ≤ lim inf
j

ϕ
(
T

mj

i x
)
≤ lim sup

m
ϕ
(
Tm

i x
)

= lim sup
m

(
μn||xn − Tm

i x||2
)

= lim sup
m

(
μn||xn − Tm

i xn + Tm
i xn − Tm

i x||2
)

≤ lim sup
m

(
μn||Tm

i xn − Tm
i x||2

)
≤ lim sup

m

(
μn||xn − x||2

)
= ϕ(x)

= inf
u∈E

ϕ(u).

So, y ∈ K∗. By Lemma 7.8, Ti has a fixed point in K∗ ∀ i and so K∗∩K 
= ∅.
Let x∗ ∈ K∗∩K and t ∈ (0, 1). It then follows that ϕ(x∗) ≤ ϕ(x∗−tG(x∗)).

Using inequality (4.4), we have that

‖xn − x∗ + tG(x∗)‖2 ≤ ‖xn − x∗‖2 + 2t〈G(x∗), j(xn − x∗ + tG(x∗))〉.

Thus, taking Banach limits over n ≥ 1 gives

μn‖xn − x∗ + tG(x∗)‖2 ≤ μn‖xn − x∗‖2

+ 2tμn〈G(x∗), j(xn − x∗ + tG(x∗))〉.

This implies,

μn〈−G(x∗), j(xn − x∗ + tG(x∗))〉 ≤ ϕ(x∗) − ϕ(x∗ − tG(x∗)) ≤ 0.

This therefore implies that

μn〈−G(x∗), j(xn − x∗ + tG(x∗))〉 ≤ 0 ∀ n ≥ 1.

Since the normalized duality mapping is norm-to-norm uniformly continuous
on bounded subsets of E, we obtain, as t → 0, that

〈−G(x∗), j(xn − x∗)〉 − 〈−G(x∗), j(xn − x∗ + tG(x∗))〉 → 0.
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Hence, for all ε > 0, there exists δ > 0 such that ∀t ∈ (0, δ) and for all n ≥ 1,

〈−G(x∗), j(xn − x∗)〉 < 〈−G(x∗), j(xn − x∗ + tG(x∗))〉 + ε.

Consequently,

μn〈−G(x∗), j(xn − x∗)〉 ≤ μn〈−G(x∗), j(xn − x∗ + tG(x∗))〉 + ε ≤ ε.

Since ε is arbitrary, we have

μn〈−G(x∗), j(xn − x∗)〉 ≤ 0.

Moreover, from the norm-to-norm uniform continuity of j on bounded sets,
we obtain, that

lim
n→∞

(
〈−G(x∗), j(xn+1 − x∗)〉 − 〈−G(x∗), j(xn − x∗)〉

)
= 0.

Thus, the sequence {〈−G(x∗), j(xn −x∗)〉} satisfies the conditions of Lemma
7.7. Hence, we obtain that

lim sup
n→∞

〈−G(x∗), j(xn − x∗)〉 ≤ 0.

Define
εn := max {〈−G(x∗), j(xn+1 − x∗)〉, 0}.

Then, lim εn = 0, and 〈−G(x∗), j(xn+1 − x∗)〉 ≤ εn. From the recursion
formula (7.11), and inequality (4.4), we have,

‖xn+1 − x∗‖2 = ‖Tλn+1

[n+1]xn − T
λn+1

[n+1]x
∗ + T

λn+1

[n+1]x
∗ − x∗‖2

≤ ‖Tλn+1

[n+1]xn − T
λn+1

[n+1]x
∗‖2 + 2λn+1δ〈−G(x∗), j(xn+1 − x∗)〉

≤ (1 − λn+1α)‖xn − x∗‖2 + 2λn+1δ〈−G(x∗), j(xn+1 − x∗)〉

and by Lemma 6.34, we have that xn → x∗ as n → ∞. This completes the
proof. �


The following corollaries follow from Theorem 7.14.

Corollary 7.15 Let E = Lp, 2 ≤ p < ∞. Let Ti : E → E, i = 1, 2, ..., r

be a finite family of nonexpansive mappings with K :=
r
∩

i=1
Fix(Ti) 
= ∅. Let

G : E → E be an η−strongly accretive map which is also κ−Lipschitzian.
Let {λn} be a sequence in [0, 1] that satisfies conditions C1, C2 and C6 as in
Theorem 7.14. For δ ∈

(
0,min

{
1
2η , 2η

(p−1)κ2

})
, define a sequence {xn} iter-

atively in E by (7.11). Then, {xn} converges strongly to the unique solution
x∗ of the variational inequality V I(G,K).
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Corollary 7.16 Let H be a real Hilbert space. Let Ti : H → H, i = 1, 2, ..., r

be a finite family of nonexpansive mappings with K =
r
∩

i=1
Fix(Ti) 
= ∅. Let

G : H → H be an η−strongly monotone map which is also κ−Lipschitzian.
Let {λn} be a sequence in [0, 1] that satisfies conditions C1, C2 and C6 as in
Theorem 7.15. For δ ∈

(
0,min

{
1
2η , 2η

κ2

})
, define a sequence {xn} iteratively

in H by (7.11). Then, {xn} converges strongly to the unique solution x∗ of
the variational inequality V I(G,K).

Theorem 7.17. Let E be a q−uniformly smooth real Banach space with
constant dq, q ≥ 2. Let T : E → E be a nonexpansive map. Assume that
K := F (T ) = {x ∈ E : Tx = x} 
= ∅. Let G : E → E be an η−strongly
accretive and κ−Lipschitzian map. Let {λn} be a sequence in [0, 1] satisfying
the following conditions:

C1 : limλn = 0; C2 :
∑

λn = ∞; C5 : lim
|λn − λn+1|

λn+1
= 0.

For δ ∈
(
0,min

{
q
4η , ( qη

dqκq )
1

(q−1)

})
, define a sequence {xn} iteratively in E

by x0 ∈ E,

xn+1 = Tλn+1xn = Txn − δλn+1G(Txn), n ≥ 0. (7.16)

Then, {xn} converges strongly to the unique solution x∗ of the variational
inequality V I(G,K).

Proof. Take T1 = T2 = ... = Tr = T in Theorem 7.14 and the result follows.

The following corollaries follow from Theorem 7.17.

Corollary 7.18 Let E = Lp, 2 ≤ p < ∞. Let T : E → E be a nonexpansive
map. Assume that K := F (T ) = {x ∈ E : Tx = x} 
= ∅. Let G : E → E
be an η−strongly accretive and κ−Lipschitzian map. Let {λn} be a sequence
in [0, 1] that satisfies conditions C1, C2 and C5 as in Theorem 7.17. For
δ ∈

(
0,min

{
1
2η , 2η

(p−1)κ2

})
, define a sequence {xn} iteratively in E by (7.16).

Then, {xn} converges strongly to the unique solution x∗ of the variational
inequality V I(G,K).

Corollary 7.19 Let H be a real Hilbert space. Let T : H → H be a non-
expansive map. Assume that K := F (T ) = {x ∈ E : Tx = x} 
= ∅. Let
G : H → H be an η−strongly monotone and κ−Lipschitzian map. Let {λn}
be a sequence in [0, 1] that satisfies conditions C1, C2 and C5 as in Theorem
7.17. For δ ∈

(
0,min

{
1
2η , 2η

κ2

})
, define a sequence {xn} iteratively in H

by (7.16). Then, {xn} converges strongly to the unique solution x∗ of the
variational inequality V I(G,K).
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7.4 Further Convergence Theorems

In the last section, we extended the results of Xu and Kim [518] to
q−uniformly smooth Banach spaces, q ≥ 2 under conditions C1, C2 and
C5 or C6 (as in the result of Xu and Kim).

In this section, we introduce new recursion formulas and prove strong
convergence theorems for the unique solution of the variational inequality
problem V I(K,S), requiring only conditions C1 and C2 on the parameter
sequence {λn}. Furthermore in the case Ti : E → E i = 1, 2, ..., r is a family
of nonexpansive mappings with K :=

r
∩

i=1
F (Ti) 
= ∅, we prove a convergence

theorem where condition C6 is replaced with lim
n→∞

‖T[n+2]xn−T[n+1]xn‖ = 0.

An example satisfying this condition is given in Chidume and Ali [125]. All
the theorems of this section are proved in q−uniformly smooth Banach spaces,
q ≥ 2. In particular, the theorems are applicable in Lp spaces, 2 ≤ p < ∞.

7.4.1 Convergence Theorems

We first prove the following lemma which will be central in the sequel.

Lemma 7.20. Let E be a q−uniformly smooth real Banach space with con-
stant dq, q ≥ 2, T : E → E be a nonexpansive mapping and G : E → E be
an η−strongly accretive and κ−Lipschitzian mapping. For

δ ∈
(
0,min

{ q

4ση
, (

qη

dqκq
)

1
(q−1)

})
, σ, λ ∈ (0, 1),

define a mapping Tλ : E → E by:

Tλx := (1 − σ)x + σ[Tx − λδG(Tx)], x ∈ E.

Then, Tλ is a strict contraction. Furthermore,

‖Tλx − Tλy‖ ≤ (1 − λα)‖x − y‖ x, y ∈ E, (7.17)

where

α :=
q

2
−

√
q2

4
− σδ(qη − δq−1dqκq) ∈ (0, 1).

Proof. For x, y ∈ E, using the convexity of ||.||q and inequality (5.10), we
have,

‖Tλx − Tλy‖q = ‖(1 − σ)(x − y) + σ[Tx − Ty − λδ(G(Tx) − G(Ty))]‖q

≤ (1 − σ)‖x − y‖q + σ
[
‖Tx − Ty‖q − qλδ〈G(Tx) − G(Ty), jq(Tx − Ty)〉



100 7 Hybrid Steepest Descent Method for Variational Inequalities

+ dqλ
qδq‖G(Tx) − G(Ty)‖q

]

≤ (1 − σ)‖x − y‖q + σ
[
‖Tx − Ty‖q − qλδη‖Tx − Ty‖q

+ dqλ
qδqκq‖Tx − Ty‖q

]

≤
[
1 − σλδ

(
qη − dqλ

q−1δq−1κq
)]
‖x − y‖q

≤
[
1 − σλδ

(
qη − dqδ

q−1κq
)]
‖x − y‖q.

Define

f(λ) := 1 − σλδ(qη − dqδ
q−1κq) = (1 − λτ)q, for some τ ∈ (0, 1), say.

Then, there exists ξ ∈ (0, λ) such that

1 − σλδ(qη − dqδ
q−1κq) = 1 − qτλ +

1
2
q(q − 1)(1 − ξτ)q−2λ2τ2,

and since q ≥ 2, this implies

1 − σλδ(qη − dqδ
q−1κq) ≤ 1 − qτλ +

1
2
q(q − 1)λ2τ2,

which yields,
τ2 − qτ + σδ

(
qη − dqδ

q−1κq
)

> 0,

since λ ∈
(
0, 2

q(q−1)

)
. Thus we have,

τ ≤ q

2
−

√
q2

4
− σδ(qη − δq−1dqκq) ∈ (0, 1).

Set

α :=
q

2
−

√
q2

4
− σδ(qη − δq−1dqκq) ∈ (0, 1).

and the proof is complete. �


Recall (Exercises 5.1, Problem 3) that in Lp spaces, 2 ≤ p < ∞, the following
inequality holds: For each x, y ∈ Lp, 2 ≤ p < ∞,

‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x)〉 + (p − 1)‖y‖2.

It then follows that by setting q = 2, dq = p−1 in Lemma 7.20, the following
corollary is easily proved.

Corollary 7.21 Let E = Lp, 2 ≤ p < ∞, T : E → E be a nonexpansive
mapping and G : E → E be an η−strongly accretive and κ−Lipschitzian
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mapping. For λ, σ ∈ (0, 1), and δ ∈
(
0,min

{
1

2ση , 2η
(p−1)κ2

})
, define a map-

ping Tλ : E → E by:

Tλx := (1 − σ)x + σ[Tx − λδG(Tx)] ∀ x ∈ E.

Then, Tλ is a strict contraction. In particular,

‖Tλx − Tλy‖ ≤ (1 − λα)‖x − y‖ x, y ∈ H, (7.18)

where α := 1 −
√

1 − σδ(2η − (p − 1)δκ2) ∈ (0, 1).

We also have the following corollary.

Corollary 7.22 Let H be a real Hilbert space, T : H → H be a nonexpan-
sive mapping, G : H → H be an η−strongly monotone and κ−Lipschitzian
mapping. For λ, σ ∈ (0, 1) and δ ∈

(
0,min

{
1

2ση , 2η
κ2

})
, define a mapping

Tλ : H → H by:

Tλx = (1 − σ)x + σ[Tx − λδG(Tx)] ∀ x ∈ H.

Then, Tλ is a strict contraction. In particular,

‖Tλx − Tλy‖ ≤ (1 − λα)‖x − y‖ ∀ x, y ∈ H, (7.19)

where α := 1 −
√

1 − σδ(2η − δκ2) ∈ (0, 1).

Proof. Set p = 2 in Corollary 7.21 and the result follows.

We now prove the following convergence theorem.

Theorem 7.23. Let E be a q−uniformly smooth real Banach space with
constant dq, q ≥ 2 and T : E → E be a nonexpansive mapping. Assume
K := {x ∈ E : Tx = x} 
= ∅. Let G : E → E be an η−strongly accretive
and κ−Lipschitzian mapping. Let {λn} be a sequence in [0, 1] satisfying the
conditions:

C1 : limλn = 0; C2 :
∑

λn = ∞.

For δ ∈
(
0,min

{
q

4ση , ( qη
dqκq )

1
(q−1)

})
, σ ∈ (0, 1), define a sequence {xn} iter-

atively in E by x0 ∈ E,

xn+1 = Tλn+1xn = (1 − σ)xn + σ[Txn − δλn+1G(Txn)], n ≥ 0. (7.20)

Then, {xn} converges strongly to the unique solution x∗ of the variational
inequality V I(G,K).

Proof. Let x∗ ∈ K := F (T ), then the sequence {xn} satisfies

‖xn − x∗‖ ≤ max
{
‖x0 − x∗‖, δ

α
‖G(x∗)‖

}
, n ≥ 0.
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It is obvious that this is true for n = 0. Assume it is true for n = k for some
k ∈ N. From the recursion formula (7.20), we have

‖xk+1 − x∗‖ = ‖Tλk+1xk − x∗‖
≤ ‖Tλk+1xk − Tλk+1x∗‖ + ‖Tλk+1x∗ − x∗‖
≤ (1 − λk+1α)‖xk − x∗‖ + λk+1δ‖G(x∗)‖

≤ max
{
‖x0 − x∗‖, δ

α
‖G(x∗)‖

}
,

and the claim follows by induction. Thus the sequence {xn} is bounded and
so are the sequences {Txn} and {G(Txn)}.

Define two sequences {βn} and {yn} by βn := (1 − σ)λn+1 + σ and
yn := xn+1−xn+βnxn

βn
. Then,

yn =
(1 − σ)λn+1xn + σ[Txn − λn+1δG(Txn)]

βn
.

Observe that {yn} is bounded and that

‖yn+1 − yn‖ − ‖xn+1 − xn‖ ≤
∣∣∣ σ

βn+1
− 1

∣∣∣ ‖xn+1 − xn‖

+
∣∣∣ σ

βn+1
− σ

βn

∣∣∣‖Txn‖ +
λn+2(1 − σ)

βn+1
‖xn+1 − xn‖

+ (1 − σ)
∣∣∣λn+2

βn+1
− λn+1

βn

∣∣∣‖xn‖ +
λn+1σδ

βn
‖G(Txn) − G(Txn+1)‖

+ σδ
∣∣∣λn+1

βn
− λn+2

βn+1

∣∣∣‖G(Txn+1)‖.

This implies, limsup
n→∞

(||yn+1 − yn|| − ||xn+1 − xn||) ≤ 0,, and therefore by

Lemma 6.33,
lim

n→∞
||yn − xn|| = 0.

Hence,
||xn+1 − xn|| = βn||yn − xn|| → 0 as n → ∞. (7.21)

From the recursion formula (7.20), we have that

σ‖xn+1 − Txn‖ ≤ (1 − σ)‖xn+1 − xn‖+λn+1σδ‖G(Txn)‖ → 0 as n→∞.

which implies,

‖xn+1 − Txn‖ → 0 as n → ∞. (7.22)

From (7.21) and (7.22) we have

‖xn − Txn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − Txn‖ → 0 as n → ∞. (7.23)
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We now prove that

limsup
n→∞

〈−G(x∗), j(xn+1 − x∗)〉 ≤ 0.

Define a map φ : E → R by

φ(x) = μn‖xn − x‖2 ∀ x ∈ E,

where μn is a Banach limit for each n. Then, φ(x) → ∞ as ‖x‖ → ∞, φ is
continuous and convex, so as E is reflexive, it follows from Lemma 7.9 that
there exists y∗ ∈ E such that φ(y∗) = min

u∈E
φ(u). Hence, the set

K∗ :=
{

x ∈ E : φ(x) = min
u∈E

φ(u)
}

= ∅.

We now show T has a fixed point in K∗. We know

lim
n→∞

||xn − Txn|| = 0. (7.24)

We shall make use of Lemma 7.8. If x is in K∗ and y := ω−limj Tmj x belongs
to the weak ω − limit set ωw(x) of T at x, then, from the w-l.s.c. (since ϕ is
l.s.c. and convex) of ϕ and equation (7.24), we have,

ϕ(y) ≤ lim inf
j

ϕ
(
Tmj x

)
≤ lim sup

m
ϕ
(
Tmx

)

= lim sup
m

(
μn||xn − Tmx||2

)

= lim sup
m

(
μn||xn − Tmxn + Tmxn − Tmx||2

)

≤ lim sup
m

(
μn||Tmxn − Tmx||2

)
≤ lim sup

m

(
μn||xn − x||2

)
= ϕ(x)

= inf
u∈E

ϕ(u).

So, y ∈ K∗.
By Lemma 7.8, K∗ ∩ K 
= ∅. Let x∗ ∈ K∗ ∩ K and let t ∈ (0, 1). Then,

it follows that φ(x∗) ≤ φ(x∗ − tG(x∗)) and using inequality (4.4), we obtain
that

‖xn − x∗ + tG(x∗)‖2 ≤ ‖xn − x∗‖2 + 2t〈G(x∗), j(xn − x∗ + tG(x∗))〉

which implies,
μn〈−G(x∗), j(xn − x∗ + tG(x∗))

〉
≤ 0.

The rest now follows exactly as in the proof of Theorem 7.14 to yield that
xn → x∗ as n → ∞. This completes the proof. �
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The following corollaries follow from Theorem 7.23.

Corollary 7.24 Let E = Lp, 2 ≤ p < ∞, T : E → E be a nonexpansive
mapping. Assume K := {x ∈ E : Tx = x} 
= ∅. Let G : E → E be an
η−strongly accretive and κ−Lipschitzian mapping. Let {λn} be a sequence
in [0, 1] that satisfies conditions C1 and C2 as in Theorem 7.23. For δ ∈(
0,min

{
1

2ση , 2η
(p−1)κ2

})
, σ ∈ (0, 1), define a sequence {xn} iteratively in E

by (7.20). Then, {xn} converges strongly to the unique solution x∗ of the
variational inequality problem V I(G,K).

Corollary 7.25 Let H be a real Hilbert space, T : H → H be a nonexpansive
mapping. Assume K := {x ∈ H : Tx = x} 
= ∅. Let G : H → H be
an η−strongly monotone κ−Lipschitzian mapping. Further, let {λn} be a
sequence in [0, 1] that satisfies conditions C1 and C2 as in Theorem 7.23.
For δ ∈

(
0,min

{
1

2ση , 2η
κ2

})
, σ ∈ (0, 1), define a sequence {xn} iteratively in

H by (7.20). Then, {xn} converges strongly to the unique solution x∗ of the
variational inequality problem V I(G,K).

Finally, we prove the following theorem for a finite family of nonexpansive
mappings.

Theorem 7.26. Let E be a q−uniformly smooth real Banach space with con-
stant dq, q ≥ 2, Ti : E → E, i = 1, 2, ..., r be a finite family of nonexpansive

mappings with K :=
r
∩

i=1
F (Ti) 
= ∅. Let G : E → E be an η−strongly accre-

tive and κ−Lipschitzian mapping, and {λn} a sequence in [0, 1] satisfying the
conditions:

C1 : limλn = 0; C2 :
∑

λn = ∞.

For δ ∈
(
0,min

{
q

4ση , ( qη
dqκq )

1
(q−1)

})
, σ ∈ (0, 1), define a sequence {xn} iter-

atively in E by x0 ∈ E,

xn+1 = T
λn+1

[n+1]xn = (1−σ)xn+σ[T[n+1]xn−δλnG(T[n+1]xn)], n ≥ 0, (7.25)

where T[n] = Tn mod r. Assume also that

K = F (TrTr−1...T1) = F (T1Tr...T2) = ... = F (Tr−1Tr−2...Tr)

and lim
n→∞

‖T[n+2]xn − T[n+1]xn‖ = 0. Then, {xn} converges strongly to the

unique solution x∗ of the variational inequality problem V I(G,K).

Proof. Let x∗ ∈ K, then the sequence {xn} satisfies

‖xn − x∗‖ ≤ max
{
‖x0 − x∗‖, δ

α
‖G(x∗)‖

}
, n ≥ 0.

It is obvious that this is true for n = 0. Assume it is true for n = k for some
k ∈ N.
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From the recursion formula (7.25), we have

‖xk+1 − x∗‖ = ‖Tλk+1

[k+1]xk − x∗‖

≤ ‖Tλk+1

[k+1]xk − T
λk+1

[k+1]x
∗‖ + ‖Tλk+1

[k+1]x
∗ − x∗‖

≤ (1 − λk+1α)‖xk − x∗‖ + λk+1δ‖G(x∗)‖

≤ max
{
‖x0 − x∗‖, δ

α
‖G(x∗)‖

}
,

and the claim follows by induction. Thus the sequence {xn} is bounded and
so are {T[n]xn} and {G(T[n]xn)}.

Define two sequences {βn} and {yn} by βn := (1 − σ)λn+1 + σ and
yn := xn+1−xn+βnxn

βn
. Then,

yn =
(1 − σ)λn+1xn + σ[T[n+1]xn − λn+1δG(T[n+1]xn)]

βn
.

Observe that {yn} is bounded and that

‖yn+1 − yn‖ − ‖xn+1 − xn‖ ≤
∣∣∣ σ

βn+1
− 1

∣∣∣ ‖xn+1 − xn‖

+
σ

βn+1
‖T[n+2]xn − T[n+1]xn‖ +

∣∣∣ σ

βn+1
− σ

βn

∣∣∣‖T[n+1]xn‖

+
λn+2(1 − σ)

βn+1
‖xn+1 − xn‖ + (1 − σ)

∣∣∣λn+2

βn+1
− λn+1

βn

∣∣∣‖xn‖

+
λn+1σδ

βn
‖G(T[n+1]xn) − G(T[n+2]xn+1)‖

+ σδ
∣∣∣λn+1

βn
− λn+2

βn+1

∣∣∣‖G(T[n+2]xn+1)‖.

This implies,

limsup
n→∞

(||yn+1 − yn|| − ||xn+1 − xn||) ≤ 0,

and by Lemma 6.33, limn→∞ ||yn − xn|| = 0. Hence,

||xn+1 − xn|| = βn||yn − xn|| → 0 (7.26)

as n → ∞. From the recursion formula (7.25), we have that

σ‖xn+1 − T[n+1]xn‖ ≤ (1 − σ)‖xn+1 − xn‖ + λn+1σδ‖G(T[n+1]xn)‖ → 0,

as n → ∞, which implies,

‖xn+1 − T[n+1]xn‖ → 0 as n → ∞. (7.27)
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Note that from (7.26) and (7.27) we have

‖xn−T[n+1]xn‖ ≤ ‖xn−xn+1‖+‖xn+1−T[n+1]xn‖ → 0 as n → ∞. (7.28)

Also,

‖xn+r − xn‖ ≤ ‖xn+r − xn+r−1‖ + ‖xn+r−1 − xn+r−2‖ + · · · + ‖xn+1 − xn‖

and so,
‖xn+r − xn‖ → 0 as n → ∞. (7.29)

Using the fact that Ti is nonexpansive for each i, we obtain the following
finite table:

xn+r − Tn+rxn+r−1 → 0 as n → ∞;

Tn+rxn+r−1 − Tn+rTn+r−1xn+r−2 → 0 as n → ∞;

...

Tn+rTn+r−1 · · ·Tn+2xn+1 − Tn+rTn+r−1 · · ·Tn+2Tn+1xn → 0 as n → ∞;

and adding up the table yields

xn+r − Tn+rTn+r−1 · · ·Tn+1xn → 0 as n → ∞.

Using this and (7.29) we get that lim
n→∞

||xn − Tn+rTn+r−1 · · ·Tn+1xn|| = 0.

Carrying out similar arguments as in the proof of Theorem 7.23, we easily
get that

limsup
n→∞

〈−G(x∗), j(xn+1 − x∗)〉 ≤ 0.

From the recursion formula (7.25), and inequality (4.4), we have

‖xn+1 − x∗‖2 = ‖Tλn+1

[n+1]xn − T
λn+1

[n] x∗ + T
λn+1

[n+1]x
∗ − x∗‖2

≤ ‖Tλn+1

[n+1]xn − T
λn+1

[n+1]x
∗‖2 + 2λn+1σδ〈−G(x∗), j(xn+1 − x∗)〉

≤ (1 − λn+1α)‖xn − x∗‖2 + 2λn+1σδ〈−G(x∗), j(xn+1 − x∗)〉

which, by Lemma 6.34, gives that xn → x∗ as n → ∞, completing the proof.
�


The following corollaries follow from Theorem 7.26.

Corollary 7.27 Let E = Lp, 2 ≤ p < ∞, Ti : E → E, i = 1, 2, ..., r be a

finite family of nonexpansive mappings with K :=
r
∩

i=1
F (Ti) 
= ∅. Let G :

E → E be an η−strongly accretive and κ−Lipschitzian mapping. Let {λn} be
a sequence in [0, 1] that satisfies conditions C1 and C2 as in Theorem 7.26
and let lim

n→∞
‖T[n+2]xn − T[n+1]xn‖ = 0. For δ ∈

(
0,min

{
1

2ση , 2η
(p−1)κ2

})
,
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σ ∈ (0, 1), define a sequence {xn} iteratively in E by (7.25). Then, {xn} con-
verges strongly to the unique solution x∗ of the variational inequality problem
V I(G,K).

Corollary 7.28 Let H be a real Hilbert space, Ti : H → H, i = 1, 2, ..., r

be a finite family of nonexpansive mappings with K :=
r
∩

i=1
F (Ti) 
= ∅. Let

G : H → H be an η−strongly monotone and κ−Lipschitzian mapping. Let
{λn} be a sequence in [0, 1] that satisfies conditions C1 and C2 as in Theorem
7.26 and let lim

n→∞
‖T[n+2]xn − T[n+1]xn‖ = 0. For δ ∈

(
0,min

{
1

2ση , 2η
κ2

})
,

σ ∈ (0, 1), define a sequence {xn} iteratively in H by (7.25). Then, {xn}
converges strongly to the variational inequality problem V I(G,K).

7.5 The Case of Lp spaces, 1 < p ≤ 2

We begin with the following definition. A Banach space E is called a lower
weak parallelogram space with constant b ≥ 0 or, briefly, E is LWP (b), in the
terminology of Bynum [61] if

||x + y||2 + b||x − y||2 ≤ 2(||x||2 + ||y||2) (7.30)

holds for all x, y ∈ E. It is proved in [61] that lp space, 1 < p ≤ 2, is a lower
weak parallelogram space with (p − 1) as the largest number b for which
(7.30) holds. Furthermore, if Lp, (1 < p ≤ 2), has at least two disjoint sets
of positive finite measure, then it is a lower weak parallelogram space with
(p − 1) as the largest number b for which (7.30) holds. We shall assume,
without loss of generality, that Lp, (1 < p ≤ 2), has at least two disjoint
sets of positive finite measure. In the sequel, we shall state all theorems and
lemmas only for Lp spaces, 1 < p ≤ 2, with the understanding that they also
hold for lp spaces, 1 < p ≤ 2.

In terms of the normalized duality mapping, Bynum [61] proved that a
real Banach space is a lower weak parallelogram space if and only if for each
x, y ∈ E and f ∈ J(x), the following inequality holds:

||x + y||2 ≥ ||x||2 + b||y||2 + 2〈y, f〉. (7.31)

In particular, for E = Lp, 1 < p ≤ 2, the following inequality holds:

||x + y||2 ≥ ||x||2 + (p − 1)||y||2 + 2〈y, j(x)〉 ∀ x, y ∈ E. (7.32)

We now obtain the following lemmas which will be central in the sequel.

Lemma 7.29. Let E = Lp, 1 < p ≤ 2. Then, for all x, y ∈ E, the following
inequality holds:
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(p − 1)||x + y||2 ≤ ||x||2 + 2〈y, j(x)〉 + ||y||2. (7.33)

Proof. Observe first that E is smooth so that the normalized duality map on
E is single-valued. Now, replacing x by (−x) and y by (x + y) in inequality
(7.32), we obtain ||y||2 ≥ ||x||2 + 2〈x + y, j(−x)〉 + (p − 1)||x + y||2, so that

(p − 1)||x + y||2 ≤ ||y||2 − ||x||2 + 2〈x + y, j(x)〉

= ||x||2 + 2〈y, j(x)〉 + ||y||2,

establishing the lemma. �


Lemma 7.30. Let E = Lp, 1 < p ≤ 2, T : E → E be a nonexpansive
mapping and G : E → E be an η−strongly accretive and κ- Lipschitzian
mapping. For,

λ ∈ (0, 1), σ ∈ (0, 1), δ ∈
(
0 , min

{2η

κ2
,

(p − 1)2

2ησ

})
,

define a map Tλ : E → E by

Tλx := (1 − σ)x + σ
[
Tx − λδG(Tx)

]
, x ∈ E.

Then, Tλ is a strict contraction. Furthermore,

‖Tλx − Tλy‖ ≤ (1 − λα)‖x − y‖ ∀ x, y ∈ E, (7.34)

where
α := (p − 1) −

√
(p − 1)2 − σδ(2η − δκ2) ∈ (0, 1).

Proof. For x, y ∈ E, using the convexity of ||.||2, and Lemma 7.29, we have,

‖Tλx − Tλy‖2 = ‖(1 − σ)(x − y) + σ[Tx − Ty − λδ(G(Tx) − G(Ty))]‖2

≤ (1 − σ)‖x − y‖2 +
σ

(p − 1)

[
‖Tx − Ty‖2

− 2λδ〈G(Tx)−G(Ty), j(Tx − Ty)〉+λ2δ2‖G(Tx)−G(Ty)‖2
]

≤ (1 − σ)‖x − y‖2 +
σ

(p − 1)

[
‖Tx − Ty‖2 − 2λδη‖Tx − Ty‖2

+ λ2δ2κ2‖Tx − Ty‖2
]

≤
[
1 + σ

( 1
p − 1

− 1
)
− 2σλδη

(p − 1)
+

σλδ2κ2

(p − 1)

]
‖x − y‖2, (λ<1).
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Define

f(λ) := 1 + σ
( 1

p − 1
− 1

)
− 2σλδη

(p − 1)
+

σλδ2κ2

(p − 1)
= (1 − λτ)2,

for some τ ∈ (0, 1), say. Since
(

1
p−1 − 1

)
> 0, and λ(p− 1) ≤ 1, this implies,

− 2σδη

(p − 1)
+

σδ2κ2

(p − 1)
≤ −2τ + τ2,

which yields
τ2 − 2(p − 1)τ + 2σδη − σδ2κ2 ≥ 0,

implying that

τ ≤ (p − 1) −
√

(p − 1)2 − σδ(2η − δκ2) ∈ (0, 1).

Now set
α := (p − 1) −

√
(p − 1)2 − σδ(2η − δκ2) ∈ (0, 1),

and the proof is complete. �


Corollary 7.31 Let H be a real Hilbert space, T : H → H be a nonexpansive
mapping, G : H → H be an η−strongly κ−Lipschitzian mapping. For λ ∈
(0, 1) and δ ∈

(
0,min

{
1

2ση , 2η
κ2

})
, σ ∈ (0, 1), define a mapping Tλ : H → H

by: Tλx = (1 − σ)x + σ[Tx − λδG(Tx)], x ∈ H. Then, Tλ is a strict
contraction. In particular,

‖Tλx − Tλy‖ ≤ (1 − λα)‖x − y‖ ∀ x, y ∈ H, (7.35)

where α := 1 −
√

1 − σδ(2η − δκ2) ∈ (0, 1).

Proof. Set p = 2 in Lemma 7.30 and the result follows.

We now prove the following theorem.

Theorem 7.32. Let E = Lp, 1 < p ≤ 2, T : E → E be a nonexpansive
mapping. Assume K := {x ∈ E : Tx = x} 
= ∅. Let G : E → E be an
η−strongly accretive and κ−Lipschitzian mapping. Let {λn} be a sequence in
[0, 1] satisfying the conditions:

C1 : limλn = 0; C2 :
∑

λn = ∞.

For σ ∈ (0, 1), and δ ∈
(

0, min
{

2η
κ2 , (p−1)2

2ησ

})
, define a sequence {xn}

iteratively in E by x0 ∈ E,

xn+1 = Tλn+1xn = (1 − σ)xn + σ[Txn − δλn+1G(Txn)], n ≥ 0. (7.36)
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Then, {xn} converges strongly to the unique solution x∗ of the variational
inequality problem V I(G,K).

Proof. This follows exactly as in the proof of Theorem 7.23, using Lemma
7.30.

The following corollary follows from Theorem 7.32.

Corollary 7.33 Let H be a real Hilbert space, T : H → H be a nonexpan-
sive mapping. Assume K := {x ∈ E : Tx = x} 
= ∅. Let G : H → H
be an η−strongly monotone κ−Lipschitzian mapping. Let {λn} be a se-
quence in [0, 1] that satisfies conditions C1 and C2 as in Theorem 7.23. For
δ ∈

(
0,min

{
1

2ση , 2η
κ2

})
, σ ∈ (0, 1), define a sequence {xn} iteratively in H

by (7.20). Then, {xn} converges strongly to the unique solution x∗ of the
variational inequality V I(G,K).

Following the method of Section 7.4, the following theorem and corollary are
easily proved.

Theorem 7.34. Let E = Lp, 1 < p ≤ 2, and Ti : E → E, i = 1, 2, ..., r

be a finite family of nonexpansive mappings with K :=
r
∩

i=1
F (Ti) 
= ∅. Let

G : E → E be an η−strongly accretive and κ−Lipschitzian mapping. Let
{λn} be a sequence in [0, 1] satisfying the conditions: C1 : limλn = 0; C2 :∑

λn = ∞. For σ ∈ (0, 1), and δ ∈
(

0, min
{

2η
κ2 , (p−1)2

2ησ

})
, define a

sequence {xn} iteratively in E by x0 ∈ E,

xn+1 = T
λn+1

[n+1]xn = (1−σ)xn+σ[T[n+1]xn−δλnG(T[n+1]xn)], n ≥ 0, (7.37)

where T[n] = Tn mod r. Assume also that

K = F (TrTr−1...T1) = F (T1Tr...T2) = ... = F (Tr−1Tr−2...Tr)

and lim
n→∞

‖T[n+2]xn − T[n+1]xn‖ = 0. Then, {xn} converges strongly to the

unique solution x∗ of the variational inequality problem V I(G,K).

Corollary 7.35 Let H be a real Hilbert space, Ti : H → H, i = 1, 2, ..., r

be a finite family of nonexpansive mappings with K :=
r
∩

i=1
F (Ti) 
= ∅. Let

G : H → H be an η−strongly monotone and κ−Lipschitzian mapping. Let
{λn} be a sequence in [0, 1] that satisfies conditions C1 and C2 as in Theo-
rem 7.34 and let lim

n→∞
‖T[n+2]xn−T[n+1]xn‖ = 0. For δ ∈

(
0,min

{
1

2ση , 2η
κ2

})
,

σ ∈ (0, 1), define a sequence {xn} iteratively in H by (7.37). Then, {xn} con-
verges strongly to the unique solution x∗ of the variational inequality problem
V I(G,K).
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Remark 7.36. The theorems of this section are extensions of the results of
Yamada [531], Wang [499], Xu and Kim [518], Zeng and Yao [553] from real
Hilbert spaces to Lp spaces. 1 < p ≤ 2. Moreover, in this general setting, the
iteration parameter is required to satisfy only conditions C1 and C2.

7.6 Historical Remarks

All the theorems of this chapter are due to Chidume et al. [133], [134].



Chapter 8

Iterative Methods for Zeros
of Φ−Accretive-Type Operators

8.1 Introduction and Preliminaries

In this chapter, we continue to apply the Mann iteration method introduced
in Chapter 6. Here, we use it to approximate the zeros of Φ-strongly accretive
operators (and to approximate fixed points of Φ-strong pseudo-contractions).

The pseudo-contractions are important generalizations of the nonexpan-
sive maps and are intimately connected with the important class of nonlinear
accretive operators defined earlier (Chapter 7). This connection and the im-
portance of accretive operators will become clear in what follows. Let E be
a real normed space with dual E∗. A mapping T : E → E is called strongly
pseudo-contractive if for all x, y ∈ E, the following inequality holds:

||x − y|| ≤ ||(1 + r)(x − y) − rt(Tx − Ty)|| (8.1)

for all r > 0 and some t > 1. If t = 1 in inequality (8.1), then T is called
pseudo-contractive. As a consequence of Proposition 3.11, it follows from
inequality (8.1) that T is strongly pseudo-contractive if and only if

〈(I − T )x − (I − T )y, j(x − y)〉 ≥ k||x − y||2 (8.2)

holds for all x, y ∈ E and for some j(x− y) ∈ J(x− y), where k = 1
t (t− 1) ∈

(0, 1). Consequently, it follows easily (again from Proposition 3.11 and in-
equality (8.2)) that T is strongly pseudo-contractive if and only if the follow-
ing inequality holds:

||x − y|| ≤ ||x − y + s[(I − T − kI)x − (I − T − kI)y||] (8.3)

for all x, y ∈ E and for all s > 0. Again, it follows from inequality (8.2) that
T is strongly pseudo-contractive if and only if 〈Tx−Ty, j(x−y)〉 ≤ γ||x−y||2

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 113
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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holds for all x, y ∈ E and γ = 1
t ∈ (0, 1), and is pseudo-contractive (t=1) if

and only if

〈Tx − Ty, j(x − y)〉 ≤ ||x − y||2. (8.4)

It is easy to see that every nonexpansive map is pseudo-contractive. We note
immediately that pseudo-contractive maps are not necessarily continuous as
can be seen from the following example.

Example 8.1. Let T : [0, 1] → R be defined by

Tx =
{

x − 1
2 , if x ∈ [0, 1

2 ),
x − 1, if x ∈ ( 1

2 , 1].

Then T is pseudo-contractive, but is neither nonexpansive nor continuous.

We also have the following example.

Example 8.2. Let T : [0, 1] → R be defined by T (x) = 1 − x
2
3 . Then T is a

continuous pseudo-contraction which is not nonexpansive.

It is now clear that the class of pseudo-contractive maps properly contains
the class of nonexpansive maps. For Hilbert spaces, the form of pseudo-
contractive maps is given in the following proposition.

Proposition 8.3. Let H be a real Hilbert space. Then, T is strongly pseudo-
contractive if it satisfies the following inequality

||Tx − Ty||2 ≤ ||x − y||2 + k||(I − T )x − (I − T )y||2, (8.5)

for all x, y ∈ H, and for some k ∈ (0, 1); and T is called pseudo-contractive
if k = 1.

Observe that if F (T ) := {x ∈ H : Tx = x} 
= ∅, then inequality (8.5) reduces,
for the case k = 1, to the following one: ||Tx−x∗||2 ≤ ||x−x∗||2 + ||x−Tx||2,
for all x ∈ H,x∗ ∈ F (T ). This now leads to our next definition.

Definition 8.4. A mapping T : D(T ) ⊆ H → H is called hemi-contractive
(see e.g., Qihou, [392]) if F (T ) 
= ∅ and

||Tx − x∗||2 ≤ ||x − x∗||2 + ||x − Tx||2 (8.6)

holds for all x ∈ D(T ), x∗ ∈ F (T ). Here H is a real Hilbert space.

For arbitrary real normed spaces, we have the following definition.

Definition 8.5. Let E be an arbitrary real normed linear space. A mapping
T : D(T ) ⊆ E → E is called strongly hemi-contractive if F (T ) 
= ∅, and there
exists t > 1 such that for all r > 0,

||x − x∗|| ≤ ||(1 + r)(x − x∗) − rt(Tx − x∗)|| (8.7)

holds for all x ∈ D(T ), x∗ ∈ F (T ). If t = 1, T is called hemi-contractive.
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If E = H, a Hilbert space, and t = 1, it is easy to verify that inequality (8.7)
is equivalent to inequality (8.6). It is clear that pseudo-contractive maps with
nonempty fixed point sets are hemi-contractive, and that any strongly pseudo-
contractive mapping T with F (T ) 
= ∅ is strongly hemi-contractive. Clearly,
the class of hemi-contractive maps includes the class of quasi-nonexpansive
maps. The following example shows that the class of strong hemi-contractions
properly includes the class of strong pseudo-contractions with fixed points.
Example 8.6. Take E = R with the usual norm, K = [0, 2π]. Define T :
K → R by

Tx =
2
3
x cos x, (8.8)

for each x ∈ K. Then, T is a Lipschitz strongly hemi-contractive map which
is not strongly pseudo-contractive (Exercises 8.1, Problem 7).
The pseudo-contractive maps, apart from being a generalization of the nonex-
pansive maps, are intimately connected with an important class of nonlinear
maps (the accretive operators) as is shown below.

We begin with the following definitions.
Definition 8.7. Let E be a real normed linear space with dual E∗. A map-
ping A with domain D(A) and range R(A) in E is called accretive if and only
if for all x, y ∈ D(A), the following inequality is satisfied:

||x − y|| ≤ ||x − y + s(Ax − Ay)|| ∀ s > 0. (8.9)

As a consequence of Proposition 3.11, it follows that A is accretive if and
only if for each x, y ∈ D(A), there exists j(x − y) ∈ J(x − y) such that

〈Ax − Ay, j(x − y)〉 ≥ 0, (8.10)

where J : E → 2E∗
is the normalized duality map on E. An operator A is

called dissipative if (−A) is accretive. It follows from inequality (8.9) that A
is accretive if and only if (I + sA) is expansive, and consequently, its inverse,
(I + sA)−1 exists and is nonexpansive as a mapping from R(I + sA) into
D(A), where R(I + sA) denotes the range of (I + sA). The range of (I + sA)
need not be all of E. This leads to the following definition.
Definition 8.8. An operator A is said to be m−accretive if A is accretive
and the range of (I + sA) is all of E for some s > 0. It can be shown that if
R(I + sA) = E for some s > 0, then this holds for all s > 0.

Example 8.9. The operator −Δ, where Δ denotes the Laplacian, is an
m−accretive operator.

Definition 8.10. Recall that an operator A : D(A) ⊆ E → E is called
strongly accretive if there exists some k > 0 such that for each x, y ∈ D(A),
there exists j(x − y) ∈ J(x − y) such that

〈Ax − Ay, j(x − y)〉 ≥ k||x − y||2. (8.11)
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8.2 Some Remarks on Accretive Operators

The accretive operators were introduced independently in 1967 by Browder
[45] and Kato [275]. Interest in such mappings stems mainly from their firm
connection with the existence theory for nonlinear equations of evolution in
Banach spaces. It is well known that many physically significant problems
can be modelled in terms of an initial value problem of the form

du

dt
+ Au = 0, u(0) = u0, (8.12)

where A is an accretive map on an appropriate Banach space. Typical ex-
amples of such evolution equations are found in models involving the heat,
wave or Schrödinger equation (see e.g., Browder [47]). An early fundamental
result in the theory of accretive operators, due to Browder [45], states that
the initial value problem (8.12) is solvable if A is locally Lipschitzian and
accretive on E. Utilizing the existence result for equation (8.12), Browder
[45] proved that if A is locally Lipschitzian and accretive on E, then A is
m−accretive. Clearly, a consequence of this is that the equation

x + Tx = f, (8.13)

for a given f ∈ E, where T := I − A, has a solution. In [397], Ray gave an
elementary elegant proof of this result of Browder by using a fixed point the-
orem of Caristi [65]. Martin [322, 323] proved that equation (8.12) is solvable
if A is continuous and accretive on E, and utilizing this result, he further
proved that if A is continuous and accretive, then A is m−accretive. In [45],
Browder proved that if A : E → E is a Lipschitz and strongly accretive
mapping, then A is surjective. Consequently, for each f ∈ E, the equation

Ax = f (8.14)

has a solution in E. This result was subsequently generalized (see e.g.,
Deimling, [199], Theorem 13.1) to the continuous strongly accretive oper-
ators. Other existence theorems for zeros of accretive operators can be found
in Browder ([39, 40, 43, 46]).

Definition 8.11. A mapping A with domain D(A) and range R(A) in E is
said to be strongly φ−accretive if, for any x, y ∈ D(A) there exist j(x − y) ∈
J(x− y) and a strictly increasing function φ : [0,∞) → [0,∞) with φ(0) = 0
such that 〈Ax−Ay, j(x− y)〉 ≥ φ(||x− y||)||x− y||. The mapping A is called
generalized Φ−accretive if, for any x, y ∈ D(A), there exist j(x−y) ∈ J(x−y)
and a strictly increasing function Φ : [0,∞) → [0,∞) with Φ(0) = 0 such that
〈Ax−Ay, j(x−y)〉 ≥ Φ(||x−y||). It is well known that the class of generalized
Φ−accretive mappings includes the class of strongly φ−accretive operators
as a special case (one sets Φ(s) = sφ(s) for all s ∈ [0,∞)).
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Let N(A) := {x ∈ E : Ax = 0} 
= ∅. The mapping A is called strongly
quasi-accretive if for all x ∈ E, x∗ ∈ N(A), there exists k ∈ (0, 1) such that
〈Ax − Ax∗, j(x − x∗)〉 ≥ k||x − x∗||2; A is called strongly φ−quasi-accretive
if, for all x ∈ E, x∗ ∈ N(A), there exists φ such that 〈Ax−Ax∗, j(x−x∗)〉 ≥
φ(||x − x∗||)||x − x∗||. Finally, A is called generalized Φ−quasi-accretive if,
for all x ∈ E, x∗ ∈ N(A), there exists j(x − x∗) ∈ J(x − x∗) such that
〈Ax − Ax∗, j(x − x∗)〉 ≥ Φ(||x − x∗||).
The relation between the class of accretive-type mappings and those of
pseudo-contractive-type is contained in the following proposition.
Proposition 8.12. A mapping T : E → E is strongly pseudo-contractive if
and only if (I−T ) is strongly accretive, and is strongly φ−pseudo-contractive
if and only if (I − T ) is strongly φ−accretive. The mapping T is generalized
Φ−pseudo-contractive if and only if (I − T ) is generalized Φ−accretive.

Proposition 8.13. If F (T ) := {x ∈ E : Tx = x} 
= ∅, the mapping T is
strongly hemi-contractive if and only if (I − T ) is strongly quasi-accretive; it
is φ−hemi-contractive if and only if (I − T ) is strongly φ−quasi-accretive;
and T is generalized Φ− hemi-contractive if and only if (I −T ) is generalized
Φ−quasi-accretive.

The class of generalized Φ−hemi-contractive mappings is the most general
(among those defined above) for which T has a unique fixed point.

We note that accretive operators can also be defined in terms of their
graphs. An operator A : E → 2E is said to be (a): accretive if for each
(x, u), (y, v) ∈ G(A), (graph of A), there exists j(x − y) ∈ J(x − y) such
that 〈u−v, j(x−y)〉≥0; (b) maximal accretive if it is accretive and the inclu-
sion G(A) ⊆ G(B), with B accretive, implies G(A) = G(B); (c) m−accretive
(hypermaximal accretive in Browder’s terminology) if A is accretive and
R(A + I) = E. The map T is called maximal pseudo-contractive if and only
if (I − T ) is maximal accretive.

We remark that in the evolution equation (8.12), if u is independent of t,
then du

dt = 0 and the equation reduces to Au = 0 whose solutions correspond
to the equilibrium points of the system described by the equation. If we set
T = I − A, and if A is accretive, then T is pseudo-contractive and the zeros
of A are the fixed points of T . Thus, in the last 30 years or so, considerable
research efforts have been devoted to iterative methods for approximating
fixed points of pseudo-contractive maps (or, equivalently, zeros of accretive
maps).

8.3 Lipschitz Strongly Accretive Maps

Let E be an arbitrary real Banach space and A : E → E be a Lipschitz and
strongly accretive map. In this section, we construct a Picard-type sequence
which converges strongly to the solution of the equation Au = 0. Furthermore,
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if K is a nonempty convex (not necessarily bounded) subset of E, T : K → K
is a Lipschitz strong pseudo-contraction, and if T has a fixed point in K, we
construct a Picard-type sequence which converges strongly to the fixed point.
In the sequel, L > 0 will denote the Lipschitz constant of an operator A which
is strongly accretive. Furthermore, ε > 0 is defined by ε := 1

2

[
k

1+L(3+L−k)

]
,

where k is the strong accretivity constant given in inequality (8.11). With
these notations, we prove the following theorem.

Theorem 8.14. Let E be an arbitrary real Banach space, A : E → E be a
Lipschitz and strongly accretive map. Let x∗ denote a solution of the equation
Ax = 0. Define Aε : E → E by Aεx := x−εAx for each x ∈ E. For arbitrary
x0 ∈ E, define the sequence {xn}∞n=0 in E by

xn+1 = Aεxn, n ≥ 0. (8.15)

Then, {xn}∞n=0 converges strongly to x∗ with ||xn−x∗|| ≤ δn||x0−x∗||, where
δ = (1 − 1

2kε) ∈ (0, 1). Moreover, x∗ is unique.

Proof. Existence of x∗ follows from Theorem 13.1 of Deimling, [199]. Define
T := (I−A) where I denotes the identity map on E. Observe that Ax∗ = 0 if
and only if x∗ is a fixed point of T . Moreover, T is strongly pseudo-contractive,
i.e., (from inequality (8.11)) T satisfies the following inequality:

〈(I − T )x − (I − T )y, j(x − y)〉 ≥ k||x − y||2 (8.16)

for all x, y ∈ E and for some j(x − y) ∈ J(x − y). Consequently, from
Proposition 3.11, this implies that

||x − y|| ≤ ||x − y + s[(I − T − kI)x − (I − T − kI)y]|| (8.17)

holds for all x, y ∈ E and for all s > 0. Furthermore, the recursion formula
xn+1 = Aεxn becomes

xn+1 = (1 − ε)xn + εTxn, n ≥ 0. (8.18)

Observe that x∗ = (1 + ε)x∗ + ε(I − T − kI)x∗ − (1 − k)εx∗, and from the
recursion formula (8.18) that

xn = (1 + ε)xn+1 + ε(I − T − kI)xn+1 − (1 − k)εxn

+(2 − k)ε2(xn − Txn) + ε(Txn+1 − Txn),

so that

xn − x∗ = (1 + ε)(xn+1 − x∗)
+ε[(I − T − kI)xn+1 − (I − T − kI)x∗]
−(1 − k)ε(xn − x∗)
+(2 − k)ε2(xn − Txn) + ε(Txn+1 − Txn).
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This implies, using inequality (8.17) with s = ε
1+ε , y = x∗ that

||xn − x∗|| ≥ (1 + ε)[||(xn+1 − x∗)

+
ε

1 + ε
{(I − T − kI)xn+1 − (I − T − kI)x∗}||]

−(1 − k)ε||xn − x∗|| − (2 − k)ε2||xn − Txn||
−ε||Txn+1 − Txn||

≥ (1 + ε)||xn+1 − x∗|| − (1 − k)ε||xn − x∗||
−(2 − k)ε2||xn − Txn|| − ε||Txn+1 − Txn||.

Hence, we obtain, since (1 + ε)−1 < 1, the following estimate:

||xn+1 − x∗|| ≤
[
1 + (1 − k)ε

1 + ε

]
||xn − x∗||

+(2 − k)ε2||xn − Txn|| + ε||Txn+1 − Txn||.

Observe that, since L denotes the Lipschitz constant of A, ||xn − Txn|| ≤
L||xn − x∗||; ||Txn+1 − Txn|| ≤ εL(1 + L)||xn − x∗||, so that

||xn+1 − x∗|| ≤
[
1 + (1 − k)ε

1 + ε
+ (2 − k)ε2L + ε2L(1 + L)

]
||xn − x∗||

≤ [1 − kε + ε2 + (2 − k)ε2L + ε2L(1 + L)]||xn − x∗||
= δ||xn − x∗|| ≤ ... ≤ δn||x0 − x∗|| → 0 as n → ∞.

Hence xn → x∗ as n → ∞. Uniqueness follows from the strong accretivity
property of A. �


The following is an immediate corollary of Theorem 8.14.

Corollary 8.15 Let E be an arbitrary real Banach space, K ⊆ E be
nonempty and convex. Let T : K → K be a Lipschitz and strongly pseudo-
contractive map. Assume that T has a fixed point x∗ ∈ K. Let the Lipschitz
constant of T be denoted by L > 0 and assume that T satisfies inequal-
ity (8.17). Set ε0 := 1

2

[
k

1+L(3+L−k)

]
and define Tε0 : K → K by Tε0x =

(1 − ε0)x + ε0Tx for each x ∈ K. For arbitrary x0 ∈ K, define the sequence
{xn}∞n=0 in K by

xn+1 = Tε0xn, n ≥ 0. (8.19)

Then, {xn}∞n=0 converges strongly to x∗ with ||xn+1 − x∗|| ≤ ρn||x0 − x∗||,
where ρ := (1 − 1

2kε0) ∈ (0, 1). Moreover, x∗ is unique.

Proof. Observe that x∗ is a fixed point of T if and only if it is a fixed point
of Tε0 . Furthermore, the recursion formula (8.19) simplifies to the formula
xn+1 = (1− ε0)xn + ε0Txn which is similar to equation (8.18). Following the
method of computations as in the proof of the Theorem 8.14, we obtain
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||xn+1 − x∗|| ≤ {1 − kε0 + ε2
0[1 + L(3 + L − k)]}||xn − x∗||

= ρ||xn − x∗|| ≤ ... ≤ ρn||x0 − x∗|| → 0 as n → ∞.

This completes the proof. �


8.4 Generalized Phi-Accretive Self-Maps

We first prove the following technical lemmas which will be used in the sequel.

Lemma 8.16. Let {λn} be a sequence of nonnegative numbers and {αn} ⊆
(0, 1) a sequence such that

∞∑
n=1

αn = ∞. Let the recursive inequality

λ2
n+1 ≤ λ2

n − 2αnψ(λn+1) + σn, n = 1, 2, ..., (8.20)

be given where ψ : [0,∞) → [0,∞) is a strictly increasing function such that

it is positive on (0,∞), ψ(0) = 0 and
∞∑

n=1
σn < ∞. Then λn → 0, as n → ∞.

Proof. Observe that λ2
n+1 ≤ λ2

n − 2αnψ(λn+1) + σn, n = 1, 2, ..., implies
λ2

n+1 ≤ λ2
n + σn, n = 1, 2, ..., so that by Lemma 6.32, limit of {λn} exists.

Let lim λn = a ≥ 0.

Claim: a = 0. Suppose this is not the case. Then, there exists N0 ∈ N

such that λn ≥ a
2 ∀ n ≥ N0. This implies that ψ(λn+1) ≥ ψ(a

2 ) > 0 so that

2ψ
(a

2

) ∞∑
n=1

αn ≤
∞∑

n=1

(
λ2

n − λ2
n+1

)
+

∞∑
n=1

σn < ∞,

a contradiction. Hence a = 0, completing the proof. �


Lemma 8.17. Let {λn} and {γn} be sequences of nonnegative numbers and

{αn} be a sequence of positive numbers satisfying the conditions
∞∑

n=1
αn = ∞

and γn

αn
→ 0, as n → ∞. Let the recursive inequality

λn+1 ≤ λn − αnψ(λn) + γn, n = 1, 2, ...,

be given where ψ : [0,∞) → [0,∞) is a strictly increasing continuous function
such that it is positive on (0,∞) and ψ(0) = 0. Then λn → 0, as n → ∞.

Proof. Since {λn} is bounded below by zero, let lim inf λn = a ≥ 0, say.

Claim. a = 0. Suppose this is not the case, then a > 0. Hence, there
exists N0 > 0 such that λn ≥ a

2 ∀ n ≥ N0. This implies, using γn

αn
→ 0, that
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λn+1 ≤ λn−αnψ(a
2 )+ 1

2ψ(a
2 )αn. This yields that

∑
αn < ∞, a contradiction.

Hence a = 0. Now, complete the proof (see Exercises 8.1, Problem 9). �


We now prove the following theorem.

Theorem 8.18. Let E be a real normed linear space. Suppose A : E → E
is a generalized Φ- quasi-accretive map. For arbitrary x1 ∈ E, define the
sequence {xn} iteratively by

xn+1 := xn − αnAxn, n ≥ 1, (8.21)

where lim
n→∞

αn = 0 and
∑

αn = ∞. For x∗ ∈ N(A), suppose that σ :=

inf
n∈N0

Φ(||xn+1−x∗||)
||xn+1−x∗|| > 0 and that ||Axn+1 − Axn|| → 0, where N0 := {n ∈

N : xn+1 
= x∗} and Φ : [0,∞) → [0,∞) is a strictly increasing function
with Φ(0) = 0. Then, {xn} converges strongly to the unique solution of the
equation Ax = 0.

Proof. By the recursion formula (8.21) and inequality (4.4) we have that

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2αn〈Axn+1, j(xn+1 − x∗)〉
−2αn〈Axn − Axn+1, j(xn+1 − x∗)〉

≤ ||xn − x∗||2 − 2αnΦ(||xn+1 − x∗||)
+2αn||Axn+1 − Axn||||xn+1 − x∗||. (8.22)

If there exists an integer n > 0 such that xn+1 = x∗, then we are done.
Suppose xn+1 
= x∗ ∀n ≥ 1, then from (8.22) and our hypothesis we have
that

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2αn

(Φ(||xn+1 − x∗||)
||xn+1 − x∗|| − ||Axn+1 − Axn||

)

×||xn+1 − x∗||
≤ ||xn − x∗||2

− 2αn

(
σ − ||Axn+1 − Axn||

)
||xn+1 − x∗||. (8.23)

Let N ′ ∈ N0 be such that ||Axn+1 − Axn|| ≤ σ ∀n ≥ N ′, then from (8.23),
for all n ≥ N ′, we get that ||xn+1 − x∗||2 ≤ ||xn − x∗||2. Thus, the sequence
{||xn−x∗||} is bounded. Let λn := ||xn−x∗||, bn := 2||Axn+1−Axn||. Then,
(8.22) gives that λ2

n+1 ≤ λ2
n − 2αnΦ(λn+1) + αnbnλn+1. The conclusion now

follows from Lemma 8.17. �


Corollary 8.19 Suppose K is a closed convex subset of a real normed linear
space E. Suppose T : K → K is a generalized Φ-hemi-contractive map. For
arbitrary x1 ∈ K, define the sequence {xn} iteratively by

xn+1 := xn − αn(I − T )xn, n ≥ 1,
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where {αn} ⊆ (0, 1), lim αn = 0 and
∑

αn = ∞. For x∗ ∈ F (T ), suppose that
σ := inf

n∈N0

Φ(||xn+1−x∗||)
||xn+1−x∗|| > 0 and that ||Axn+1−Axn|| → 0, where A := I −T ,

and N0, Φ are as in Theorem 8.18. Then, {xn} converges strongly to the
unique fixed point of T .

Proof. Observe that the fixed point of T is the solution of the equation Ax = 0
and hence the proof follows from Theorem 8.18. �

Theorem 8.20. Let E be a real normed linear space. Suppose A : E → E
is a strongly accretive map such that the solution x∗ of the equation Ax = 0
exists. For arbitrary x1 ∈ E, define the sequence {xn} iteratively by

xn+1 := xn − αnAxn, n ≥ 1,

where {αn} is a positive real sequence such that lim αn = 0 and
∑

αn = ∞.
Suppose that ||Axn−Axn+1|| → 0 as n → ∞. Then, {xn} converges strongly
to the unique solution of the equation Ax = 0.

Proof. As in the proof of Theorem 8.18 and using the definition of strongly
accretive map, we get that

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2αnk||xn+1 − x∗||2

+2αn||Axn+1 − Axn||||xn+1 − x∗||, (8.24)

where k is such that 〈Ax − Ay, j(x − y)〉 ≥ k||x − y||2 for all x, y ∈ E.
Now, we show that {||xn − x∗||} is bounded. Since ||Axn+1 − Axn|| → 0,
there exists M > 0 such that ||Axn+1 − Axn|| ≤ M for all n ≥ 1. If there
exists n0 such that xn0+1 = x∗, then xn = x∗ for all integers n ≥ n0 and so
{||xn − x∗||} is bounded. Assume now that ||xn+1 − x∗|| 
= 0 for all integers
n ≥ 1. Consider the following sets N1 := {n ∈ N : ||xn+1 −x∗|| ≤ ||xn −x∗||}
and N2 := {n ∈ N : ||xn+1 − x∗|| > ||xn − x∗||}. Observe that N = N1 ∪ N2.

Case 1. If n ∈ N1 for all positive integers n ≥ 1, then ||xn+1 − x∗|| ≤
||x1 − x∗||. Otherwise, if n0 is the first positive integer in N1 then
||xn+1 − x∗|| ≤ ||xn0 − x∗|| ∀n ∈ N1. Hence for all n ∈ N1, we have
||xn+1 − x∗|| ≤ max{||xn0 − x∗||, ||x1 − x∗||}.

Case 2. If n ∈ N2, using inequality (8.24), we obtain that ||xn+1 −x∗|| ≤ M
k

for all integers n ∈ N2. Hence, for all positive integers n, ||xn+1 − x∗|| ≤
max{||xn0 − x∗||, ||x1 − x∗||, M

k } and so {||xn − x∗||} is bounded. Therefore,
the conclusion follows from inequality (8.24) and Lemma 8.17. �

Using the method of proof of Theorem 8.20, the following generalization of
the theorem is easily proved.

Theorem 8.21. Let E be a real normed linear space. Suppose A : E → E is
a strongly φ-accretive map such that the solution x∗ of the equation Ax = 0
exists. For arbitrary x1 ∈ E, define the sequence {xn} iteratively by
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xn+1 := xn − αnAxn, n ≥ 1,

where {αn} is a positive real sequence such that lim αn = 0 and
∑

αn = ∞.
Suppose that ||Axn−Axn+1|| → 0 as n → ∞. Then, {xn} converges strongly
to the unique solution of the equation Ax = 0.

We also prove the following theorem.

Theorem 8.22. Let E be a real normed linear space. Suppose A : E → E is
a generalized Φ-quasi-accretive, uniformly continuous and bounded map. For
arbitrary x1 ∈ E, define the sequence {xn} iteratively by

xn+1 := xn − αnAxn, n ≥ 1, (8.25)

where lim αn = 0 and
∑

αn = ∞. Then, there exists a constant d0 > 0 such
that if 0 < αn ≤ d0, {xn} converges strongly to the unique solution of the
equation Ax = 0.

Proof. Let x∗ ∈ N(A) and let r > 0 be sufficiently large such that
x1 ∈ Br(x∗) =: B. Then, A(B) is bounded. Let M = sup{||Ax|| : x ∈ B}
and Φ : [0,∞) → [0,∞) with Φ(0) = 0 be a strictly increasing function which
corresponds to A. As A is uniformly continuous on E, for ε := Φ(r)

4r there
exists a δ > 0 such that x, y ∈ D(A), ||x−y|| < δ implies ||A(x)−A(y)|| < ε.
Let d0 := min{ r

M , δ
2M }.

Claim : xn ∈ B ∀n ≥ 1. We show this by induction. By our choice,
x1 ∈ B. Suppose xn ∈ B. We show that xn+1 ∈ B. Suppose not, then
||xn+1 − x∗|| > r and from (8.25) and the above estimates we have
||xn+1 − xn|| ≤ αn||Axn|| ≤ αnM < δ and hence ||Axn+1 − Axn|| < ε.
Moreover,

||xn+1 − x∗|| ≤ ||xn − x∗|| + αn||Axn|| ≤ r + αnM ≤ 2r.

Now, as in the proof of Theorem 8.18, by Lemma 8.16 and the above estimates
we have that

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2αnΦ(||xn+1 − x∗||)
+2αn||Axn+1 − Axn||||xn+1 − x∗|| (8.26)

≤ ||xn − x∗||2 − αnΦ(r) < r2,

and hence ||xn+1−x∗|| < r, a contradiction. Therefore, the claim holds. Now
we show that xn → x∗. Since ||xn+1 − xn|| → 0, by the uniform continuity
of A we have ||Axn+1 − Axn|| → 0 as n → ∞. The conclusion now follows
from (8.26) with the use of Lemma 8.17. �


Corollary 8.23 Suppose K is a closed convex subset of a real normed linear
space E. Suppose T : K → K is a generalized Φ-hemi-contractive uniformly
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continuous and bounded map. For arbitrary x1 ∈ K, define the sequence {xn}
iteratively by

xn+1 := xn − αn(I − T )xn, n ≥ 1, (8.27)

where {αn} ⊆ (0, 1), lim αn = 0 and
∑

αn = ∞. Then, there exists a constant
d0 > 0 such that if 0 < αn ≤ d0, {xn} converges strongly to the unique fixed
point of T .

Proof. The proof is similar to the proof of Corollary 8.19 with the use of
Theorem 8.22 instead of Theorem 8.18. It is therefore omitted. �


8.5 Generalized Phi-Accretive Non-self Maps

We now prove the following theorem.

Theorem 8.24. Let E be a real uniformly smooth Banach space. Suppose K
is a closed convex subset of E which is a nonexpansive retract of E with P as
the nonexpansive retraction. Suppose A : K → E is a bounded generalized Φ-
accretive map with strictly increasing continuous function Φ : [0,∞) → [0,∞)
such that Φ(0) = 0 and the solution x∗ of the equation Ax = 0 exists. For
arbitrary x1 ∈ K, define the sequence {xn} iteratively by

xn+1 := P
(
xn − αnAxn

)
, n ≥ 1, (8.28)

where lim αn = 0 and
∑

αn = ∞. Then, there exists a constant d0 > 0 such
that if 0 < αn ≤ d0, {xn} converges strongly to the unique solution of Ax = 0.

Proof. As in the proof of Theorem 8.22, let r be sufficiently large such that
x1 ∈ Br(x∗). Define G := Br(x∗)∩K. Then, since A is bounded we have that
A(G) is bounded. Let M = sup{||Ax|| : x ∈ G}. As j is uniformly continuous
on bounded subsets of E, for ε := ψ( r

2 )

2M , there exists a δ > 0 such that
x, y ∈ D(T ), ||x−y|| < δ implies ||j(x)− j(y)|| < ε. Set d0 = min{ r

2M , δ
2M , }.

Claim: {xn} is bounded.
Suffices to show that xn is in G for all n ≥ 1. The proof is by induction. By
our assumption, x1 ∈ G. Suppose xn ∈ G. We prove that xn+1 ∈ G. Assume
for contradiction that xn+1 /∈ G. Then, since xn+1 ∈ K ∀n ≥ 1, we have that
||xn+1 − x∗|| > r. Thus we have the following estimates:

||xn+1 − x∗|| = ||P (xn − αnAxn) − Px∗|| ≤ ||xn − x∗ − αnAxn||

and hence

||xn − x∗|| ≥ ||xn+1 − x∗|| − αn||Axn|| > r − αnM ≥ r − r

2
=

r

2
.



8.5 Generalized Phi-Accretive Non-self Maps 125

Set rn := xn − αnAxn. Then from (8.28), and the above estimates we have
that

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2αn〈Axn, j(xn − x∗)〉

−2αn〈Axn, j(rn − x∗) − j(xn − x∗)〉

≤ ||xn − x∗||2 − 2αnΦ(||xn − x∗||)

+2αn||Axn||||j(rn − x∗) − j(xn − x∗)||. (8.29)

Since ||rn − xn|| ≤ αn||Axn|| ≤ αnM < δ we have that

||j(rn − x∗) − j(xn − x∗)|| ≤
Φ( r

2 )
2M

.

Thus, (8.29) gives that

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2αnΦ(
r

2
) + αnΦ(

r

2
) < r2,

i.e., ||xn+1−x∗|| < r, a contradiction. Therefore xn+1 ∈ G. Thus by induction
{xn} is bounded. Now we show that xn → x∗. Note that rn − xn → 0 as
n → ∞ and hence by the uniform continuity of j on bounded subsets of E
we have that γn := ||j(rn − x∗) − j(xn − x∗)|| → 0 as n → ∞. Let λn :=
||xn − x∗||2 and γn := 2αnMγn, then from inequality (8.29) we obtain that
λn+1 ≤ λn−2αnΦ(λn)+γn, where Φ(t) := Φ(

√
t) and γn

αn
→ 0 as n → ∞.

Therefore, the conclusion of the theorem follows from Lemma 8.17. �


Corollary 8.25 Let E be a real uniformly smooth Banach space. Suppose
K is a closed convex subset of E which is a nonexpansive retract of E with
P as the nonexpansive retraction. Suppose T : K → E is a bounded gen-
eralized Φ-hemi-contractive map with strictly increasing continuous function
Φ : [0,∞) → [0,∞) such that Φ(0) = 0. For arbitrary x1 ∈ K, define the
sequence {xn} iteratively by

xn+1 := P
(
xn − αn(I − T )xn

)
, n ≥ 1,

where lim αn = 0 and
∑

αn = ∞. Then, there exists a constant d0 > 0 such
that if 0 < αn ≤ d0, {xn} converges strongly to the unique fixed point of T .

Proof. The proof follows from Theorem 8.24. �


If, in Theorem 8.24 and Corollary 8.25, 0 ≤ αn < 1 and the operator is a
self-map, the use of the projection operator P will not be necessary. In fact,
the following corollaries follow trivially.

Corollary 8.26 Suppose E is a real uniformly smooth Banach space and
A : E → E is a bounded generalized Φ-quasi-accretive map with strictly
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increasing continuous function Φ : [0,∞) → [0,∞) such that Φ(0) = 0. For
arbitrary x1 ∈ E, define the sequence {xn} iteratively by

xn+1 := xn − αnAxn, n ≥ 1,

where {αn} is a real positive sequence such that lim αn = 0 and
∑

αn = ∞.
Then, there exists a constant d0 > 0 such that if 0 < αn ≤ d0, {xn} converges
strongly to the unique solution of the equation Ax = 0.

Corollary 8.27 Suppose K is a closed convex subset of a real uniformly
smooth Banach space E. Suppose T : K → K is a bounded general-
ized Φ-hemi-contractive map with strictly increasing continuous function
Φ : [0,∞) → [0,∞) such that Φ(0) = 0. For arbitrary x1 ∈ K, define the
sequence {xn} iteratively by

xn+1 := xn − αn(I − T )xn, n ≥ 1,

where αn ⊆ (0, 1), lim αn = 0 and
∑

αn = ∞. Then, there exists a constant
d0 > 0 such that if 0 < αn ≤ d0, {xn} converges strongly to the unique fixed
point of T .

EXERCISE 8.1

1. Apply Proposition 3.11 to inequality (8.1) to obtain inequality (8.2); to
(8.2) to obtain (8.3); and to (8.2) to obtain (8.4).

2. Show that every nonexpansive map is pseudo-contractive.
3. Verify that the map T : [0, 1] → R defined by

Tx =
{

x − 1
2 , if x ∈ [0, 1)

x − 1, if x ∈ ( 1
2 , 1],

is pseudo-contractive and is not nonexpansive.
4. Let T : [0, 1] → R be defined by Tx = 1 − x

2
3 . Verify that T is continuous

pseudo-contractive and is not nonexpansive.
5. (a) Prove that every quasi-nonexpansive map is hemi-contractive.

(b) Verify that in a Hilbert space, inequalities (8.7) and (8.6) are equiva-
lent.

6. By means of inequality (8.5), or otherwise, show that in a real Hilbert
space, strictly pseudo-contractive mappings are Lipschitz.

7. Give the details to show that the map defined in Example 8.6 is a Lipschitz
strongly hemi-contractive map which is not strongly pseudo-contractive.

8. Show explicitly that −�, where � denotes the Laplacian in R
2, is an

m-accretive operator.
9. Complete the proof of Lemma 8.17.
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8.6 Historical Remarks

Let K be a nonempty closed convex and bounded subset of a real Banach
space with dual E∗. Let T : K → K be a Lipschitz strongly pseudo-
contractive map with F (T ) := {x ∈ K : Tx = x} 
= ∅. In [95], Chidume
proved that if E = Lp, p ≥ 2, then the Mann iteration process converges
strongly to x∗ ∈ F (T ). Moreover, x∗ is unique. The main tool in the proof
is an inequality of Bynum [61]. This result signalled the return to extensive
research on inequalities in Banach spaces and their applications to nonlinear
operator theory. Consequently, this theorem of Chidume has been generalized
in various directions by numerous authors (see e.g., Chidume [91, 94], [104]-
[114], Chidume and Moore [145, 146], Chidume and Nnoli [149], Chidume
and Osilike [154]-[162], Deng [201]-[203], Zhou [554], Zhou and Jia [557]-[558],
Liu [314]-[315], Qihou [390]-[395], Weng [500, 501], Xiao [507], Xu [509], Xu
[521, 522], Xu [524, 523], Xu and Roach [525, 527], Xu et al. [529], Zhu [561])
and a host of other authors). Lemma 8.16 is due to Moore and Nnoli [336].
The proof given here is simpler than that of Moore and Nnoli. Theorem 8.14
and Corollary 8.15 are due to Chidume [118]. All the theorems of sections
8.4 and 8.5 are due to Chidume and Zegeye [169] and they are generaliza-
tions of the results in Chidume and Moore [145], [146], Chang [67], Chidume
and Osilike [154]-[162], Deng [201]-[203], Ding [207]-[208], Zhou [554], Zhou
and Jia [557]- [558], Liu [314], Osilike [368]-[372], Schu [437, 438], Tan and
Xu [486, 487], Xu [509], Xu [521], and Xu and Roach [525, 527], Aoyama
et al. [15], Chang et al. ([74], [76], [77], [80]), Chang [72], Chidume ([90],
[92]), Chidume and Udomene [165], Chidume and Zegeye ([166], [167], [176]),
Chidume et al. ( [179], [182]), Cho et al. [188], Isac[258], Kim and Kim [278],
Kohsaka and Takahashi [290], Matsuhita and Kuroiwa [326], Matsushita and
Takahashi [327], Ofoedu [363], Osilike et al. [376], Reich [403], Suzuki [472],
Udomene [493], Xu ([519], [515], [517]), Yao et al. [534], Zegeye and Shahzad
[542], Zegeye and Prempeh [540], Zhou and Chen [556], Zhou [555], Zhou
et al. [560], Gao et al. [226], Al’ber and Reich [10], Bruck[53], Schöneberg
[432], Tan and Xu [486], Wei and Zhou ([502],[503]), Xu [515], Xue et al.
[530] and a host of other authors.



Chapter 9

Iteration Processes for Zeros
of Generalized Φ−Accretive Mappings

9.1 Introduction

Recall that generalized Φ-accretive and generalized Φ-pseudo-contractive
operators have been defined in the last chapter (Definition 8.11). In this
chapter, we investigate iterative methods for approximating solutions of
nonlinear equations involving slight generalizations of these operators. In
1995, Liu [314] introduced what he called the Ishikawa and Mann iteration
processes with errors as follows:

(a) For K, a nonempty subset of a normed linear space E and T : K → E
any mapping, the process defined by x0, v0, u0 ∈ K,

yn = (1 − βn)xn + βnTxn + un, n ≥ 0, (9.1)

xn+1 = (1 − αn)xn + αnTyn + vn, n ≥ 0, (9.2)

where {αn}, {βn} ⊂ [0, 1) are real sequences satisfying appropriate conditions
and un, vn are vectors in K such that

∑
||un|| < ∞,

∑
||vn|| < ∞, he called

the Ishikawa iteration process with errors.
(b) With the notations and definitions in (a) above, if βn ≡ 0 then the

process defined by x0, u0 ∈ K,

xn+1 = (1 − αn)xn + αnTxn + un, n ≥ 0, (9.3)

he called the Mann iteration process with errors. We observe that the re-
cursion formulas (9.1) − (9.3) may not be well defined if K 
= E. In [522],
Xu objected to the definition given by Liu [314] on the grounds that the
conditions

∑
||un|| < ∞ and

∑
||vn|| < ∞ are not compatible with the ran-

domness of the occurrence of errors (since they imply, in particular, that the
errors tend to zero as n tends to infinity). He then introduced the following
alternative definitions:

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 129
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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(A) Let K be a nonempty convex subset of E and T : K → K be any
map. For any given x0, u0, v0 ∈ K, the process defined by

yn = a
′

nxn + b
′

nTxn + c
′

nun, n ≥ 0, (9.4)

xn+1 = anxn + bnTyn + cnvn, n ≥ 0, (9.5)

where {un}, {vn} are bounded sequences in K and the real sequences
{an}, {bn}, {cn}, {a

′

n}, {b
′

n}, {c
′

n} ⊂ [0, 1] satisfy the conditions an+bn+cn =
1 = a

′

n + b
′

n + c
′

n,∀n ≥ 0, he called the Ishikawa iteration process with errors.
(B) With the same notations and definitions as in (A), if b

′

n ≡ 0 ≡ c
′

n,
then the process now defined by x0, u0 ∈ K and

xn+1 = anxn + bnTxn + cnun, n ≥ 0, (9.6)

he called the Mann iteration process with errors.
It is easy to observe that a reasonable error term is that introduced by Xu

[522]. In particular, if T is a self-mapping of a convex bounded set, then the
boundedness requirement for the error term is trivially satisfied. However,
under the condition that the error term is bounded, it is generally the case
that whenever a theorem is proved using the Mann algorithm (without error
terms), the method of proof generally carries over easily (only a slight mod-
ification in the computations will be required) to the case of Mann process
with bounded error term. We illustrate this in what follows.

9.2 Uniformly Continuous Generalized
Φ-hemi-contractive Maps

We consider the Mann iteration method with bounded error term and prove
the following theorem.

Theorem 9.1. Let E be a real Banach space and T : E → E be uniformly
continuous and bounded. Let {xn} be a sequence in E defined iteratively from
an arbitrary x0, u0 ∈ E by :

xn+1 = anxn + bnTxn + cnun, n ≥ 0, (9.7)

where {an}, {bn}, {cn} are sequences in [0, 1] satisfying the following con-

ditions: (i)an + bn + cn = 1 ∀ n ≥ 0; (ii)
∞∑

n=0
bn = ∞; (iii)

∞∑
n=0

b2
n < ∞; cn =

o(bn); (iv)
∞∑

n=0
cn < ∞ and such that

〈Txn − x∗, j(xn − x∗)〉 ≤ ||xn − x∗||2 − Φ(||xn − x∗||) ∀ n ≥ 0, (9.8)
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where Φ : [0,∞) → [0,∞) is a strictly increasing function with Φ(0) = 0,
and {un} is a bounded sequence in E. Then, there exists γ0 > 0 such that if
bn + cn ≤ γ0,

cn

bn+cn
≤ γ0, then {xn} is bounded.

Proof. If x0 = Txn ∀ n ≥ 0, and cn ≡ 0, then we are done. Suppose this is
not the case, i.e., suppose there exists n0 ∈ N, the smallest positive integer
such that x0 
= Txn0 and let bn +cn < 1

2 ∀ n ≥ n0. Without loss of generality,
define xn0 := x0 and a0 := ||x0−Tx0||.||x0−x∗||. Then, from inequality (9.8),
we obtain that ||x0 − x∗|| ≤ Φ−1(a0). Let N∗ := sup

n
||un − x∗||. Define

M0 := sup
n

{||x − Tx|| : ||x − x∗|| ≤ 8Φ−1(a0)} + N∗.

Set ε0 := Φ(2Φ−1(a0))
14Φ−1(a0)

> 0. Since T is uniformly continuous, there exists a δ > 0
such that ||Tx− Ty|| < ε0 whenever ||x− y|| < δ. Now define αn := bn + cn;

γ0 :=
1
2
min

n

{
1,

Φ(2Φ−1(a0))
1 + 28Φ−1(a0)[3M0 + 2Φ−1(a0)]

,
δ

3M0 + 2Φ−1(a0)
,
Φ−1(a0)
M0 + 1

}
.

Claim. ||xn−x∗|| ≤ 2Φ−1(a0) ∀ n ≥ 0. The proof of this claim is by induction.
Clearly, the claim holds for n = 0. Assume now it holds for some n i.e.,
assume that ||xn −x∗|| ≤ 2Φ−1(a0). We prove that ||xn+1 −x∗|| ≤ 2Φ−1(a0).
Suppose this is not the case. Then ||xn+1−x∗|| > 2Φ−1(a0). This implies that
Φ(||xn+1 − x∗||) > Φ(2Φ−1(a0)). With αn := bn + cn, equation (9.7) becomes

xn+1 = (1 − αn)xn + αnTxn + cnUn, (9.9)

where Un := (un − Txn). Set M1 := 14Φ−1(a0)[3M0 + 2Φ−1(a0)]. Observe
that ||Un|| ≤ N∗ + ||xn −x∗||+ ||xn −Txn|| ≤ 2M0 +2Φ−1(a0). Furthermore,

||xn+1 − x∗|| ≤ ||xn − x∗|| + αn||xn − Txn|| + cn||Un||
≤ 2Φ−1(a0) + γ0M0 + γ0(2M0 + 2Φ−1(a0)) ≤ 7Φ−1(a0).

Set ρ := 14[2M0 + 2Φ−1(a0)]Φ−1(a0). Also,

||xn+1 − xn|| ≤ αn{||xn − Txn|| + ||Un||}, cn < αn

≤ αn[3M0 + 2Φ−1(a0)]
≤ γ0[3M0 + 2Φ−1(a0)] < δ,

so that ||Txn+1−Txn|| < ε0. Using these estimates and the recursion formula
(9.9), we now obtain the following estimates:

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2αn〈xn − Txn, j(xn+1 − x∗)〉
+2cn||Un||.||xn+1 − x∗||

≤ ||xn − x∗||2 − 2αnΦ(||xn+1 − x∗||)
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+2αn||xn+1 − xn||.||xn+1 − x∗||
+2αn||Txn+1 − Txn||.||xn+1 − x∗|| + cnρ

≤ ||xn − x∗||2 − 2αnΦ(2Φ−1(a0)) + α2
nM1

+14Φ−1(a0)αn||Txn+1 − Txn|| + cnρ.

Hence, we obtain that

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − αnΦ(2Φ−1(a0)) + M1α
2
n + cnρ. (9.10)

Observe that M1α
2
n < 1

4Φ(2Φ−1(a0))αn; cnρ < 1
4Φ(2Φ−1(a0))αn. Hence,

we obtain from (9.10) that ||xn+1 − x∗|| < ||xn − x∗|| ≤ Φ(2Φ−1(a0)), a
contradiction. Hence, {xn} is bounded. �


Theorem 9.2. Let E be a real normed linear space, K be a nonempty subset
of E and T : K → E be a bounded uniformly continuous generalized Φ−hemi-
contractive mapping, i.e., there exist x∗ ∈ F (T ) and a strictly increasing
function Φ : [0,∞) → [0,∞), Φ(0) = 0 such that for all x ∈ K, there exists
j(x − x∗) ∈ J(x − x∗) such that

〈Tx − x∗, j(x − x∗)〉 ≤ ||x − x∗||2 − Φ(||x − x∗||). (9.11)

(a) If y∗ ∈ K is a fixed point of T , then y∗ = x∗ and so T has at most one
fixed point in K; (b) Suppose there exist x0, u0 ∈ K such that the sequence
{xn} defined by

xn+1 = anxn + bnTxn + cnun ∀ n ≥ 0 (9.12)

is contained in K, where {an}, {bn} and {cn} are real sequences satisfying the

following conditions, (i) an + bn + cn = 1; (ii)
∞∑

n=0
bn = ∞; (iii)

∞∑
n=0

b2
n < ∞;

(iv)
∞∑

n=0
cn < ∞; cn = o(bn) and {un} is a bounded sequence in E. Then, there

exists γ0 > 0 such that if bn + cn ≤ γ0,
cn

bn+cn
≤ γ0, then {xn} converges

strongly to x∗. In particular, if y∗ is a fixed point of T in K, then {xn}
converges strongly to y∗.

Proof. (a) If y∗ ∈ K is a fixed point of T then by (9.11), there exists j(y∗ −
x∗) ∈ J(y∗ − x∗) such that

||y∗ − x∗||2 = 〈y∗ − x∗, j(y∗ − x∗)〉 = 〈Ty∗ − x∗, j(y∗ − x∗)〉
≤ ||y∗ − x∗||2 − Φ(||y∗ − x∗||).

This implies, y∗ = x∗. Hence T has at most one fixed point. (b) By Theorem
9.1, {xn} is a bounded sequence in K. Hence, {Txn} is bounded. As in the
proof of Theorem 9.1, set αn := bn + cn. Then, equation (9.12) becomes

xn+1 = (1 − αn)xn + αnTxn + cnUn, n ≥ 0,
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where Un := (un − Txn). Set

M1 := 2sup
n

‖Un‖.‖xn+1−x∗‖,M2 := 2sup
n
{||xn−Txn||+||Un||}×||xn+1−x∗||

and M3 := 2sup
n
||xn+1 − x∗||. Then,

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2αn〈xn − Txn, j(xn+1 − x∗)〉
+2cn〈Un, j(xn+1 − x∗)〉

≤ ||xn − x∗||2 − 2αnΦ(||xn+1 − x∗||) + cnM1

−2αn〈−(xn+1 − xn) + (Txn+1 − Txn), j(xn+1 − x∗)〉
≤ ||xn − x∗||2 − 2αnΦ(||xn+1 − x∗||)

+αnM3||Txn+1 − Txn|| + cnM1 + α2
nM2

= ||xn − x∗||2 − 2αnΦ(||xn+1 − x∗||) + σn (9.13)

where σn := αnM3||Txn+1 − Txn|| + cnM1 + α2
nM2. The result now follows

from Lemma 8.17. �


Corollary 9.3 Let E be a real normed linear space and let A : E → E be
a bounded uniformly continuous generalized Φ−quasi-accretive mapping, i.e.,
there exists x∗ ∈ N(A) such that for all x ∈ E, there exist j(x − x∗) ∈
J(x − x∗) and a strictly increasing function Φ : [0,∞) → [0,∞), Φ(0) = 0
such that 〈Ax − Ax∗, j(x − x∗)〉 ≥ Φ(||x − x∗||). For arbitrary x0, u0 ∈ E,
define the sequence {xn} iteratively by

xn+1 = anxn + bnSxn + cnun, n ≥ 0,

where S : E → E is defined by Sx := x − Ax for all x ∈ E; and
{an}, {bn}, {cn} are real sequences in [0, 1] satisfying the following conditions:

(i) an + bn + cn = 1;

(ii)
∞∑

n=0

bn = ∞; (iii)
∞∑

n=0

b2
n < ∞; cn = o(bn); (iv)

∞∑
n=0

cn < ∞;

and {un} is a bounded sequence in E. Then, {xn} converges strongly
to x∗.

Proof. We simply observe that S is a uniformly continuous and general-
ized Φ−hemi-contractive mapping of E into E. The result follows from
Theorem 9.2. �


In the recursion formulas (9.7) and (9.12), it must be noted that {un} is not
known and is included in the recursion formula only as a noise. The actual
iteration process is x0 ∈ K, xn+1 = anxn + bnTxn, n ≥ 0, where cn ≡ 0 ∀n.
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9.3 Generalized Lipschitz, Generalized Φ-quasi-accretive
Mappings

Let E be a real linear space. A mapping T : D(T ) ⊂ E → E is said to be
generalized Lipschitz if there exists L > 0 such that ‖Tx−Ty‖ ≤ L(1+ ‖x−
y‖) ∀ x, y ∈ D(T ). Clearly, every Lipschitz map is generalized Lipschitz.
Furthermore, any map with bounded range is a generalized Lipschitz map.
The following example (see e.g., [76]) shows that the class of generalized
Lipschitz maps properly includes the class of Lipschitz maps and that of
mappings with bounded range.

Example 9.4. Let E = (−∞,+∞) and T : E → E be defined by

Tx =

⎧
⎪⎪⎨
⎪⎪⎩

x − 1, if x ∈ (−∞,−1),
x −

√
1 − (x + 1)2, if x ∈ [−1, 0),

x +
√

1 − (x − 1)2, if x ∈ [0, 1],
x + 1, if x ∈ (1,+∞).

Then, T is a generalized Lipschitz map which is not Lipschitz and whose
range is not bounded.

We now prove the following theorems.

Theorem 9.5. Let E be a real uniformly smooth Banach space and A : E →
E be a mapping with N(A) 
= ∅. Suppose A is a generalized Lipschitz, gener-
alized Φ−quasi-accretive mapping. Let {an}, {bn}, and {cn} be real sequences
in [0,1] satisfying the following conditions, (i) an + bn + cn = 1; (ii)

∑
bn =

∞; (iii)
∑

cn < ∞; (iv)cn = o(bn). Let {xn} be generated iteratively from
arbitrary x0, u0 ∈ E by,

xn+1 = anxn + bnSxn + cnun, n ≥ 0, (9.14)

where S : E → E is defined by Sx := x−Ax ∀x ∈ E and {un} is an arbitrary
bounded sequence in E. Then, there exists a constant γ0 ∈ R

+ such that if
bn + cn ≤ γ0 ∀ n ≥ 0, the sequence {xn} converges strongly to the unique
solution of the equation Au = 0.

Proof. Let x∗ ∈ N(A) be arbitrary. Observe that Ax∗ = 0 if and only if
Sx∗ = x∗. Since A is a generalized Lipschitz, generalized Φ−quasi-accretive
mapping, there exist a strictly increasing function Φ : [0,∞) → [0,∞), Φ(0) =
0 and j(x − x∗) ∈ J(x − x∗) such that the following inequalities hold:

||Sxn − Sx∗|| ≤ L(1 + ||xn − x∗||), (9.15)

and,

〈Sxn − Sx∗, j(xn − x∗)〉 ≤ ||xn − x∗||2 − Φ(||xn − x∗||), (9.16)
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where L := L∗ +1 and L∗ is the generalized Lipschitz constant of A. Unique-
ness of the fixed point follows from inequality (9.16), as in the proof of
Theorem 9.2. Set αn := bn + cn. Then, the recursion formula (9.14) reduces
to the formula

xn+1 = (1 − αn)xn + αnSxn + Un, n ≥ 0, (9.17)

where Un := cn(un−Sxn). We first prove that the sequence {xn} is bounded.
If x0 = Sxn ∀ n ≥ 0 and cn ≡ 0, then we are done. Suppose this is not the
case, i.e., suppose there exists n0 ∈ N, the smallest positive integer such
that xn0 
= Sxn0 . Without loss of generality define xn0 = x0 and a0 :=
||x0 − Sx0||.||x0 − x∗||. From

〈Sx0 − Sx∗, j(x0 − x∗)〉 ≤ ||x0 − x∗||2 − Φ(||x0 − x∗||),

we obtain that ||x0 − x∗|| ≤ Φ−1(a0). Since j is uniformly continuous on
bounded subsets of E, given

ε0 :=
a0

2[2(1 + L)Φ−1(a0) + L]
> 0, ∃δ > 0

such that ||x − y|| < δ ⇒ ||j(x) − j(y)|| < ε ∀ x, y ∈ BR(0), for some R > 0.
Set N∗ := sup

n
||un − x∗||. Define,

M1 := [N∗+L(1+2Φ−1(a0))]2Φ−1(a0); M :=M1+2[N∗+L{1+2Φ−1(a0)}]ε0.

Without loss of generality, we may assume (since cn = o(bn)) that there exists
n∗ ≥ n0 such that cn ≤ αna0

2M+αna0
∀ n ≥ n∗. Now, define

γ0 := min
n

1
2

{
1,

Φ−1(a0)
3[2(1 + 2L)Φ−1(a0) + 2L]

,
δ

2(1 + L)Φ−1(a0) + L
,
Φ−1(a0)

3N∗

}
.

Claim. ||xn − x∗|| ≤ 2Φ−1(a0) ∀ n ≥ n∗.
The claim clearly holds for n = n∗. Assume ||xn − x∗|| ≤ 2Φ−1(a0) holds
for some n ≥ n∗. We prove ||xn+1 − x∗|| ≤ 2Φ−1(a0). Suppose this is not
the case, i.e., suppose that ||xn+1 − x∗|| > 2Φ−1(a0). Then, we obtain the
following inequalities:

(a) ||xn − Sxn|| ≤ [2(1 + L)Φ−1(a0) + L],
(b) ||xn+1 − x∗|| ≤ 3Φ−1(a0),
(c) ||xn − x∗|| ≥ Φ−1(a0).

We also obtain the following inequality: (d) ||Un||.||xn − x∗|| ≤ cnM1. Using
the recursion formula (9.17), we compute as follows:
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||xn+1 − x∗||2

≤ ||xn − x∗||2 − 2αn〈xn − Sxn, j(xn+1 − x∗) − j(xn − x∗)〉
+2||Un||.||j(xn+1 − x∗) − j(xn − x∗)||
−2αn〈xn − Sxn, j(xn − x∗)〉 + 2||Un||.||xn − x∗||

≤ ||xn − x∗||2 − 2αnΦ(||xn − x∗||) + 2αn||xn − Sxn|| ×
||j(xn+1 − x∗) − j(xn − x∗)||
+2||Un||.||j(xn+1 − x∗) − j(xn − x∗)|| + 2||Un||.||xn − x∗||

≤ ||xn − x∗||2 − 2αna0 + 2αn[2(1 + L)Φ−1(a0) + L] ×
||j(xn+1 − x∗) − j(xn − x∗)||
+M1cn + cn2[N∗ + L{1 + 2Φ−1(a0)}].||j(xn+1 − x∗) − j(xn − x∗)||.

Observe that (xn+1 − x∗), (xn − x∗) ∈ BR(0), where R := 3Φ−1(a0) > 0.
Moreover,

||xn+1 − xn|| = αn||xn − Sxn|| + ||Un|| ≤ 2γ0[2(1 + L)Φ−1(a0) + L] < δ,

so that ||j(xn+1 − x∗) − j(xn − x∗)|| < ε0. Hence, we obtain that

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − αna0 + cnM

≤ ||xn − x∗||2 − αna0 +
αna0

2M + αna0
M

< ||xn − x∗||2,

a contradiction. Hence, claim 1 holds so that {xn} is bounded and so, {Sxn}
is also bounded. Set ρ := sup

n
||xn − Sxn||; β := sup

n
||un − Sxn||.

σ := sup
n
{2||un−Sxn||.||j(xn+1−x∗)−j(xn−x∗)||+2||un−Sxn||.||xn−x∗||}.

Then,

||xn+1−x∗||2 ≤ ||xn − x∗||2 − 2αnΦ(||xn − x∗||) + 2αn||xn − Sxn||×
||j(xn+1 − x∗) − j(xn − x∗)||

+ 2||Un||.||j(xn+1 − x∗) − j(xn − x∗)|| + 2||Un||.||xn − x∗||
≤ ||xn − x∗||2 − 2αnΦ(||xn − x∗||)
+ 2αnρ.||j(xn+1 − x∗) − j(xn − x∗)|| + cnσn.

≤ ||xn − x∗||2 − 2αnΦ(||xn − x∗||) + σn

where σn := 2αnρ.||j(xn+1 −x∗)− j(xn −x∗)||+ cnσ. The result now follows
from Lemma 8.17. �
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Theorem 9.6. Let E be a uniformly smooth real Banach space. Let F (T ) :=
{x ∈ E : Tx = x} 
= ∅. Suppose T : E → E is a generalized Lipschitz and
generalized Φ−hemi-contractive mapping. Let {an}, {bn}, and {cn} be real
sequences in [0,1) satisfying the following conditions,
(i) an + bn + cn = 1;

(ii)
∑

bn = ∞; cn = o(bn); (iii)
∑

cn < ∞; (iv) lim bn = 0.

Let {xn} be generated iteratively from arbitrary x0, u0 ∈ E by,

xn+1 = anxn + bnTxn + cnun, n ≥ 0,

where {un} is an arbitrary bounded sequence in E. Then, there exists a con-
stant γ0 ∈ R

+ such that if bn + cn ≤ γ0 ∀ n ≥ 0, the sequence {xn} converges
strongly to the unique fixed point of T .

Proof. Since T is a generalized Φ−hemi-contractive mapping, it follows that
〈Tx − Tx∗, j(x − x∗)〉 ≤ ||x − x∗||2 − Φ(||x − x∗||) ∀ x ∈ E, x∗ ∈ F (T ). In
particular, 〈Txn − Tx∗, j(xn − x∗)〉 ≤ ||xn − x∗||2 − Φ(||xn − x∗||). Since T
is generalized Lipschitz, we have ||Txn − Tx∗|| ≤ L(1 + ||xn − x∗||). The rest
now follows exactly as in the proof of Theorem 9.5, with S replaced by T . �


EXERCISES 9.1

1. Verify that every Lipschitz map is generalized Lipschitz and every map
with bounded range is generalized Lipschitz.

2. Let E = (−∞,+∞) and T : E → E be defined by

Tx =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

x − 1, if x ∈ (−∞,−1),

x −
√

1 − (x + 1)2, if x ∈ [−1, 0),

x +
√

1 − (x − 1)2, if x ∈ [0, 1],
x + 1, if x ∈ (1,+∞).

Show that T is a generalized Lipschitz map which is not Lipschitz and
whose range is not bounded.

3. Let K be a nonempty closed convex subset of a real Banach space E,
T : K → K be an asymptotically quasi-nonexpansive self-mapping. For
arbitrary x0 ∈ K, let {xn} be iteratively defined as follows: xn+1 := anxn+
bnTnxn + cnun, where {an}, {bn} and {cn} are sequences of real numbers
satisfying the following conditions: (i)an + bn + cn = 1, (ii) 0 < bn + cn <
1, (iii)

∑
bn = ∞, (iv)

∑
cn < ∞ and {un} is a bounded sequence in

K. Prove that {xn} converges strongly to a fixed point of T if and only if
lim inf
n→∞

d(xn, F (T )) = 0, where d(y,K) denotes the distance of y from the

set K, i.e. d(y,K) := infx∈K ||y − x||.
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For the next exercise, the following notion will be needed.
Let T : K → K be a uniformly continuous map, then we have that the
set {||Tx − Ty|| : ‖x − y‖ < δ} is bounded and the function ω(δ) :=
sup

n
{‖Tx − Ty‖ : ‖x − y‖ < δ} is called the modulus of continuity of T .

Also, the uniform continuity of T implies that ω(δ) → 0 as δ → 0. Now
solve the following exercise.

4. Let K be a nonempty closed convex subset of a real reflexive Banach space
E possessing a uniformly Gâteaux differentiable norm for which every
closed convex and bounded subset has the fixed point property (f.p.p.) for
nonexpansive self-mappings. Let T : K → K be a uniformly continuous
pseudo-contraction with modulus of continuity ω. Let {λn}, {θn} and {cn}
be real sequences in (0, 1] satisfying the following conditions: (i) {θn} is
non-increasing and lim

n→∞
θn = 0; (ii) λn(1 + θn) + cn ≤ 1,

∑
λnθn = ∞,

lim
n→∞

λn

θn
= 0; (iii) lim

n→∞

(
θn−1

θn
−1

)
λnθn

= 0. (iv) cn = o(λnθn). Let F (T ) 
= ∅,
and let a sequence {xn} be generated from arbitrary x1 ∈ K by xn+1 :=
(1 − λn)xn + λnTxn − λnθn(xn − x1) − cn(xn − un), n ∈ N, where {un}
is a bounded sequence in K. Suppose that {xn} and {ω(Mλn)

λn
} (for any

M > 0) are bounded. Prove that {xn} converges strongly to a fixed point
of T . Give examples of λn and θn which satisfy conditions (i) − (iv).

9.4 Historical Remarks

Numerous convergence results have been proved on iterative methods for
approximating zeros of Lipschitz Φ−strongly accretive-type (or fixed points of
Φ− strongly pseudo-contractive-type) nonlinear mappings and their stability
(see e.g., Chang et al. [75], Chang and Tan [83], Chidume ([88, 89], [97]- [102],
[115, 116]), Chidume and Zegeye [174]; Deng [202, 203]; Deng and Ding [204];
Lim [305]; Reich [406]; Rhoades [422]; Schu [434]; Shahzad and Zegeye [446],
Takahashi [474], and the references contained therein). Also, many authors
have proved convergence theorems under the assumption that these operators
have bounded range (see e.g., Browder and Petryshyn [52], Hirano and Huang
[252] and the references contained therein).

Some of these results have been extended to uniformly continuous map-
pings. The most general results for uniformly continuous φ−hemi-contractive
mappings seem to be the following theorems (stated here as have been
published).

Theorem G1 ([244], Theorem 2.1) Let E be a real normed linear
space, K be a nonempty subset of E and T : K → E be a uniformly
continuous Φ−pseudo-contractive-type operator, i.e., there exist x∗ ∈ K
and a strictly increasing function Φ : [0,∞) → [0,∞), Φ(0) = 0 such
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that for all x ∈ K, there exists j(x − x∗) ∈ J(x − x∗) satisfying
〈Tx − x∗, j(x − x∗)〉 ≤ ||x − x∗||2 − Φ(||x − x∗||). (a) If y∗ ∈ K is a
fixed point of T , then y∗ = x∗, and so T has at most one fixed point in K;
(b) Suppose there exists x0 ∈ K such that both the Ishikawa iterative sequence
{xn} with error and the auxiliary yn = (1 − βn)xn + βnTxn + vn, n ≥ 0,
xn+1 = (1 − αn)xn + αnTyn + un, are contained in K, where {un}, {vn}
are two sequences in E and {αn}, {βn} are two sequences in [0, 1] satis-
fying the following conditions: (i)αn, βn → 0 (n → ∞) and

∑
αn = ∞;

(ii) ||un|| = o(αn) and ||vn|| → 0 (n → ∞). If {xn} is a bounded sequence in
K, then {xn} converges strongly to x∗. In particular, if y∗ is a fixed point of
T in K, then {xn} converges strongly to y∗.

Theorem G2 ([244], Theorem 2.2) Let E be a real normed linear
space, K be a nonempty subset of E such that K + K ⊂ K. Let
T : K → K be a uniformly continuous Φ−pseudo-contractive-type opera-
tor. Let {un}, {vn}, {αn}, {βn} be as in Theorem G1. For any given x0 ∈ K,
the Ishikawa iterative sequence {xn} with errors is defined as in Theorem
G1. (a) If y∗ ∈ K is a fixed point of T , then y∗ = x∗, and so T has at most
one fixed point in K; (b) If {xn} is a bounded sequence, then {xn} converges
strongly to x∗. In particular, if y∗ is a fixed point of T in K, then {xn}
converges strongly to y∗.

Theorem CCZ1 ([76], Theorem 7.2.1, p.248) Let E be a real normed
linear space, K be a nonempty convex subset of E such that K +K ⊂ K, and
T : K → K be a uniformly continuous and φ−hemi-contractive mapping. Let
{αn}, {βn} be two real sequences in (0, 1) satisfying the following conditions:
(i)αn, βn → 0, (n → ∞); (ii)

∑
αn = ∞. Assume that {un}, {vn} are two

sequences in K satisfying the following conditions: un = u
′

n + u
′′

n for any
sequences {u′

n}, {u
′′

n} in K with
∑

||u′

n|| < ∞; ||u′′

n|| = o(αn) and ||vn|| → 0
as n → ∞. Define the Ishikawa iterative sequence with mixed errors in K by
x0 ∈ K, yn = (1−βn)xn+βnTxn+vn, n ≥ 0, xn+1 = (1−αn)xn+αnTyn+un.
If {Tyn} is bounded, then the sequence {xn} converges strongly to the unique
fixed point of T .

Theorem CCZ2 ([76], Theorem 7.2.2, p.251) Let E be a real normed
linear space, and T : E → E be a uniformly continuous and strongly
φ−quasi-accretive mapping. Let {αn}, {βn} be two real sequences in (0, 1)
satisfying the following conditions: (i)αn, βn → 0, (n → ∞); (ii)

∑
αn = ∞.

Let {un}, {vn} be as in Theorem CCZ1. Define a mapping S : E → E
by Sx := x − Tx for each x ∈ E. For an arbitrary x0 ∈ E, de-
fine the Ishikawa iterative sequence {xn} with mixed errors by x0 ∈ E,
yn = (1− βn)xn + βnTxn + vn, n ≥ 0, xn+1 = (1 − αn)xn + αnTyn + un. If
{Syn} is bounded, then the sequence {xn} converges strongly to the unique
fixed point of T .
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Theorems G1, G2, CCZ1, and CCZ2 are important generalizations of sev-
eral results. We observe that the class of mappings considered in Theorems
CCZ1 and CCZ2 is a proper subclass of the class of mappings studied in
Theorems G1 and G2 in which Φ(s) = sφ(s). However, the requirement that
{xn} be bounded imposed in Theorems G1 and G2 is stronger than the re-
quirement that {Tyn} or {Syn} be bounded imposed in Theorems CCZ1 and
CCZ2, respectively.

For operators with bounded range, the following interesting results have
been proved.

Theorem HH1 ([252], Corollary 1) Let E be a uniformly smooth Banach
space and T : E → 2E be a multi-valued φ−hemi-contractive operator with
bounded range. Suppose {an}, {bn}, {cn} are real sequences in [0, 1] satisfying
the following conditions: (i) an+bn+cn =1 ∀ n≥0; (ii) lim bn =0; (iii)

∑
bn =

∞; (iv) cn = o(bn). For arbitrary x1, u1 ∈ E, define the sequence {xn} by
xn+1 = anxn + bnνn + cnun,∃νn ∈ Txn, n ≥ 1; where {un} is an arbitrary
bounded sequences in E. Then, {xn} converges strongly to the unique fixed
point of T .

Theorem HH2 ([252]) Let E be a uniformly smooth Banach space
and T : E → 2E be a multi-valued φ−strongly accretive operator with
bounded range. For a given f ∈ E, let x∗ denote a solution of the inclusion
f ∈ Tx. Define the operator S : E → E by Sx = f + x − Tx. Suppose
{an}, {bn}, {cn} are real sequences in [0, 1] satisfying conditions (i)-(iv)
of Theorem HH1. For arbitrary x1, u1 ∈ E, define the sequence {xn} by
xn+1 = anxn + bnνn + cnun,∃νn ∈ Sxn, n ≥ 1; where {un} is an arbitrary
bounded sequences in E. Then, {xn} converges strongly to the unique solution
of the inclusion f ∈ Tx.

Theorem HH2 is an immediate corollary of Theorem 2 of [252]. Theorems
HH1 and HH2 include several recent important results as special cases.

All the theorems of this chapter are due to Chidume and Chidume [129,
131].



Chapter 10

An Example; Mann Iteration
for Strictly Pseudo-contractive
Mappings

10.1 Introduction and a Convergence Theorem

We have seen (Chapter 6) that the Mann iteration method has been success-
fully employed in approximating fixed points (when they exist) of nonexpan-
sive mappings. This success has not carried over to the more general class
of pseudo-contractions. If K is a compact convex subset of a Hilbert space
and T : K → K is Lipschitz, then, by Schauder fixed point theorem, T has a
fixed point in K. All efforts to approximate such a fixed point by means of
the Mann sequence when T is also assumed to be pseudo-contractive proved
abortive. In 1974, Ishikawa introduced a new iteration scheme and proved
the following theorem.

Theorem 10.1. If K is a compact convex subset of a Hilbert space H, T :
K �→ K is a Lipschitzian pseudo-contractive map and x0 is any point of K,
then the sequence {xn}n≥0 converges strongly to a fixed point of T , where xn

is defined iteratively for each positive integer n ≥ 0 by

xn+1 = (1 − αn)xn + αnTyn; yn = (1 − βn)xn + βnTxn, (10.1)

where {αn}, {βn} are sequences of positive numbers satisfying the conditions
(i) 0 ≤ αn ≤ βn < 1; (ii) lim

n→∞
βn = 0; (iii)

∑
n≥0

αnβn = ∞.

The recursion formula (10.1) with conditions (i), (ii) and (iii) is generally
referred to as the Ishikawa iteration process.

10.2 An Example

Since its publication in 1974, it had remained an open question (see e.g.,
Borwein and Borwein [33], Chidume and Moore [145], Hicks and Kubicek
[251]) whether or not the Mann recursion formula defined by (6.3), which

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 141
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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is certainly simpler than the Ishikawa recursion formula (10.1), converges
under the setting of theorem 10.1 to a fixed point of T if the operator T is
pseudo-contractive and Lipschitz. Hicks and Kubicek [251], gave an example
of a discontinuous pseudo-contraction with a unique fixed point for which
the Mann iteration does not always converge. Borwein and Borwein [33],
(Proposition 8), gave an example of a Lipschitz map (which is not pseudo-
contractive) with a unique fixed point for which the Mann sequence fails to
converge. The problem for Lipschitz pseudo-contraction still remained open.
This was eventually resolved in the negative by Chidume and Mutangadura
[148] in the following example.

Example 10.2. Let X be the real Hilbert space R
2 under the usual Euclidean

inner product. If x = (a, b) ∈ X we define x⊥ ∈ X to be (b,−a). Trivially, we
have 〈x, x⊥〉 = 0, ||x⊥|| = ||x||, 〈x⊥, y⊥〉 = 〈x, y〉, ||x⊥ − y⊥|| = ||x − y|| and
〈x⊥, y〉+〈x, y⊥〉 = 0 for all x, y ∈ X. We take our closed and bounded convex
set K to be the closed unit ball in X and put K1 = {x ∈ X : ||x|| ≤ 1

2},
K2 = {x ∈ X : 1

2 ≤ ||x|| ≤ 1}. We define the map T : K −→ K as follows:

Tx =
{

x + x⊥ , if x ∈ K1.
x

||x|| − x + x⊥ , if x ∈ K2.

Then, T is a Lipschitz pseudo-contractive map of a compact convex set into
itself with a unique fixed point for which no Mann sequence converges.

We notice that, for x ∈ K1∩K2, the two possible expressions for Tx coincide
and that T is continuous on both of K1 and K2. Hence T is continuous on
all of K. We now show that T is, in fact, Lipschitz. One easily shows that
||Tx − Ty|| =

√
2||x − y|| for x, y ∈ K1. For x, y ∈ K2, we have

∣∣∣
∣∣∣ x
||x|| −

y
||y||

∣∣∣
∣∣∣
2

= 2
||x||||y|| (||x||||y|| − 〈x, y〉)

= 1
||x||||y||{||x − y||2 − (||x|| − ||y||)2}

≤ 1
||x||||y|| 2||x − y||2 ≤ 8||x − y||2 .

Hence, for x, y ∈ K2, we have

||Tx − Ty|| ≤
∣∣∣∣
∣∣∣∣

x

||x|| −
y

||y||

∣∣∣∣
∣∣∣∣ + ||x − y|| + ||x⊥ − y⊥|| ≤ 5||x − y|| ,

so that T is Lipschitz on K2. Now let x and y be in the interiors of K1

and K2 respectively. Then there exist λ ∈ (0, 1) and z ∈ K1 ∩ K2 for which
z = λx + (1 − λ)y. Hence

||Tx − Ty|| ≤ ||Tx − Tz|| + ||Tz − Ty||
≤

√
2||x − z|| + 5||z − y||

≤ 5||x − z|| + 5||z − y|| = 5||x − y|| .
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Thus ||Tx − Ty|| ≤ 5||x − y|| for all x, y ∈ K, as required. The origin is
clearly a fixed point of T . For x ∈ K1, ||Tx||2 = 2||x||2, and for x ∈ K2,
||Tx||2 = 1 + 2||x||2 − 2||x||. From these expressions and from the fact that
Tx = x⊥ 
= x if ||x|| = 1, it is easy to show that the origin is the only fixed
point of T . We now show that no Mann iteration sequence for T is convergent
for any nonzero starting point.

First, we show that no such Mann sequence converges to the fixed point.
Let x ∈ K be such that x 
= 0. Then, in case x ∈ K1, any Mann iterate of x
is actually further away from the fixed point of T than x is. This is because
||(1− λ)x + λTx||2 = (1 + λ2)||x||2 > ||x||2 for λ ∈ (0, 1). If x ∈ K2 then, for
any λ ∈ (0, 1),

||(1 − λ)x + λTx||2 = ||( λ
||x|| + 1 − 2λ)x + λx⊥||2

= [( λ
||x|| + 1 − 2λ)2 + λ2]||x||2 > 0·

More generally, it is easy to see that for the recursion formula

x0 ∈ K, xn+1 = (1 − cn)xn + cnTxn, n ≥ 0, (10.2)

if x0 ∈ K1 then ||xn+1|| > ||xn|| for all integers n ≥ 0, and if x0 ∈ K2,
then ||xn+1|| ≥

√
2

2 ||xn|| for all integers n ≥ 0. We therefore conclude that, in
addition, any Mann iterate of any non zero vector in K is itself non zero. Thus
any Mann sequence {xn}, starting from a nonzero vector, must be infinite.
For such a sequence to converge to the origin, xn would have to lie in the
neighborhood K1 of the origin for all n > N0, for some real N0. This is
not possible because, as already established for K1, ||xn|| < ||xn+1|| for all
n > N0.

We now show that no Mann sequence converges to x 
= 0. We do this in
the form of a general lemma.

Lemma 10.3. Let M be a nonempty, closed and convex subset of a real Ba-
nach space E and let S : M → M be any continuous function. If a Mann
sequence for S is norm convergent, then the corresponding limit is a fixed
point for S.

Proof. Let {xn} be a Mann sequence in M for S, as defined in the recur-
sion formula (10.2). Assume, for proof by contradiction, that the sequence
converges, in norm, to x in M , where Sx 
= x. For each n ∈ N, put
εn = xn −Sxn − x + Sx. Since S is continuous, the sequence εn converges to
0. Pick p ∈ N such that, if m ≥ p and n ≥ p, then ||εn|| < 1

3 ||x − Sx|| and

||xn − xm|| < 1
3 ||x − Sx||. Pick any positive integer q such that

p+q∑
n=p

cn ≥ 1.

We have that
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||xp − xp+q+1|| =
∣∣∣
∣∣∣
p+q∑
n=p

(xn − xn+1)
∣∣∣
∣∣∣ =

∣∣∣
∣∣∣
p+q∑
n=p

cn(x − Sx + εn)
∣∣∣
∣∣∣

≥
∣∣∣
∣∣∣
p+q∑
n=p

cn(x − Sx)
∣∣∣
∣∣∣−

∣∣∣
∣∣∣
p+q∑
n=p

cnεn

∣∣∣
∣∣∣

≥
p+q∑
n=p

cn

(
||x − Sx|| − 1

3 ||x − Sx||
)
≥ 2

3 ||x − Sx|| .

The contradiction proves the result. �


We now show that T is a pseudo-contraction. First, we note that we may put
j(x) = x, since X is Hilbert. For x, y ∈ K, put Γ (x; y) = ||x − y||2 − 〈Tx −
Ty, x − y〉 and, if x and y are both non zero, put λ(x; y) =

〈x, y〉
||x||||y|| . Hence,

to show that T is a pseudo-contraction, we need to prove that Γ (x; y) ≥ 0
for all x, y ∈ K. We only need examine the following three cases:

1. x, y ∈ K1: An easy computation shows that 〈Tx−Ty, x− y〉 = ||x− y||2
so that Γ (x; y) = 0; thus we are home and dry for this case.

2. x, y ∈ K2: Again, a straightforward calculation shows that

〈Tx − Ty, x − y〉 = ||x|| − ||x||2 + ||y|| − ||y||2

+〈x, y〉(2 − 1
||x|| −

1
||y|| )

= ||x|| − ||x||2 + ||y|| − ||y||2

+λ(x; y)(2||x||||y|| − ||x|| − ||y||).

Hence Γ (x; y) = 2||x||2 + 2||y||2 − ||x|| − ||y|| − λ(x; y)(4||x||||y|| − ||x|| −
||y||). It is not hard to establish that (4||x||||y|| − ||x|| − ||y||) ≥ 0 for
all x, y ∈ K2. Hence, for fixed ||x|| and ||y||, Γ (x; y) has a minimum
when λ(x; y) = 1. This minimum is therefore 2||x||2 + 2||y||2 − 4||x||||y|| =
2(||x|| − ||y||)2. Again, we have that Γ (x; y) ≥ 0 for all x, y ∈ K2 as
required.

3. x ∈ K1, y ∈ K2: We have
〈Tx − Ty, x − y〉 = ||x||2 + ||y|| − ||y||2 − λ(x; y)||x||.
Hence Γ (x; y) = 2||y||2 − ||y|| + (||x|| − 2||x||||y||)λ(x; y). Since ||x|| −
2||x||||y|| ≤ 0 for x ∈ K1 and y ∈ K2, Γ (x; y) has its minimum, for fixed
||x|| and ||y|| when λ(x; y) = 1. We conclude that

Γ (x; y) ≥ 2||y||2 − ||y|| + ||x|| − 2||x||||y‖|
= (||y|| − ||x||)(2||y|| − 1)
≥ 0 for all x ∈ K1, y ∈ K2.

This completes the proof. �
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10.3 Mann Iteration for a Class of Lipschitz
Pseudo-contractive Maps

A mapping T : K → E is said to be strictly pseudo-contractive in the sense
of Browder and Petryshyn [52] if

〈Tx − Ty, j(x − y)〉 ≤ ‖x − y‖2 − λ‖x − y − (Tx − Ty)‖2 (10.3)

holds for x, y ∈ K and for some λ > 0.
It is easy to see that such mappings are Lipschitz with Lipschitzian con-

stant L =
1 + λ

λ
.

This class of mappings was introduced in 1967 by Browder and Petryshyn
[52] who actually defined it in a Hilbert space as follows: Let K be a nonempty
subset of real Hilbert space. A mapping T : K → K is said to be strictly
pseudo-contractive if

‖Tx − Ty‖2 ≤ ‖x − y‖2 + k‖x − y − (Tx − Ty)‖2 (10.4)

holds for all x, y ∈ K and for some 0 < k < 1. Clearly, nonexpansive map-
pings satisfy (10.4) and it is also easy to see that in real Hilbert spaces,
inequalities (10.3) and (10.4) are equivalent. The class of strictly pseudo-
contractive mappings is a subclass of the class of Lipshitz pesudo-contractive
ones.

From now on, we shall denote the class of mappings which are strictly
pseudo-contractive in the sense of Browder and Petryshyn by M. For M,
Browder and Petryshyn proved the following theorem.

Theorem 10.4. (Browder and Petryshyn, [52]) Let K be a bounded closed
convex subset of a real Hilbert space H and let T : K → K be a mapping
belonging to M. Then, for any x0 ∈ K and any fixed γ such that 1 − k <
γ < 1, the sequence {xn} defined by

xn+1 = γTxn + (1 − γ)xn, n = 1, 2, ...,

converges weakly to some fixed point of T in K. If, in addition, T is demi-
compact, then {xn} converges strongly to some fixed point of T in K.

Maruster [325] proved, for T ∈ M, F (T ) 
= ∅, in a real Hilbert space, that
a Halpern-type iteration process converges to a fixed point of T. Chidume
[101] extended this result of Maruster to Lp spaces, p ≥ 2. Interest in iterative
methods for approximating fixed points of mappings belonging to M has con-
tinued to grow (see, e.g., [255],[256],[120],[374] and the references contained
therein).

While the example of Chidume and Mutangadura shows that the
Mann sequence will not always converge to a fixed point of a Lipschitz
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pseudo-contractive mapping defined even on a compact convex subset of a
Hilbert space, we show in this section that it can be used to approximate
a fixed point of the important subclass of the class of Lipschitz pseudo-
contractive maps consisting of mappings which are strictly pseudo-contractive
in the sense of Browder and Petryshyn.

We begin with the following lemma.

Lemma 10.5. Let {σn} and {βn} be sequences of non-negative real numbers
satisfying the following inequality βn+1 ≤ (1 + σn)βn, n ≥ 0. If

∑
n≥0

σn < ∞

then lim
n→∞

βn exists and if there exists a subsequence of {βn} converging to 0,
then lim

n→∞
βn = 0.

We now prove the following results.
In what follows L will denote the Lipschitz constant of T, and λ is the

constant appearing in inequality (10.3).

Lemma 10.6. Let E be a real Banach space. Let K be a nonempty closed and
convex subset of E. Let T : K → K be a strictly pseudo-contractive map in
the sense of Browder and Petryshyn with F (T ) := {x ∈ K : Tx = x} 
= ∅.
Let x∗ ∈ F (T ). For a fixed x0 ∈ K, define a sequence {xn} by

xn+1 = (1 − αn)xn + αnTxn (10.5)

where {αn} is a real sequence in [0, 1] satisfying the following conditions:

(i)
∞∑

n=1
αn = ∞, (ii)

∞∑
n=1

α2
n < ∞. Then, (a) {xn} is bounded; (b) lim ||xn−x∗||

exists for some x∗ ∈ F (T ); (c) lim inf
n→∞

‖xn − Txn‖ = 0.

Proof. Since T is strictly pseudo-contractive in the sense of Browder and
Petryshyn, we have 〈Txn − Tx∗, j(xn − x∗)〉 ≤ ‖xn − x∗‖2 − λ‖xn − x∗ −
(Txn − Tx∗)‖2. Using the recursion formula (10.5) and inequality (4.4), we
obtain that

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − 2αn〈xn+1 − x∗ + x∗ − Txn+1, j(xn+1 − x∗)〉
− 2αn〈xn − xn+1 + Txn+1 − Txn, j(xn+1 − x∗)〉
≤ ‖xn − x∗‖2 − 2αn‖xn+1 − x∗‖2

+ 2αn〈Txn+1 − x∗, j(xn+1 − x∗)〉
+ 2α2

n(1 + L)‖xn − Txn‖ ‖xn+1 − x∗‖
≤ ‖xn − x∗‖2 − 2αnλ‖xn+1 − Txn+1‖2

+ 2α2
n(1 + L)‖xn − Txn‖ ‖xn+1 − x∗‖

≤ ‖xn − x∗‖2 + 2α2
n(1 + L) ×(

‖xn − x∗‖ + L‖xn − x∗‖
)
‖xn+1 − x∗‖
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≤ ‖xn − x∗‖2 + 2α2
n(1 + L)2‖xn − x∗‖ ×[(

1 + αn(1 + L)
)
‖xn − x∗‖

]

=
[
1 + 2α2

n(1 + L)2
(
1 + αn(1 + L)

)]
‖xn − x∗‖2

≤
(
1 + Cα2

n)
)
‖xn − x∗‖2 ≤ ‖x1 − x∗‖2e

C
∞∑

n=1
α2

n
< ∞, (∗)

for some constant C > 0. Thus, {xn} is bounded and from (∗), Lemma 10.5,
and condition (ii), we obtain that lim

n→∞
‖xn − x∗‖ exists.

Furthermore,

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − 2αnλ‖xn+1 − Txn+1‖2

+ 2α2
n(1 + L)‖xn − Txn‖ ‖xn+1 − x∗‖

≤ ‖xn − x∗‖2 − 2αnλ‖xn+1 − Txn+1‖2 + α2
nM,

where M := 2(1 + L) sup(‖xn − Txn‖ ‖xn+1 − x∗‖). The last inequality now
implies that
∑

αnλ‖xn+1−Txn+1‖2 ≤
∑(

‖xn−x∗‖2−‖xn+1−x∗‖2
)

+
∑

α2
nM < ∞.

Condition (i) now implies that lim inf ‖xn+1 − Txn+1‖ = 0, completing the
proof. �


Theorem 10.7. Let E be a real Banach space. Let K be a nonempty closed
and convex subset of E. Let T : K → K be a strictly pseudo-contractive map
in the sense of Browder and Petryshyn with F (T ) := {x ∈ K : Tx = x} 
= ∅.
For a fixed x0 ∈ K, define a sequence {xn} by

xn+1 = (1 − αn)xn + αnTxn (10.6)

where {αn} is a real sequence satisfying the following conditions: (i)
∑

αn =
∞ and (ii)

∑
α2

n < ∞. If T is demicompact, then {xn} converges strongly to
some fixed point of T in K.

Proof. By lemma 10.6, lim inf
n→∞

‖xn − Txn‖ = 0. Hence, there exists a subse-

quence of {xn}, say {xnk
}, such that lim

k→∞
‖xnk

− Txnk
‖ = 0. From the fact

that T is demicompact, the continuity of T and passing to a subsequence
which we still denote by {xnk

} we obtain that {xnk
} converges to some fixed

point, say q, of T. Since lim ‖xn − q‖ exists, we have that {xn} converges
strongly to q. The proof is complete. �


Corollary 10.8 Let E be a real Banach space. Let K be a nonempty compact
and convex subset of E. Let T : K → K be a strictly pseudo-contractive map
in the sense of Browder and Petryshyn. For a fixed x0 ∈ K, define a sequence
{xn} by
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xn+1 = (1 − αn)xn + αnTxn (10.7)

where {αn} is a real sequence in (0, 1) satisfying the following conditions:
(i)

∑
αn = ∞ and (ii)

∑
α2

n < ∞. Then, {xn} converges strongly to some
fixed point of T in K.

EXERCISES 10.1

1. Let H be the complex plane and K := {z ∈ H : |z| ≤ 1}. Define T : K →
K by

T (reiθ) =
{

2rei(θ+ π
3 ), for 0 ≤ r ≤ 1

2 ,

ei(θ+ 2π
3 ), for 1

2 < r ≤ 1.

Prove that

(i) Zero is the only fixed point of T .
(ii) T is pseudo-contractive.
Let cn := 1

n+1 for all integers n ≥ 0. Define the sequence{zn} by zn+1 :=
(1 − cn)zn + cnTzn, z0 ∈ K, n ≥ 0.
(iii) Prove {zn} does not converge to zero.
(iv) Prove T is not continuous.

2. Let K be a compact convex subset of a real Hilbert space, H; T : K → K
a continuous hemi-contractive map (i.e., F (T ) := {x ∈ K : Tx = x} 
= ∅
and ||Tx − x∗||2 ≤ ||x − x∗||2 + ||x − Tx||2 ∀ x ∈ H,x∗ ∈ F (T )). Let
{an}, {bn}, {cn}, {a′

n}, {b′n} and {c′n} be real sequences in [0,1] satisfying
the following conditions:

(i) an + bn + cn = a′
n + b′n + c′n = 1∀n ≥ 1;

(ii) lim bn = lim b′n = 0;
(iii)

∑
cn < ∞;

∑
c′n < ∞;

(iv) 0 ≤ αn ≤ βn < 1,∀n ≥ 1, where αn := bn + cn;βn := b′n + c′n.
(v)

∑
αnβn = ∞;

∑
αnβnδn < ∞, where δn := ||Txn − Tyn||2.

For arbitrary x1, u1, v1 ∈ K, define the sequence {xn} iteratively by
xn+1 = anxn + bnTyn + cnun; yn := a′

nxn + b′nTxn + c′nvn, n ≥ 1, where
{un} and {vn} are arbitrary bounded sequences in K. Prove that {xn}
converges strongly to a fixed point of T .
(Hint. Chidume and Moore [145], Theorem 1).

3. Prove Lemma 10.5.
4. Let T : K → E be strictly pseudocontractive in the sense of Browder and

Petryshyn. Prove the statement made at the begining of section 10.3 that
T is Lipschitz with Lipschitz constant L := 1

λ (1 + λ).
5. Prove that in a real Hilbert space, inequalities (10.3) and (10.4) are equiv-

alent.
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10.4 Historical Remarks

Qihou [389] extended Theorem 10.1 to the slightly more general class of Lips-
chitz hemi-contractive maps. In [390] he proved that if K is a compact convex
subset of a Hilbert space and T : K → K is a continuous pseudo-contractive
map with a finite number of fixed points then the Ishikawa iteration sequence
defined by (10.1) converges strongly to a fixed point of T. Consequently, while
the Mann sequence does not converge to the fixed point of T in Example 10.2,
the Ishikawa sequence does. Chidume and Moore [145] also extended Theorem
10.1 to continuous maps under additional assumption that

∑
αnβnδn < ∞,

where δn := ||Txn − Tyn||2. Conditions similar to this had been imposed in

the literature. Reich [408] imposed the condition
∞∑

n=0
c2
n||Txn||2 < ∞ (where

{cn} is a real sequence in (0,1) satisfying appropriate conditions). Further-
more, if T is Lipschitz, then

∑
αnβnδn < ∞, for suitable choices of αn, βn

(see Chidume and Moore, [145]).
While the example of Chidume and Mutangadura [148] shows that the

Mann iteration method cannot always be used to approximate a fixed point
of Lipschitz pseudo-contractive maps even in a compact convex domain, it
has been shown in this section that for the important subclass M of the class
of Lipschitz pseudo-contractions, Mann iteration method can always be used.
Marino and Xu [321] recently proved weak convergence of the Mann process
to a fixed point of T ∈ M in a real Hilbert space. Theorem 10.7 and Corollary
10.8 yield strong convergence in arbitrary real Banach spaces. All the results
of section 10.3 are due to Chidume, Abbas and Ali [120].



Chapter 11

Approximation of Fixed Points
of Lipschitz Pseudo-contractive
Mappings

11.1 Iteration Methods for Lipschitz
Pseudo-contractions

In Chapter 10, we stated the Ishikawa iteration theorem (Theorem 10.1)
which converges strongly to a fixed point of a Lipschitz pseudo-contractive
map T defined on a compact convex subset of a Hilbert space.

It is still an open question whether or not Theorem 10.1 can be extended
to Banach spaces more general than Hilbert spaces. However, two other iter-
ation methods have been introduced and have successfully been employed to
approximate fixed points of Lipschitz pseudo-contractive mappings in certain
Banach spaces more general than Hilbert spaces.

One of these iteration processes turns out to be simpler than the Ishikawa
process and has been proved to converge to a fixed point of a Lipschitz pseudo-
contractive map in arbitrary real Banach spaces. We explore these iteration
processes in this chapter. We begin with the following definition.

Definition 11.1. (see e.g., Schu, [438]) Let αn ∈ (0,∞), μn ∈ (0, 1) for all
nonnegative integers n. Then, ({αn}, {μn}) is said to have property (A) if and
only if the following conditions hold: (i) {αn} is decreasing and {μn} is strictly
increasing; (ii) there is a sequence {βn}⊂ IN , strictly increasing such that
(a) lim

n→∞
βn (1 − μn) = ∞; (b) lim

n→∞
1−μ(n+βn)

1−μn
= 1; (c) lim

n→∞
αn−α(n+βn)

1−μn
= 0.

Then we have the following theorem.

Theorem 11.2. (Schu, [438]). Let K be a nonempty closed bounded and
convex subset of a Hilbert space H. Suppose that (i) T : K → K is pseudo-
contractive and Lipschitzian with constant L ≥ 0; (ii) {λn}n∈IN ⊂ (0, 1) with
lim

n→∞
λn = 1, {αn}n∈IN ⊂ (0, 1) with lim

n→∞
αn = 0, such that ({αn},{μn}) has

property (A), ((1 − μn)(1 − λn)−1) is bounded and lim
n→∞

α−1
n (1 − μn) = 0,

where kn = (1 + α2
n(1 + L)2)

1
2 and μn := λnk−1

n for all n ∈ IN . For arbitrary
vectors z0, w ∈ K, define, for all n ∈ IN ,

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 151
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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zn+1 = (1 − μn+1)w + μn+1yn; yn = (1 − αn)zn + αnTzn. (11.1)

Then {zn} converges strongly to the unique fixed point of T closest to w.

Unlike the Ishikawa method, Theorem 11.2 has been extended to real Banach
spaces more general than Hilbert spaces. Chidume [116] extended it to real
Banach spaces possessing weakly sequentially continuous duality maps (e.g.,
lp spaces, 1 < p < ∞). In this extension the iteration parameters αn ∈ (0,∞)
and μn ∈ (0, 1) are such that the pair ({αn}, {μn}) has the so-called property
(A). However, it is known that Lp spaces, 1 < p < ∞, p 
= 2 do not possess
weakly sequentially continuous duality maps. This leads to the following
question.

Question∗ Is it possible to construct an iterative algorithm which con-
verges to a fixed point of a Lipschitz pseudo-contractive map in Banach
spaces that include the Lp spaces, 1 < p < ∞?

A second iteration scheme for approximating fixed points of Lipschitz pseudo-
contractive mappings was implicitly introduced by Bruck [56] who actually
applied the scheme, still in Hilbert spaces, to approximate a solution of the
inclusion 0 ∈ Au, where A is an m-accretive operator, i.e., A is accretive and
R(I + λA) = H for all λ > 0.

Definition 11.3. Two real sequences {λn} and {θn} are called acceptably
paired if they satisfy the following conditions: {θn} is decreasing, lim

n→∞
θn = 0

and there exists a strictly increasing sequence {n(i)}∞i=1 of positive integers

such that (i) lim inf
i

θn(i)

n(i+1)∑
j=n(i)

λj > 0, (ii) lim
i

[θn(i) − θn(i+1)]
n(i+1)∑
j=n(i)

λj = 0,

(iii) lim
i

n(i+1)∑
j=n(i)

λ2
j = 0.

An example of acceptably paired sequences is λn = n−1, θn =
(log log n)−1, n(i) = ii (see e.g., Bruck, [56]). Nevanlinna [351] gave a
technique for constructing acceptably paired sequences.

Let H be a Hilbert space, A : H → H be an m-accretive operator with
0 ∈ R(A), the range of A. For arbitrary z ∈ H, Bruck considered the sequence
{xn} in H defined by x0 ∈ H,

xn+1 = xn − λn(Axn + θn(xn − x1)), (11.2)

and proved that if {xn} and {Axn} are bounded then {xn} converges strongly
to some x∗, solution of 0 ∈ Au, provided λn and θn are acceptably paired
sequences.
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The ideas of sequences with property (A) and acceptably paired sequences
are due to Halpern [245]. Reich [405, 409] also studied the recursion for-
mula (11.2) for Lipschitz accretive operators on real uniformly convex Ba-
nach spaces with a duality mapping that is weakly sequentially continuous at
zero but with λn and θn not necessarily being acceptably paired.

Motivated by the papers of Reich [405, 410], Chidume and Zegeye [168]
studied the following perturbation of the Mann recurrence relation to ap-
proximate fixed points of Lipschitz pseudo-contractive mappings in Banach
spaces much more general than Hilbert spaces.

Let E be a real normed space, K be a nonempty convex subset of E,
T : K → K be a Lipschitz pseudo-contractive map. For arbitrary x1 ∈ K,
let the sequence {xn} be defined iteratively by

xn+1 := (1 − λn)xn + λnTxn − λnθn(xn − x1), (11.3)

where λn and θn are real sequences in (0, 1) satisfying the following condi-
tions: (i) lim

n→∞
θn = 0; (ii) λn(1 + θn) < 1,

∑
λnθn = ∞, lim

n→∞
λn

θn
= 0; (iii)

lim
n→∞

(
θn−1

θn
−1

)
λnθn

= 0. Examples of real sequences which satisfy these conditions

are λn = 1
(n+1)a and θn = 1

(n+1)b , where 0 < b < a and a + b < 1 (see e.g.,
Reich, [405]).

For the rest of this section λn and θn will be assumed to satisfy conditions
(i) − (iii).

In what follows, we shall make use of the following lemma.

Lemma 11.4. (Reich [409], Morales and Jung [341], Takahashi and Ueda
[478]) Let K be closed convex subset of a reflexive Banach space E with
a uniformly Gâteaux differentiable norm. Let T : K → K be continuous
pseudo-contractive mapping with F (T ) 
= ∅. Suppose that every closed convex
and bounded subset of K has the fixed point property for nonexpansive self-
mappings. Then for u ∈ K, the path t → yt ∈ K, t ∈ [0, 1), satisfying,
yt = (1 − t)Tyt + tu, converges strongly to a fixed point Qu of T as t → 0,
where Q is the unique sunny nonexpansive retraction from K onto F (T ).

If, in Lemma 11.4, we have that K is bounded then the conclusion of the
lemma holds without the requirement that F (T ) 
= ∅ (see, eg., Morales and
Jung, [341]).

We note also that in Lemma 11.4 if, in addition, F (T ) 
= ∅, then {yt}
is bounded. Furthermore, if E is assumed to have a uniformly Gâteaux dif-
ferentiable norm and is such that every closed convex and bounded subset
of K has the fixed point property for nonexpansive self-mappings, then as
t → 1, the path converges strongly to a fixed point of T . In what follows,
{yn} denotes the sequence defined by yn := ytn

= tnTytn
+(1−tn)x1, where

tn = 1
1+θn

∀ n ≥ 1, guaranteed by Lemma 11.4.
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We now prove the following theorems.

Theorem 11.5. Let K be a nonempty closed convex subset of a real Banach
space E. Let T : K → K be a Lipschitz pseudo-contractive map with Lips-
chitz constant L > 0 and F (T ) 
= ∅. Let a sequence {xn} be generated from
arbitrary x1 ∈ K by

xn+1 := (1 − λn)xn + λnTxn − λnθn(xn − x1), (11.4)

for all positive integers n. Then, ||xn − Txn|| → 0 as n → ∞.

Proof. Since λn

θn
→ 0, there exists N0 > 0 such that λn

θn
≤ d := 1

2( 5
2+L)(2+L)

∀ n ≥ N0. Let x∗ ∈ F (T ) and r > 0 be sufficiently large such that xN0 ∈
Br(x∗) and x1 ∈ B r

2
(x∗). We split the proof into three parts.

(i) We prove {xn} is bounded. It suffices to show by induction that {xn}
belongs to B := Br(x∗) for all integers n ≥ N0. Now, xN0 ∈ B by construc-
tion. Hence we may assume xn ∈ B for any n > N0 and prove that xn+1 ∈ B.
Suppose xn+1 is not in B. Then ||xn+1−x∗|| > r and thus from the recursion
formula (11.4) and inequality (4.4) we get that

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2λn〈(xn − Txn) + θn(xn − x1),
j(xn+1 − x∗)〉

= ||xn − x∗||2 − 2λnθn||xn+1 − x∗||2

+2λn〈θn(xn+1 − xn) − (xn − Txn) + θn(x1 − x∗)
+(xn+1 − Txn+1)
−(xn+1 − Txn+1), j(xn+1 − x∗)〉. (11.5)

But since T is pseudo-contractive, we have 〈xn+1−Txn+1, j(xn+1−x∗)〉 ≥ 0.
Thus, (11.5) gives

||xn+1 − x∗||2 ≤ ||xn − x∗||2 − 2λnθn||xn+1 − x∗||2

+2λn〈θn(xn+1 − xn) + θn(x1 − x∗)
+(xn+1 − Txn+1) − (xn − Txn), j(xn+1 − x∗)〉

≤ ||xn − x∗||2 − 2λnθn||xn+1 − x∗||2

+2λn

[
(2 + L)||xn+1 − xn|| + θn||x1 − x∗||

]
||xn+1 − x∗||

≤ ||xn − x∗||2 − 2λnθn||xn+1 − x∗||2

+2λn

[
(2 + L)λn

(
(2 + L)||xn − x∗|| + θn||x1 − x∗||

)

+θn||x1 − x∗||
]
||xn+1 − x∗||

≤ ||xn − x∗||2 − 2λnθn||xn+1 − x∗||2

+2λn

[
λn(2 + L)

(5
2

+ L
)
r +

θn

2
r
]
||xn+1 − x∗||, (11.6)
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since xn ∈ B and x1 ∈ B r
2
(x∗). But ||xn+1 − x∗|| > ||xn − x∗||, so we

have from (11.6) that θn||xn+1 − x∗|| ≤
[
λn(2 + L)(5

2 + L)r + θn

2 r
]
, and

hence ||xn+1 − x∗|| ≤ r, since λn

θn
≤ 1

2( 5
2+L)(2+L)

∀n ≥ N0. Thus we get a
contradiction. Therefore, xn ∈ B for all positive integers n ≥ N0 and hence
the sequence {xn} is bounded.

(ii) We prove ||xn−yn|| → 0 as n → ∞. From the recursion formula (11.4)
and inequality (4.4) we have that

||xn+1 − yn||2 ≤ ||xn − yn||2 − 2λnθn〈(xn+1 − yn), j(xn+1 − yn)〉
+2λn〈θn(xn+1 − yn) − (xn − Txn) − θn(xn − x1),
j(xn+1 − yn)〉

= ||xn − yn||2 − 2λnθn||xn+1 − yn||2 + 2λn〈θn(xn+1 − xn)
+[θn(x1 − yn) − (yn − Tyn)] − [(xn+1 − Txn+1)
−(yn − Tyn)] + [(xn+1 − Txn+1) − (xn − Txn)],
j(xn+1 − yn)〉. (11.7)

Observe that by the property of yn and pseudo-contractivity of T we have
θn(x1−yn)−(yn−Tyn) = 0 and 〈(xn+1−Txn+1)−(yn−Tyn), j(xn+1−yn)〉 ≥
0 for all n ≥ 1. Thus, we have from (11.7) that

||xn+1 − yn||2 ≤ ||xn − yn||2 − 2λnθn||xn+1 − yn||2 + 2λn〈θn(xn+1 − xn)
+[(xn+1 − Txn+1) − (xn − Txn)], j(xn+1 − yn)〉

≤ ||xn − yn||2 − 2λnθn||xn+1 − yn||2

+2λn(2 + L)||xn+1 − xn||.||xn+1 − yn||
≤ ||xn − yn||2 − 2λnθn||xn+1 − yn||2

+ 2λ2
n(2 + L)||xn − Txn

+ θn(xn − x1)||.||xn+1 − yn||. (11.8)

But since F (T ) 
= ∅, by proposition 2 of [341] we have that {yn} is bounded.
Therefore, there exists M1 > 0 such that sup

n
{||xn+1 − yn||.||xn − Txn +

θn(xn − x1)||} ≤ M1. From (11.8) we get that

||xn+1 − yn||2 ≤ ||xn − yn||2 − 2λnθn||xn+1 − yn||2

+ 2λ2
n(2 + L)M1. (11.9)

Moreover, by the pseudo-contractivity of T we have that

||yn−1 − yn|| ≤ ||yn−1 − yn +
1
θn

((yn−1 − Tyn−1) − (yn − Tyn))||

≤
(θn−1

θn
− 1

)
(||yn−1|| + ||x1||). (11.10)
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Thus, from (11.9) and (11.10) we get that

||xn+1 − yn||2 ≤ ||xn − yn−1||2 − 2λnθn||xn+1 − yn||2

+M
(θn−1

θn
− 1

)
+ 2λ2

n(2 + L)M, (11.11)

for some constant M > 0. By Lemma 8.17 and the conditions on {λn} and
{θn} we get ||xn+1 − yn|| → 0. Consequently, ||xn − yn|| → 0 as n → ∞.
(iii) We prove ||xn − Txn|| → 0 as n → ∞. Since {yn} (and hence {Tyn})
is bounded, we have ||yn − Tyn|| ≤ (1 − tn)|||Tyn|| + (1 − tn)||x1|| → 0 as
n → ∞. Hence,

||xn − Txn|| ≤ ||xn − yn|| + ||yn − Tyn|| + ||Tyn − Txn||
≤ (1 + L)||xn − yn|| + ||yn − Tyn|| → 0, (11.12)

as n → ∞. This completes the proof of the theorem. �


Theorem 11.6. Let K be a nonempty closed convex subset of a real reflexive
Banach space E with a uniformly Gâteaux differentiable norm. Let T : K →
K be a Lipschitz pseudo-contractive map with Lipschitz constant L > 0 and
F (T ) 
= ∅. Suppose every closed convex and bounded subset of K has the
fixed point property for nonexpansive self-mappings. Let a sequence {xn} be
generated from arbitrary x1 ∈ K by

xn+1 := (1 − λn)xn + λnTxn − λnθn(xn − x1), ∀ n ≥ 1. (11.13)

Then, {xn} converges strongly to a fixed point of T .

Proof. As in the proof of Theorem 11.5, and using the notations of that
theorem, we get that ||xn − yn|| → 0 as n → ∞, and by Theorem 1 of [341]
(see also remarks following Lemma 11.4), we have that yn → x∗ ∈ F (T ). The
conclusion follows. �


Corollary 11.7 Let E be a real reflexive Banach space with a uniformly
Gâteaux differentiable norm. Let A : E → E be a Lipschitzian accretive
operator with Lipschitz constant L′ ≥ 0 and N(A) 
= ∅, where N(A) := {x ∈
E : Ax = 0}. Suppose every closed convex and bounded subset of E has the
fixed point property for nonexpansive self-mappings. Let a sequence {xn} be
generated from arbitrary x1 ∈ E by

xn+1 = xn − λnAxn − λnθn(xn − x1),

for all positive integers n. Then, {xn} converges strongly to a solution of the
equation Ax = 0.

Proof. Since T := (I − A) is a Lipschitz pseudo-contractive map with Lips-
chitz constant L := (L′ + 1) and the fixed point of T is the solution of the
equation Ax = 0, the conclusion follows from Theorem 11.6. �
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Corollary 11.8 Let K be a nonempty closed convex subset of a real uni-
formly smooth Banach space E. Let T : K → K be a Lipschitz pseudo-
contractive map with Lipschitz constant L ≥ 0 and F (T ) 
= ∅. Let a sequence
{xn} be generated from arbitrary x0 ∈ K by

xn+1 = (1 − λn)xn + λnTxn − λnθn(xn − x1),

for all positive integers n. Then, {xn} converges strongly to a fixed point of T .

Proof. Since every uniformly smooth Banach space is reflexive and has uni-
formly Gâteaux differentiable norm and every closed bounded convex subset
of K has the fixed point property for nonexpansive self-mappings (see e.g.,
Turett [492]), the conclusion follows from Corollary 11.7. �


Remark 11.9. In Theorem 11.6, if in addition, K is bounded, by Proposition 2
of [341], the sequence {yn} is bounded. Therefore, the condition that F (T ) 
=
∅ will not be required in the proof. Hence, we have the conclusions of Corollary
11.8 and Corollary 11.7 without the assumption that F (T ) 
= ∅.

Remark 11.10. Theorem 11.6, Corollaries 11.7 and 11.8 provide convergence
results for fixed points of Lipschitz pseudo-contractive maps in real Banach
spaces much more general than Hilbert spaces. In particular, Theorem 11.6
and Corollary 11.8 independently provide affirmative answer to Question∗.

EXERCISES 11.1

1. Verify that the sequence {xn} given by the recursion (11.4) is well defined.
2. Verify that the real sequences given by λn = 1

(n+1)a , θn = 1
(n+1)b , where

0 < b < a and a + b < 1 satisfy the conditions of Theorem 11.6.

11.2 Historical Remarks

1. Example 10.2 shows that for the iterative approximation of fixed points
of Lipschitz pseudo-contractions, the Mann iteration method does not al-
ways converge and so the Ishikawa iteration process was certainly desirable.
However, it is clear that whenever a Mann sequence converges, it is pre-
ferred to the Ishikawa process because of its simpler form. But, because the
Ishikawa method was successfully applied to approximate fixed points of
Lipschitz pseudo-contractive maps in Hilbert spaces, the following modifi-
cation of it (which we shall refer to as Ishikawa-type) was introduced: If K
is a nonempty convex subset of a real normed linear space and T : K → K
is a map, then for arbitrary x0 ∈ K, the sequence {xn} in K is defined by

xn+1 = (1 − αn)xn + αnTyn, yn = (1 − βn)xn + βnTxn, (11.14)
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n ≥ 0, where, (i) 0 ≤ αn, βn < 1 for all integers n ≥ 0; (ii) lim αn =
lim βn = 0; (iii)

∑
αn = ∞.

We emphasize the following observations:

a) The condition 0 ≤ αn ≤ βn < 1 in the Ishikawa scheme is replaced with
(i) where αn and βn are independent.

b) The condition
∑

αnβn = ∞ is replaced with condition (iii) and the
condition limαn = 0 is introduced.

It turns out, however, that if the Ishikawa-type sequence defined by (11.14)
with conditions (i)− (iii) converges, then the Mann sequence {xn} defined
by x0 ∈ K, xn+1 = (1−αn)xn + αnTxn, n ≥ 0, where, (a) 0 ≤ αn < 1 for
all integers n ≥ 0; (b) lim αn = 0, (iii)

∑
αn = ∞, converges. One simply

sets βn ≡ 0 for all integers n ≥ 0. In view of this remark and Example 10.2,
it is clear that the sequence {xn} defined by the recursion formula (11.14),
with αn and βn being independent, will not always converge to a fixed point
of Theorem 10.1. This re-asserts that the recursion formula (11.14) with
conditions (i)− (iv) where αn and βn are independent is not the Ishikawa
iteration scheme. But since the recursion formula (11.14) is that introduced
by Ishikawa, we decided to call any iteration scheme involving the formula
(11.14)with αn and βn independent, Ishikawa-type. Since the mid 1970’s,
both the Mann iteration process and the Ishikawa-type method have been
studied extensively by numerous authors in order to compare their rates of
convergence (see., e.g., Rhoades [419] and the references contained therein).
By the late 1980’s and early 1990’s, it became evident that there was no
significant difference in the rates of convergence of the two schemes. In fact,
the canonical choice of αn is αn = 1

n+1 , n ≥ 0 for the Mann process, and
for the Ishikawa process, it is αn = βn = 1√

(n+1)
. Furthermore, several

authors have recently proved that the Mann and Ishikawa-type (many
have referred to this as Ishikawa) iteration processes are equivalent for
various classes of nonlinear mappings (see e.g., [425], [426], [427], [428],
[424]). In the light of the above remarks, the conclusions obtained by these
authors confirm the equivalence of the Mann and the Ishikawa-type process
for the classes of operators they considered. However, since the Mann
sequence always converges whenever the Ishikawa-type sequence converges,
the Mann iteration process, because of its simpler form, is superior to this
Ishikawa-type method.

2. We have observed that the Ishikawa-type iteration method does not, in
general, converge to a fixed point of a Lipschitz pseudo-contractive map.
We have seen that the following three explicit iteration formulas have been
introduced and studied for approximating fixed points of Lipschitz pseudo-
contractive mappings.

(I) The iteration formula (10.1) of Theorem 10.1 which is defined by

xn+1 = (1 − αn)xn + αnTyn, yn = (1 − βn)xn + βnTxn, (11.15)



11.2 Historical Remarks 159

n ≥ 0. Here, the parameters, αn and βn can be chosen easily at the
beginning of the process as αn = βn = (n+1)−

1
2 for all n ≥ 0. Further-

more, the sequence {xn} defined by this formula has been proved to con-
verge to a fixed point of T only under the following conditions: (i)E = H
is a Hilbert space; (ii)K ⊂ H is compact and convex; (iii)T : K → K
is Lipschitz and pseudo-contractive.
(II) The iteration formula (11.1) of Theorem 11.2 defined by

zn+1 = (1 − μn+1)ω + μn+1yn;
yn = (1 − αn)zn + αnTzn, (11.16)

n ≥ 0, where the parameters ({αn}, {μn}) are required to have the so-
called Property (A). The choices of the parameters αn and μn with this
property are nontrivial. For example, if T : K → K is Lipschitz and
pseudo-contractive, where K is a nonempty closed convex and bounded
subset of a Hilbert space, one can choose αn := (n + 1)−

1
4 (L + 1)−1,

μn := 1 − (n + 1)−
1
2 .

(III) The iteration formula (11.13) of Theorem 11.6 defined by

xn+1 = (1 − λn)xn + λnTxn − λnθn(xn − x1), n ≥ 1. (11.17)

Here the parameters λn and θn can easily be chosen as λn =
1

(n+1)a , θn = 1
(n+1)b , where 0 < b < a and a + b < 1. The sequence {xn}

generated by this formula has been proved to converge to a fixed point
of T under the following setting (Theorem 11.6). (i)E is real Banach
space with a uniformly Gâteaux differentiable norm; (ii)K ⊂ E is
nonempty, closed and convex; (iii)T : K → K is Lipschitz pseudo-
contractive with F (T ) 
= ∅. (iv) Every nonempty closed convex and
bounded subset of K has the fixed point property for nonexpansive
self-mappings.

Observations

• It is easy to see that the recursion formula of Method (III) is much simpler
than the formula given in (I) or (II) and consequently, is more efficient,
requiring less computer time than the other two formulas.

• The iteration parameters λn and θn in method (III) can be chosen at the
beginning of the iteration process as easily as those in (I).

• The iteration method (III), while being simpler and superior to those of
methods (I) and (II), is also applicable in the much more general Banach
spaces considered in Theorem 11.6.

Conclusion From these observations, it is easy to draw the following con-
clusions.
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1. The study of the Ishikawa-type iteration process is no longer of interest.
The simpler Mann process which always converges whenever the Ishikawa-
type process converges is preferred.

2. The iteration process of Theorem 11.6 is superior to the Ishikawa iteration
process of Theorem 10.1 for the approximation of fixed points of Lipschitz
pseudo-contractive mappings.

Theorem 11.5 and Theorem 11.6 are due to Chidume and Zegeye [174].



Chapter 12

Generalized Lipschitz Accretive
and Pseudo-contractive Mappings

12.1 Introduction

We have seen in Chapter 11 that several convergence results have been proved
on iterative methods for approximating zeros of Lipschitz accretive-type
(or, equivalently, fixed points of Lipschitz pseudo-contractive-type) nonlin-
ear mappings. We have also seen (Chapter 9) that a natural generalization
of the class of Lipschitz mappings and the class of mappings with bounded
range is that of generalized Lipschitz mappings. In this chapter, by means of
an iteration process introduced by Chidume and Ofoedu [152], we prove con-
vergence theorems for fixed points of generalized Lipschitz pseudo-contractive
mappings in real Banach spaces.

12.2 Convergence Theorems

We first prove the following theorem.

Theorem 12.1. Let K be a nonempty closed convex subset of a real Banach
space E. Let T : K → K be a generalized Lipschitz pseudo-contractive map-
ping such that F (T ) := {x ∈ K : Tx = x} 
= ∅ . Let {αn}n≥1, {λn}n≥1

and {θn}n≥1 be real sequences in (0, 1) such that αn = o(θn), lim
n→∞

λn = 0

and λn(αn + θn) < 1. From arbitrary x1 ∈ K, let the sequence {xn}n≥1 be
iteratively generated by

xn+1 = (1 − λnαn)xn + λnαnTxn − λnθn(xn − x1), n ≥ 1. (12.1)

Then, {xn}n≥1 is bounded.

Proof. Let x∗ ∈ F (T ). If xn = x∗ for all integers n ≥ 1, then we are done. So,
let N∗ be the first integer such that xN∗ 
= x∗. Clearly, there exist N0 ≥ N∗

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 161
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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and r > 0 such that xN0 ∈ Br(x∗) := {x ∈ E : ||x−x∗|| ≤ r}, x1 ∈ B r
2
(x∗) :=

{x ∈ E : ||x − x∗|| ≤ r
2}, and for all n ≥ N0, αn < θn, λn ≤ r

8[L(1+r)+ 5
2 r]

and αn

θn
≤ r

8L[2+L(1+r)+ 9
2 r]

. It suffices to show by induction that xn belongs

to B := Br(x∗) for all integers n ≥ N0. By construction xN0 ∈ B. Assume
xn ∈ B for n > N0. We prove xn+1 ∈ B. Suppose that xn+1 is not in B.
Then ‖xn+1−x∗‖ > r. From the recursion formula (12.1) and inequality (4.4)
we have

‖xn+1 − x∗‖2 =
∣∣∣
∣∣∣xn − x∗ − λn

(
αnxn − αnTxn + θn(xn − x1)

)∣∣∣
∣∣∣
2

≤ ‖xn − x∗‖2

−2λn

〈
αn(xn − Txn) + θn(xn − x1), j(xn+1 − x∗)

〉

= ‖xn − x∗‖2 − 2λnθn‖xn+1 − x∗‖2

+2λn

〈
θn(xn+1 − xn) + θn(x1 − x∗) + αn(xn+1 − xn)

+αn(x∗ − Txn+1) − αn(x∗ − Txn), j(xn+1 − x∗)
〉

−2λnαn

〈
xn+1 − Txn+1, j(xn+1 − x∗)

〉
.

Since T is pseudo-contractive, it follows that
〈
xn+1−Txn+1, j(xn+1−x∗)

〉
≥0,

so that

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − 2λnθn‖xn+1 − x∗‖2

+2λn(θn + αn)‖xn+1 − xn‖‖xn+1 − x∗‖
+2λnθn‖x1 − x∗‖‖xn+1 − x∗‖
+2λnαnL(1 + ‖xn+1 − x∗‖)‖xn+1 − x∗‖
+2λnαnL(1 + ‖xn − x∗‖)‖xn+1 − x∗‖

≤ ‖xn − x∗‖2 − 2λnθn‖xn+1 − x∗‖2

+2λ2
n(θn + αn)

(
αnL(1 + ‖xn − x∗‖) + αn‖xn − x∗‖

+θn‖xn − x∗‖ + θn‖x1 − x∗‖
)
‖xn+1 − x∗‖

+2λnθn‖x1 − x∗‖‖xn+1 − x∗‖
+2λnαnL

(
1 + αnL(1 + ‖xn − x∗‖)

+αn‖xn − x∗‖ + θn‖xn − x∗‖

+θn‖x1 − x∗‖ + ‖xn − x∗‖
)
‖xn+1 − x∗‖

+2λnαnL(1 + ‖xn − x∗‖)‖xn+1 − x∗‖.
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Now, since ‖xn − x∗‖ ≤ ‖xn+1 − x∗‖, we have

2λnθn‖xn+1 − x∗‖ ≤ 4λ2
nθn

(
L(1 + r) +

5
2
r
)

+2λnθn
r

2
+ 2λnαnL

(
2 + L(1 + r) +

9
2
r
)
.

This implies

‖xn+1 − x∗‖ ≤ 2λn

(
L(1 + r) +

5
2
r
)

+
r

2
+

αn

θn
L
(
2 + L(1 + r) +

9
2
r
)
.

Hence, ‖xn+1−x∗‖ ≤ r
4 + r

2 + r
8 < r, a contradiction. Therefore xn ∈ B ∀ n ≥

N0 and so {xn}n≥1 is bounded. This completes the proof. �

Remark 12.2. Since {xn}n≥1 is bounded, there exists R > 0 sufficiently large
such that xn ∈ B∗ := BR(x∗) ∀ n ∈ N. Furthermore, the set K ∩ B∗ is a
bounded closed and convex nonempty subset of E. If we define a map ϕ :
E→R by ϕ(y) = μn‖xn+1−y‖2, where μn denotes a Banach limit, then, ϕ is
continuous, convex and ϕ(y) → +∞ as ‖y‖ → +∞. Thus, if E is a reflexive
Banach space, then there exists x0 ∈ K∩B∗ such that ϕ(x0) = min

y∈K∩B∗
ϕ(y).

So, the set Kmin := {x ∈ K ∩ B∗ : ϕ(x) = min
y∈K∩B∗

ϕ(y)} 
= ∅.

For the remainder of this chapter, {αn}n≥1, {λn}n≥1 and {θn}n≥1 will be as

in Remark 12.2 and additionally,
∞∑

n=1

λnθn = ∞ will be assumed.

We now prove the following theorems.

Theorem 12.3. Let E be a real reflexive Banach space with uniformly
Gâteaux differentiable norm. Let K be a nonempty closed and convex subset
of E and T : K → K be a generalized Lipschitz pseudo-contractive mapping
such that F (T ) 
= ∅. Let {xn}n≥1 be iteratively generated by x1 ∈ K,

xn+1 = (1 − λnαn)xn + λnαnTxn − λnθn(xn − x1), n ≥ 1. (12.2)

Suppose that Kmin ∩ F (T ) 
= ∅. Then, {xn}n≥1 converges strongly to some
x∗ ∈ F (T ).

Proof. Let x∗ ∈ Kmin∩F (T ) and t ∈ (0, 1). Then by the convexity of K∩B∗

we have that (1− t)x∗ + tx1 ∈ K ∩B∗. It then follows from Remark 12.2 that
ϕ(x∗) ≤ ϕ((1 − t)x∗ + tx1). Using inequality (4.4), we have that

‖xn−x∗−t(x1 − x∗)‖2 ≤ ‖xn−x∗‖2 − 2t
〈
x1 − x∗, j(xn − x∗ − t(x1 − x∗))

〉
.

Thus, taking Banach limits over n ≥ 1 gives

μn‖xn − x∗ − t(x1 − x∗)‖2 ≤ μn‖xn − x∗‖2

− 2tμn

〈
x1 − x∗, j(xn − x∗ − t(x1 − x∗))

〉
.
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This implies,

2tμn

〈
x1 − x∗, j(xn − x∗ − t(x1 − x∗))

〉
≤ ϕ(x∗) − ϕ((1 − t)x∗ + tx1) ≤ 0.

This therefore implies that μn

〈
x1 − x∗, j(xn − x∗ − t(x1 − x∗))

〉
≤ 0 ∀ n ≥ 1.

Since the normalized duality mapping is norm-to-weak∗ uniformly continuous
on bounded subsets of E, we obtain, as t → 0, that

〈
x1 − x∗, j(xn − x∗)

〉
−

〈
x1 − x∗, j(xn − x∗ − t(x1 − x∗)) → 0.

Hence, for all ε > 0, there exists δ > 0 such that ∀t ∈ (0, δ) and for all n ≥ 1,
〈
x1 − x∗, j(xn − x∗)

〉
<

〈
x1 − x∗, j(xn − x∗ − t(x1 − x∗))〉 + ε.

Consequently,

μn

〈
x1 − x∗, j(xn − x∗)

〉
≤ μn

〈
x1 − x∗, j(xn − x∗ − t(x1 − x∗)) + ε ≤ ε.

Since ε is arbitrary, we have μn

〈
x1 −x∗, j(xn −x∗)

〉
≤ 0. On the other hand,

as {xn} and {Txn} are bounded, using limλn = 0, we have that as n → ∞,

||xn+1 − xn|| ≤ λn(αn||xn|| + αn||Txn|| + θn||xn − x1||) → 0.

Therefore, from the norm-to-weak∗ uniform continuity of j on bounded sets,
we obtain that

lim
n−→∞

(〈x1 − x∗, j(xn+1 − x∗)〉 − 〈x1 − x∗, j(xn − x∗)〉) = 0.

Thus, the sequence {〈x1 − x∗, j(xn − x∗)〉} satisfies the conditions of Lemma
7.7. Hence, we obtain that

lim sup
n→∞

〈x1 − x∗, j(xn − x∗)〉 ≤ 0.

Define
εn := max {〈x1 − x∗, j(xn+1 − x∗)〉, 0}.

Then, lim εn = 0, and 〈x1 − x∗, j(xn+1 − x∗)〉 ≤ εn. Now, using inequality
(4.4), the recursion formula (12.2) and the last inequality, we obtain that

‖xn+1 − x∗‖2 = ‖xn − x∗ − λn[αnxn − αnTxn + θn(xn − x1)]‖2

≤ ‖xn − x∗‖2 − 2λn

〈
αn(xn − Txn)

+θn(xn − x1), j(xn+1 − x∗)
〉

≤ ‖xn − x∗‖2 − 2λnθn‖xn+1 − x∗‖2

+2λnθn‖xn+1 − xn‖‖xn+1 − x∗‖
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+2λnαn‖xn − Txn‖‖xn+1 − x∗‖
+2λnθn

〈
x1 − x∗, j(xn+1 − x∗)

〉

≤ ‖xn − x∗‖2 − 2λnθn‖xn+1 − x∗‖2

+(λ2
nθn + λnαn)M + 2λnθnεn.

Thus, ‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − 2λnθn‖xn+1 − x∗‖2 + σn, where σn :=
(λ2

nθn + λnαn)M + 2λnθnεn = o(λnθn) for some constant M > 0. Hence,
by Lemma 8.17, we have that the sequence {xn}n≥1 converges strongly to
x∗ ∈ F (T ). This completes the proof. �


Theorem 12.4. Let E be a real reflexive Banach space with uniformly
Gâteaux differentiable norm, A : E → E be a generalized Lipschitz accre-
tive operator such that N(A) := {x ∈ E : Ax = 0} 
= ∅. Let x1 ∈ E be fixed.
Let {xn}n≥1 be iteratively generated by

xn+1 = xn − λnαnAxn − λnθn(xn − x1), n ≥ 1. (12.3)

Suppose that Kmin ∩ N(A) 
= ∅. Then, {xn}n≥1 converges strongly to some
x∗ ∈ N(T ).

Proof. Recall that A is accretive if and only if T := I − A is pseudo-
contractive. Again, x∗ ∈ Kmin ∩ N(A) implies Ax∗ = 0. This implies
Tx∗ = x∗. Thus, Kmin ∩ F (T ) 
= ∅. Moreover, it is easy to see that T is
also generalized Lipschitz pseudo-contractive mapping. Hence, if we replace
A by (I − T ) in (12.3), then boundedness of {xn}n≥1 follows as in Theorem
12.1. The rest follows as in the proof of Theorem 12.3. This completes the
proof. �


We now give an example in which condition Kmin ∩ F (T ) 
= ∅ is easily
satisfied.

Corollary 12.5 Let E be a real Banach space with uniformly Gâteaux dif-
ferentiable norm possessing uniform normal structure. Let K be a nonempty
closed and convex subset of E and T : K → K be a nonexpansive mapping
such that F (T ) 
= ∅. Let {xn}n≥1 be iteratively generated by x1 ∈ K, xn+1 =
(1−λnαn)xn +λnαnTxn −λnθn(xn −x1), n ≥ 1. Then, {xn}n≥1 converges
strongly to x∗ ∈ F (T ).

Proof. Since E has uniform normal structure, it is reflexive. Kmin = {x ∈
K ∩ B∗ : ϕ(x) = min

y∈K∩B∗
ϕ(y)} is a nonempty, closed and convex subset of

K that has property (P). This follows as in [307] (since every nonexpansive
mapping is asymptotically nonexpansive with kn ≡ 1 < N(E)

1
2 ∀ n ∈ N).

Hence, Kmin ∩ F (T ) 
= ∅. The result therefore follows. This completes the
proof. �
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12.3 Some Applications

Following the methods of proofs used in this chapter, the following theorems
are obtained.

Theorem 12.6. Let E be a real reflexive Banach space with uniformly
Gâteaux differentiable norm. Let K be a nonempty closed and convex subset
of E and T : K → K be a generalized Lipschitz hemi-contractive mapping.
Let {xn}n≥1 be iteratively generated by x1 ∈ K,

xn+1 = (1 − λnαn)xn + λnαnTxn − λnθn(xn − x1), n ≥ 1. (12.4)

Suppose that Kmin ∩ F (T ) 
= ∅. Then, {xn}n≥1 converges strongly to some
x∗ ∈ F (T ).

Proof. Boundedness of {xn}n≥1 follows as in the proof of Theorem 12.1. The
proof of Theorem 12.6 then follows as in the proof of Theorem 12.3. �


Theorem 12.7. Let E be a real reflexive Banach space with uniformly
Gâteaux differentiable norm. Let A : E → E be a generalized Lipschitz quasi-
accretive operator. Let {xn}n≥1 be iteratively generated by x1 ∈ E,

xn+1 = xn − λnαnAxn − λnθn(xn − x1), n ≥ 1.

Suppose that Kmin ∩ N(A) 
= ∅. Then, {xn}n≥1 converges strongly to some
x∗ ∈ N(A).

Proof. The mapping A is quasi-accretive if and only if T := (I −A) is hemi-
contractive. Thus, replacing A by I − T in (12.3), the result follows as in
Theorem 12.4. �


Remark 12.8. Prototypes for the iteration parameters of the theorems of this
chapter are, for example, λn = 1

(n+1)b , αn = 1
(n+1)b and θn = 1

(n+1)a , 0 <

a < b; a + b < 1, b < 1
2 .

Remark 12.9. The addition of bounded error terms in any of the recursion
formulas (12.1), (12.2), (12.3) and (12.4) leads to no further generalization.

Remark 12.10. All the theorems in this chapter carry over trivially to the
so-called viscosity process.

12.4 Historical Remarks

We saw in Chapter 11 an iteration process studied by Chidume and Zegeye
which was used to approximate a fixed point of a Lipschitz pseudo-contractive
map in real reflexive Banach spaces with uniformly Gateaux differentiable
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norm (in particular, in Lp spaces, 1 < p < ∞). Moreover, this iteration
process seems simpler than the Ishikawa process.

In this chapter, we have studied an iteration process introduced by
Chidume and Ofoedu [152] for approximating a fixed point of a generalized
Lipschitz pseudo-contraction in real reflexive Banach spaces with uniformly
Gateaux differentiable norms. The following question is of interest.

Question Can the recursion formula (11.4) be used to approximate a fixed
point (assuming existence) of a generalized Lipschitz pseudo-contractive map-
ping in the setting of Theorem 12.3?

All the theorems of this chapter are due to Chidume and Ofoedu [152].



Chapter 13

Applications to Hammerstein Integral
Equations

13.1 Introduction

In this chapter, we shall examine iterative methods for approximating solu-
tions of important nonlinear integral equations involving accretive-type op-
erators. In particular, we examine iteration methods for solving nonlinear
integral equations of Hammerstein type.

13.2 Solution of Hammerstein Equations

Let X be a real normed linear space. In this section, we study iterative
methods for solutions of the so-called equations of Hammerstein type (see e.g.,
Hammerstein [246], Pascali and Sburlan [379], or Zeidler [549]). A nonlinear
integral equation of Hammerstein-type is one of the form:

u(x) +
∫

Ω

K(x, y)f(y, u(y))dy = h(x), (13.1)

where dy is a σ-finite measure on the measure space Ω; the real kernel K is
defined on Ω × Ω, f is a real-valued function defined on Ω × R and is, in
general, nonlinear and h is a given function on Ω. If we now define an operator
K by Kv(x) :=

∫
Ω

K(x, y)v(y)dy; x ∈ Ω, and the so-called superposition or

Nemytskii operator by Fu(y) := f(y, u(y)) then, the integral equation (13.1)
can be put in operator theoretic form as follows:

u + KFu = 0, (13.2)

where, without loss of generality, we have taken h ≡ 0. It is now obvious that
the equation (13.1) is a special case of equation Au = 0 in which A := I+KF.

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 169
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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Interest in equation (13.2) stems mainly from the fact that several problems
that arise in differential equations, for instance, elliptic boundary value prob-
lems whose linear parts possess Greens functions can, as a rule, be trans-
formed into the form (13.2) (see e.g., Pascali and Sburlan [379], Chapter IV).
Equations of Hammerstein type play a crucial role in the theory of feedback
control systems (see e.g., Dolezale [210]). Several existence and uniqueness
theorems have been proved for equations of the Hammerstein type (see e.g.,
Brezis and Browder [35, 36, 37], Browder, De Figueiredo and Gupta [49],
Browder and Gupta [50], Sh. Chepanovich [86], Deimling [199]). We have seen
that for the iterative approximation of solutions of the equation Au = 0, the
monotonicity/accretivity of A is crucial and that the Mann iteration scheme
has successfully been employed. Attempts to apply this method to equation
(13.2) have not provided satisfactory results. In particular, the recursion for-
mulas obtained involved K−1 and this is not convenient in applications (see
e.g., Chidume and Zegeye [173], [175]). Part of the difficulty is the fact that
the composition of two monotone operators need not be monotone. In the
special case in which the operators are defined on subsets D of X which
are compact, or more generally, angle-bounded (see e.g., Brezis and Browder
[35] or Browder [47] for definition), Brezis and Browder [35] have proved the
strong convergence of a suitably defined Galerkin approximation to a solution
of (13.2) (see also Brezis and Browder [37]).

In this chapter, we study a method that contains an auxiliary operator,
defined in an appropriate real Banach space in terms of K and F which,
under certain conditions, is accretive whenever K and F are, and whose
zeros are solutions of equation (13.2). Moreover, the operators K and F
need not be defined on compact or angle-bounded subset of X. Furthermore,
the method which does not involve K−1 provides an explicit algorithm for
the computation of solutions of equation (13.2). The proofs of convergence
theorems are obtained as applications of some of the theorems we have studied
in previous chapters.
Combining Theorem 5.7 and Corollary 5.8 we obtain the following theorem.

Theorem HK(Xu, [509]) Let q > 1 and X be a real Banach space.
Then the following are equivalent.

(i) X is q-uniformly smooth.
(ii) There exists a constant dq > 0 such that for all x, y ∈ X,

||x + y||q ≤ ||x||q + q〈y, jq(x)〉 + dq||y||q.

(iii) There exists a constant cq > 0 such that for all x, y ∈ X and λ ∈ [0, 1],

||(1 − λ)x + λy||q ≥ (1 − λ)||x||q + λ||y||q − wq(λ)cq||x − y||q,

where wq(λ) := λq(1 − λ) + λ(1 − λ)q.

We first prove the following important results.
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Lemma 13.1. For q > 1, let X be a real q-uniformly smooth Banach space.
Let E := X × X with norm

||z||E :=
(
||u||qX + ||v||qX

) 1
q

,

for arbitrary z = [u, v] ∈ E. Let E∗ := X∗ × X∗ denote the dual space of E.
For arbitrary x = [x1, x2] ∈ E define the map jE

q : E → E∗ by

jE
q (x) = jE

q [x1, x2] := [jX
q (x1), jX

q (x2)],

so that for arbitrary z1 = [u1, v1], z2 = [u2, v2] in E the duality pairing 〈., .〉
is given by

〈z1, j
E
q (z2)〉 = 〈u1, j

X
q (u2)〉 + 〈v1, j

X
q (v2)〉.

Then, (a) jE
q is a duality mapping on E; (b) E is q-uniformly smooth.

Proof. (a) For arbitrary x = [x1, x2] ∈ E, let jE
q (x) = jE

q [x1, x2] = ψq. Then
ψq = [jX

q (x1), jX
q (x2)] in E∗. Observe that for p > 1 such that 1

p + 1
q = 1,

||ψq||E∗ =
(
||[jX

q (x1), jX
q (x2)]||

) 1
p

=
(
||jq(x1)||pX∗ + ||jq(x2)||pX∗

) 1
p

=
(
||x1||(q−1)p

X + ||x2||(q−1)p
X

) 1
p

=
(
||x1||qX + ||x2||qX

) q−1
q

= ||x||q−1
E .

Hence, ||ψq||E∗ = ||x||q−1
E . Furthermore,

〈x, ψq〉 = 〈[x1, x2], [jX
q (x1), jX

q (x2)]〉 = 〈x1, j
X
q (x1)〉 + 〈x2, j

X
q (x2)〉

= ||x1||qX + ||x2||qX =
(
||x1||qX + ||x2||qX

) 1
q
(
||x1||qX + ||x2||qX

) q−1
q

= ||x||E .||ψ||E∗ = ||x||qE .

Hence, jE
q is a single-valued normalized duality mapping on E.

For (b), let x = [x1, x2], y = [y1, y2] be arbitrary elements of E. It suffices
to show that x and y satisfy condition (ii) of Theorem HK. We compute as
follows:

||x + y||qE = ||[x1 + y1, x2 + y2]||qE = ||x1 + y1||qX + ||x2 + y2||qX
≤ ||x1||qX + ||x2||qX + dq

(
||y1||qX + ||y2||qX

)

+q
{
〈y1, j

X
q (x1)〉 + 〈y2, j

X
q (x2)〉

}

for some constant dq > 0 (using (ii) of Theorem HK, since X is q-uniformly
smooth). It follows that ||x + y||qE ≤ ||x||qE + q〈y, jE

q (x)〉 + dq||y||qE . So, the
result follows from Theorem HK. �
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In the sequel, we shall take the norm on E := X ×X to be given by ||z||qE =
||u||qX + ||v||qX for z = [u, v] ∈ E.

Lemma 13.2. Let X be a real q-uniformly smooth Banach space. Let F,K :
X → X be maps with D(K) = F (X) = X such that the following conditions
hold: (i) For each u1, u2 ∈ X, there exists a strictly increasing function φ1 :
[0,∞) → [0,∞), φ1(0) = 0 such that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ φ1(||u1 − u2||)||u1 − u2||q−1.

(ii) For each u1, u2 ∈ X, there exists a strictly increasing function φ2 :
[0,∞) → [0,∞), φ2(0) = 0 such that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ φ2(||u1 − u2||)||u1 − u2||q−1.

(iii) (1+dq)(1+cq) ≥ 2q, where dq, cq are the constants appearing in inequal-
ities (ii) and (iii), respectively, of Theorem HK. Define a map T : E→E by

Tz := T [u, v] = [Fu − v, u + Kv], for [u, v] ∈ E.

Then, for each z1 = [u1, u2], z2 = [v1, v2] ∈ E, the following inequality holds:

〈Tz1 − Tz2, j
E
q (z1 − z2)〉 ≥ φ1(||u1 − u2||)||u1 − u2||q−1

+ φ2(||v1 − v2||)||v1 − v2||q−1.

− q−1
[
(1 + dq) −

2q

(1 + cq)

]
||z1 − z2||q

Proof. We compute as follows:

〈Tz1 − Tz2, j
E
q (z1 − z2)〉

= 〈Fu1 − Fu2, jq(u1 − u2)〉 − 〈v1 − v2, jq(u1 − u2)〉

+〈Kv1 − Kv2, jq(v1 − v2)〉 + 〈u1 − u2, jq(v1 − v2)〉

≥ φ1(||u1 − u2||)||u1 − u2||q−1 + φ2(||v1 − v2||)||v1 − v2||q−1

−〈v1 − v2, jq(u1 − u2)〉 + 〈u1 − u2, jq(v1 − v2)〉.

Since X is real q-uniformly smooth, inequality of part (iii) of Theorem HK
holds for each x, y ∈ X. Setting λ = 1

2 in this inequality yields the following
estimates:

||x + y||q ≥ 2q−1(||x||q + ||y||q) − cq||x − y||q,
||x − y||q ≥ 2q−1(||x||q + ||y||q) − cq||x + y||q,

so that

||x + y||q + ||x − y||q ≥ 2q(||x||q + ||y||q) − cq(||x + y||q + ||x − y||q),
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which yields, ∀ x, y ∈ E,

||x + y||q + ||x − y||q ≥ 2q

(1 + cq)
(||x||q + ||y||q).

Furthermore, from inequality of part (ii) of Theorem HK, replacing y by −y
we obtain the following inequality:

−〈y, jq(x)〉 ≥ q−1(||x − y||q − ||x||q − dq||y||q).

Using the above estimates, we obtain the following:

〈Tz1 − Tz2, j
E
q (z1 − z2)〉

≥ φ1(||u1 − u2||)||u1 − u2||q−1 + φ2(||v1 − v2||)||v1 − v2||q−1

+q−1
(
||v1 − v2 − (u1 − u2)||q − ||u1 − u2||q − dq||v1 − v2||q

)

+q−1
(
||v1 − v2 + (u1 − u2)||q − ||v1 − v2||q − dq||u1 − u2||q

)

= φ1(||u1 − u2||)||u1 − u2||q−1 + φ2(||v1 − v2||)||v1 − v2||q−1

+ q−1
[
||v1 − v2 + (u1 − u2)||q + ||v1 − v2 − (u1 − u2)||q

−(||u1 − u2||q + ||v1 − v2||q) − dq(||v1 − v2||q + ||u1 − u2||q)
]

≥ φ1(||u1 − u2||)||u1 − u2||q−1 + φ2(||v1 − v2||)||v1 − v2||q−1

− q−1
[
(1 + dq) −

( 2q

1 + cq

)]
||z1 − z2||q,

completing the proof of Lemma 13.2. �


Corollary 13.3 Let X be a real q-uniformly smooth Banach space. Let F,K :
X → X be maps with D(K) = F (X) = X such that the following conditions
hold: (i) For each u1, u2 ∈ X, there exists α > 0 such that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ α||u1 − u2||q.

(ii) For each u1, u2 ∈ X, there exists β > 0 such that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ β||u1 − u2||q.

(iii) (1+dq)(1+cq) ≥ 2q, where cq and dq are as in Theorem HK. Let E and
T be defined as in Lemma 13.2. Then, for z1, z2 ∈ E, the following inequality
holds:

〈Tz1 − Tz2, j
E
q (z1 − z2)〉 ≥

[
γ − q−1

[
(1 + dq) −

( 2q

1 + cq

)]]
||z1 − z2||q,
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where we assume that γ := min {α, β} > q−1
[
(1 + dq) −

(
2q

(1+cq)

)]
.

Proof. Define φ1(t) := αt; φ2(t) := βt. Then, the result follows immediately
from Lemma 13.2. �


Corollary 13.4 Let X = Lp, 2 ≤ p < ∞. Let F,K : X → X be maps
with D(K) = F (X) = X such that the following conditions hold: (i) For
each u1, u2 ∈ X, there exists a strictly increasing function φ1 : [0,∞) →
[0,∞), φ1(0) = 0 such that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ φ1(||u1 − u2||)||u1 − u2||q−1.

(ii) For each u1, u2 ∈ X, there exists a strictly increasing function φ2 :
[0,∞) → [0,∞), φ2(0) = 0 such that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ φ2(||u1 − u2||)||u1 − u2||q−1.

Define a map T : E → E by

Tz := T [u, v] = [Fu − v, u + Kv], for [u, v] ∈ E.

Then, for each z1 = [u1, u2], z2 = [v1, v2] ∈ E, the following inequality holds:

〈Tz1 − Tz2, j
E
q (z1 − z2)〉 ≥ φ1(||u1 − u2||)||u1 − u2||q−1

+ φ2(||u1 − u2||)||u1 − u2||q−1.

− q−1
[
(1 + dq) −

2q

(1 + cq)

]
||z1 − z2||q

Proof. For Lp spaces, 2 ≤ p < ∞, we note that cq = dq = (p − 1), q = 2
and so condition (iii) of Lemma 13.2 is easily satisfied. Hence, the corollary
follows. �


Corollary 13.5 Let H be a real Hilbert space. Let F,K : H → H be maps
with D(K) = F (X) = H such that conditions (i) and (ii) of Corollary 13.3
are satisfied. Let α, β > 0, E and T be defined as in Corollary 13.3. Then,
for z1, z2 ∈ E we have that

〈Tz1 − Tz2, j(z1 − z2)〉 ≥ γ||z1 − z2||2,

where γ := min{α, β}.

Proof. Since, for real Hilbert spaces, the duality mapping jE
q is the identity

map, and q = 2, dq = 1, cq = 1, the result follows from Corollary 13.3. �
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13.2.1 Convergence Theorems for Lipschitz Maps

Remark 13.6. If K and F are Lipschitzian maps with positive constants LK

and LF , respectively, then, T is a Lipschitzian map.

Indeed, if z1 = [u1, v1]), z2 = [u2, v2] in E then we have that

||Tz1 − Tz2||q

≤ (LF ||u1 − u2|| + ||v1 − v2||)q + (||u1 − u2|| + LK ||v1 − v2||)q

≤ d[Lq
F ||u1 − u2||q + ||v1 − v2||q + ||u1 − u2||q + Lq

K ||v1 − v2||q]
for some d > 0

≤ d max{Lq
F + 1, Lq

K + 1}[||u1 − u2||q + ||v1 − v2||q]
= d max{Lq

F + 1, Lq
K + 1}||z1 − z2||q,

and so T is Lipschitzian.
Consequently, we have the following theorem.

Theorem 13.7. Let X be a real q-uniformly smooth Banach space. Let F,K :
X → X be Lipschitzian maps such that D(K) = F (X) = X. Suppose the
following conditions are satisfied: (i) there exists α > 0 such that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ α||u1 − u2||q ∀ u1, u2 ∈ X.

(ii) there exists β > 0 such that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ β||u1 − u2||q ∀ u1, u2 ∈ X.

(iii) (1+dq)(1+cq) ≥ 2q, where dq, cq are the constants appearing in inequal-
ities (ii) and (iii) of Theorem HK, respectively. Assume that u + KFu = 0
has solution u∗ ∈ E. Define the map T : E → E by Tz := T [u, v] =
[Fu− v,Kv + u]. Let L be Lipschitz constant of T and ε := 1

2

(
γ

1+L(3+L−γ)

)
.

Define the map Aε : E → E by Aεz := z − εTz for each z ∈ E. For arbitrary
z0 ∈ E, define the Picard sequence {zn} in E by

zn+1 := Aεzn, n ≥ 0.

Then, {zn} converges strongly to z∗ = [u∗, v∗], the unique solution of the
equation Tz = 0, with

||zn+1 − z∗|| ≤ δn||z1 − z∗||, δ := (1 − 1
2
γε) ∈ (0, 1),

where v∗ = Fu∗ and u∗ is the solution of the equation u + KFu = 0.

Proof. Observe that u∗ is a solution of u+KFu = 0 if and only if z∗ = [u∗, v∗]
is a solution of Tz = 0 for v∗ = Fu∗. Hence Tz = 0 has a solution z∗ = [u∗, v∗]
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in E. Since T is Lipschitz and by Corollary 13.3 it is strongly accretive, the
conclusion follows from Theorem 8.14. �


Remark 13.8. For Lp spaces, 2 ≤ p<∞, we note that cq =dq = (p− 1), q = 2
and so condition (iii) of Theorem 13.7 is easily satisfied. Hence, we have the
following corollaries.

Corollary 13.9 Let X = Lp, 2 ≤ p < ∞. Let F,K : X → X be Lipschitzian
maps such that D(K) = F (X) = X. Suppose the following conditions are
satisfied: (i) there exists α > 0 such that

〈Fu1 − Fu2, j(u1 − u2)〉 ≥ α||u1 − u2||q, ∀ u1, u2 ∈ X;

(ii) there exists β > 0 such that

〈Ku1 − Ku2, j(u1 − u2)〉 ≥ β||u1 − u2||q, ∀ u1, u2 ∈ X.

Assume that u + KFu = 0 has solution u∗ ∈ E. Define the map T : E → E
by Tz := T [u, v] = [Fu − v,Kv + u]. Let L be Lipschitz constant of T and
let ε := 1

2

(
γ

1+L(3+L−γ)

)
. Define the map Aε : E → E by Aεz := z − εTz

for each z ∈ E. For arbitrary z0 ∈ E, define the Picard sequence {zn} in E
by zn+1 := Aεzn, n ≥ 0. Then, {zn} converges strongly to z∗ = [u∗, v∗], the
unique solution of the equation Tz = 0, with

||zn+1 − z∗|| ≤ δn||z1 − z∗||, δ := (1 − 1
2
γε) ∈ (0, 1),

where v∗ = Fu∗ and u∗ is the solution of the equation u + KFu = 0.

Corollary 13.10 Let H be a real Hilbert space. Let F,K : X → X be Lips-
chitzian maps such that D(K) = F (X) = H. Suppose the following conditions
are satisfied: (i) there exists α > 0 such that

〈Fu1 − Fu2, (u1 − u2)〉 ≥ α||u1 − u2||2, ∀ u1, u2 ∈ D(F );

(ii) there exists β > 0 such that

〈Ku1 − Ku2, (u1 − u2)〉 ≥ β||u1 − u2||2, ∀ u1, u2 ∈ D(K).

Assume that u + KFu = 0 has solution u∗ ∈ E. Define the map T : E → E
by Tz := T [u, v] = [Fu − v,Kv + u]. Let L be Lipschitz constant of T and
let ε := 1

2

(
γ

1+L(3+L−γ)

)
. Define the map Aε : E → E by Aεz := z − εTz

for each z ∈ E. For arbitrary z0 ∈ E, define the Picard sequence {zn} in E
by zn+1 := Aεzn, n ≥ 0. Then, {zn} converges strongly to z∗ = [u∗, v∗], the
unique solution of the equation Tz = 0, with

||zn+1 − z∗|| ≤ δn||z1 − z∗||, δ := (1 − 1
2
γε) ∈ (0, 1),

where v∗ = Fu∗ and u∗ is the solution of the equation u + KFu = 0.
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13.2.2 Convergence Theorems for Bounded Maps

Theorem 13.11. Let X be a real q-uniformly smooth Banach space. Let
F,K : X → X be maps with D(K) = F (X) = X. Let F,K be bounded
maps such that the following conditions hold: (i) For each u1, u2 ∈ X, there
exists a strictly increasing function φ1 : [0,∞) → [0,∞), φ1(0) = 0 such that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ φ1(||u1 − u2||)||u1 − u2||q−1.

(ii) For each u1, u2 ∈ X, there exists a strictly increasing function φ2 :
[0,∞) → [0,∞), φ2(0) = 0 such that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ φ2(||u1 − u2||)||u1 − u2||q−1.

(iii) (1+dq)(1+cq) ≥ 2q where dq, cq are the constants appearing in inequal-
ities (ii) and (iii) of Theorem HK, respectively. Assume that 0 = u + KFu
has a solution u∗ in X. Define the map T : E → E by Tz := T [u, v] =
[Fu − v, u + Kv]. Let {αn} be a real sequence satisfying the following con-
ditions: (i) lim

n→∞
αn = 0; (ii)

∑
αn = ∞. Then, for arbitrary z0 ∈ E,

there exists d0 > 0 such that if 0 < αn ≤ d0, the sequence {zn}, defined
by zn+1 := zn − αnTzn, n ≥ 0, converges strongly to z∗ = [u∗, v∗], where
v∗ = Fu∗ and u∗ is the unique solution of 0 = u + KFu.

Proof. Observe that since K and F are bounded maps we have that T is a
bounded map. Observe also that u∗ is the solution of 0 = u + KFu in X,
if and only if z∗ = [u∗, v∗] is a solution of 0 = Tz in E for v∗ = Fu∗. Thus
we obtain that N(T ) (null space of T) 
= ∅. Also by Lemma 13.2, T is φ−
strongly accretive. Therefore the conclusion follows from Corollary 8.27. �


Following the method of proof of Theorem 13.11 and making use of
Corollary 13.9 we obtain the following theorem.

Theorem 13.12. Let X be a real q-uniformly smooth Banach space. Let
F,K : X → X be maps with D(K) = F (X) = X. Let F,K be bounded
maps such that the following conditions hold: (i) For each u1, u2 ∈ X, there
exists α > 0 such that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ α||u1 − u2||q.

(ii) For each u1, u2 ∈ X, there exists β > 0 such that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ β||u1 − u2||q.

(iii) (1+dq)(1+cq) ≥ 2q where dq, cq are the constants appearing in inequal-
ities (ii) and (iii) of Theorem HK, respectively. Assume that 0 = u + KFu
has a solution u∗. Let E, T and {zn} be defined as in Theorem 13.11. Then,
the conclusion of Theorem 13.11 holds.
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Corollary 13.13 Let X = Lp, (1 < p < ∞), and F,K : X → X be maps
with D(K) = F (X) = X. Let K,F be bounded maps such that (i) and (ii)
of Theorem 13.12 hold. Assume that 0 = u + KFu has solution u∗. Let E, T
and {zn} be defined as in Theorem 13.12. Then, the conclusion of Theorem
13.12 holds.

Proof. The proof follows from Theorem 13.12 with Remark 13.8. �
.

Corollary 13.14 Let H be real Hilbert space. Let F and K be as in Corollary
13.13. Assume that 0 = u+KFu has solution u∗. Let E, T and {zn} be defined
as in Corollary 13.13. Then the conclusion of Corollary 13.13 holds.

Proof. The proof follows from Corollary 13.13 with p = 2. �


13.2.3 Explicit Algorithms

The method of our proofs provides the following explicit algorithms for com-
puting the solution of the equation 0 = u + KFu in the space X.

(a) For Lipschitz operators (Theorem 13.7, Corollary 13.9 and
Corollary 13.10) with initial values u0, v0 ∈ X, define the sequences {un}
and {vn} in X as follows:

un+1 = un − ε
(
F (un) − vn

)
;

vn+1 = vn − ε
(
K(vn) + un

)
,

where ε is as defined in this theorem and the corollaries. Then un → u∗ in X,
the unique solution u∗ of 0 = u + KFu with v∗ = Fu∗, where ε is as defined
in Theorem 13.7

(b) For bounded operators (Theorem 13.11, Theorem 13.12, Corollary
13.13 and Corollary 13.14) with initial values u0, v0 ∈ X, define the sequences
{un} and {vn} in X as follows:

un+1 = un − αn

(
Fun − vn

)
;

vn+1 = vn − αn

(
Kvn + un

)
,

where αn is as defined in these theorems and corollaries. Then un → u∗ in X,
the unique solution u∗ of 0 = u+KFu with v∗ = Fu∗, where αn is as defined
in Theorem 13.11.
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13.3 Convergence Theorems with Explicit Algorithms

In this section, we give direct proofs that the explicit algorithms of the last
sub-section defined in the space X converges to a solution of the Hammer-
stein equation. For the remainder of this chapter, cq and dq will denote the
constants appearing in Theorem HK.

13.3.1 Some Useful Lemmas

Lemma 13.15. (Chidume and Djitte, [137]) Let q > 1 and X be a real
q-uniformly smooth Banach space. Then, for all x, y ∈ X we have the follow-
ing inequality:

‖x + y‖q + ‖x − y‖q ≥ 2q

1 + cq

(
‖x‖q + ‖y‖q

)
. (13.3)

Proof. This has been proved as part of the proof of Lemma 13.2.

We observe that in Lp spaces, 2 ≤ p < ∞, cp = dq = p− 1 and q = 2. So, the
following corollary is immediate.

Corollary 13.16 Let E = Lp, 2 ≤ p < ∞. Then for all x, y ∈ E, we have:

‖x + y‖2 + ‖x − y‖2 ≥ 4
p

(
‖x‖2 + ‖y‖2

)
. (13.4)

Lemma 13.17. Assume that X is a real q-uniformly smooth Banach space,
q > 1. Let x1, x2, y1, y2 be points in X. Then, we have the following estimate:

A(x1, x2, y1, y2) := 〈y1 − y2, jq(x1 − x2)〉 − 〈x1 − x2, jq(y1 − y2)〉

≤ (1 + cq)(1 + dq) − 2q

q(1 + cq)

(
‖x1 − x2‖q

X + ‖y1 − y2‖q
X

)
.

Proof. Since X is real q-uniformly smooth, inequality of part (ii) of Theorem
HK holds for each x, y ∈ X. Replacing y by −y in this inequality yields the
following estimate:

〈y, jq(x)〉 ≤ 1
q

(
‖x‖q

X + dq‖y‖q
X − ‖x − y‖q

X

)
. (13.5)

From (13.5), it follows that

〈y1 − y2, jq(x1 − x2)〉 ≤
1
q

(
‖x1 − x2‖q

X + dq‖y1 − y2‖q
X

)
(13.6)

−1
q

(
‖(x1 − x2) − (y1 − y2)‖q

X

)
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and, similarly,

〈x1 − x2, jq(y2 − y1)〉 ≤
1
q

(
‖y1 − y2‖q

X + dq‖x1 − x2‖q
X

)
(13.7)

−1
q

(
‖(x1 − x2) + (y1 − y2)‖q

X

)
.

Using (13.3), (13.6) and (13.7), we obtain:

A(x1, x2, y1, y2) ≤
1
q
(1 + dq)

(
‖x1 − x2‖q

X + ‖y1 − y2‖q
X

)

−1
q

(
‖(x1 − x2) + (y1 − y2)‖q

X +‖(x1 − x2) − (y1 − y2)‖q
X

)

≤ (1 + cq)(1 + dq)−2q

q(1 + cq)

(
‖x1 − x2‖q

X + ‖y1−y2‖q
X

)
.

�


13.3.2 Convergence Theorems with Coupled Schemes
for the Case of Lipschitz Maps

For q > 1, let X be a real q- uniformly smooth Banach space and F,K :X→X
be maps with D(K) = F (K) = X such that the following conditions hold:
(i) F is Lipschitzian with constant LF and there exists a positive constant
α > 0 such that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ α‖u1 − u2‖q
X ∀ u1, u2 ∈ X; (13.8)

(ii) K is Lipschitzian with constant LK and there exists a positive constant
β > 0 such that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ β‖u1 − u2‖q
X ∀ u1, u2 ∈ X; (13.9)

(iii) (1 + cq)(1 + dq) ≥ 2q, γ >
γq

q , where γq :=
[
(1+cq)(1+dq)−2q

]
1+cq

,

L := max{LF , LK}, γ := min{α, β}, δq := d2
qL + dqL + q

q′ dqL + dq and
q′ is the Holder’s conjugate of q.

With these notations, we prove the following theorem.

Theorem 13.18. Let {un} and {vn} be sequences in X defined as follows:

u0 ∈ X, un+1 = un − ε(Fun − vn), n ≥ 1;
v0 ∈ X, vn+1 = vn − ε(Kvn + un), n ≥ 1; (13.10)
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with

0 < ε < min
{ 1

Λq
,

(
qγ

λ0δq

) 1
q−1 }

, Λq :=
1

qγ(λ0−1)
λ0

− γq

,

where λ0 is any number such that λ0 > qγ/
[
qγ − γq

]
and the symbols have

their usual meanings. Assume that u + KFu = 0 has a solution u∗. Then,
{un} converges to u∗ in X, {vn} converges to v∗ in X and u∗ is the unique
solution of u + KFu = 0 with v∗ = Fu∗.

Proof. Let E := X × X with the norm ‖z‖E = (‖u‖q
X + ‖v‖q

X)1/q where
z = (u, v). E is clearly a Banach space. Define the sequence {wn} in E by
wn = (un, vn). It suffices to show that {wn} is Cauchy in E. Let n,m ∈ N.
We compute as follows:

‖wn+1 − wm+1‖q = ‖un+1 − um+1‖q
X + ‖vn+1 − vm+1‖q

X .

From Theorem HK, it follows that

‖un+1 − um+1‖q
X = ‖un − um + ε(Fum − Fn + vn − vm)‖q

X

≤ ‖un − um‖q
X + εq〈Fum − Fun + vn − vm, jq(un − um)〉

+ εqdq‖Fun − Fum + vn − vm‖q
X

≤ ‖un − um‖q
X − εq〈Fun − Fum, jq(un − um)〉

+εq〈vn − vm, jq(un − um)〉 + εqdq‖vn − vm‖q
X

+ εqd2
q‖Fum−Fun‖q

X +qεqdq〈Fum−Fun, jq(vn−vm)〉.

Using (13.8) and the Lipschitz condition, we obtain the following estimates:

‖un+1 − um+1‖q
X ≤ ‖un − um‖q

X − αεq‖un − um‖q
X + εqd2

qL
q‖un − um‖q

X

+ εqdq‖vn − vm‖q
X + qεqdq〈Fum − Fun, jq(vn − vm)〉

+ qε〈vn − vm, jq(un − um)〉.

Using Schwartz and Minkowsky inequalities and the fact that ‖jq(x)‖ =
‖x‖q−1 we obtain

〈Fum − Fun, jq(vn − vm)〉 ≤ L‖um − um‖X‖vn − vm‖q−1
X ,

which implies

〈Fum − Fun, jq(vn − vm)〉 ≤ L

q
‖un − um‖q

X +
L

q′
‖vn − vm‖q

X ,

where q′ is the Holder’s conjugate of q. Finally we have
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‖un+1 − um+1‖q
X ≤

(
1 − αqε + Lqd2

qε
q + Ldqε

q
)
‖un − um‖q

X

+
(

q

q′
dqLεq + dqε

q

)
‖vn − vm‖q

X

+ qε〈vn − vm, jq(un − um)〉.

Using the same arguments as above, we obtain the following estimate:

‖vn+1 − vm+1‖q
X ≤

(
1 − βqε + Lqd2

qε
q + Ldqε

q
)
‖vn − vm‖q

X

+
(

q

q′
dqLkεq + dqε

q

)
‖un − um‖q

X

+ qε〈un − um, jq(um − un)〉,

which implies that

‖wn+1 − wm+1‖q
X ≤ (1 − γqε + εqδq) ‖wn − wm‖q

X + qεAnm, (13.11)

where Anm := 〈vn − vm, jq(un − um)〉 − 〈un − um, jq(vn − vm)〉. Therefore,
using Lemma 13.17, we have

‖wn+1 − wm+1‖q
X ≤

[
1 − ε

(qγ(λ0 − 1)
λ0

− γq

)]
‖wn − wm‖q

X . (13.12)

Observing that ε
(

qγ(λ0−1)
λ0

− γq

)
∈ (0, 1), it follows that {wn} is Cauchy in

E and so it converges to (u∗, v∗) satisfying v∗ = Fu∗ and u∗ + KFu∗ = 0.
This completes the proof. �

Corollary 13.19 Suppose X = Lp, 2 ≤ p < γ+

√
γ2 + 4. Let F,K : X → X

be Lipschitzian maps and D(K) = F (X) = X with conditions (13.8) and
(13.9) where γ := min{α, β}. Assume that u + KFu = 0 has a solution u∗.
Then, {un} defined by (13.10) converges to u∗ in X, {vn} converges to v∗ in
X and u∗ is the unique solution of u + KFu = 0 with v∗ = Fu∗.

Proof. Since Lp spaces, 2 ≤ p < ∞, are q-uniformly smooth spaces with
q = 2 and cq = dq = p − 1 then, γq = 1

p (p2 − 4) so that γ >
γq

q becomes
γ > 1

2p (p2 − 4) which is clearly satisfied. Hence, conditions (iii) preceding
Theorem 13.18 are easily satisfied. The proof follows from Theorem 13.18.

In a real Hilbert space, cp = dq = 1, q = 2 and so (1 + cq)(1 + dq) ≥ 2q is
satisfied. Moreover, γq = 0 so that γ >

γq

q reduces to γ > 0. We then have
the following corollary.

Corollary 13.20 Let H be a real Hilbert space and F,K : H → H be maps
with D(K) = F (K) = H such that the following conditions hold: (i) F is
Lipschitzian with constant LF and there exists a positive constant α > 0
such that

〈Fu1 − Fu2, u1 − u2〉 ≥ α‖u1 − u2‖2
H ∀ u1, u2 ∈ H; (13.13)
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(ii) K is Lipschitzian with constant LK and there exists a positive constant
β > 0 such that

〈Ku1 − Ku2, u1 − u2〉 ≥ β‖u1 − u2‖2
H ∀ u1, u2 ∈ H; (13.14)

Let L := max{LF , LK}, γ := min{α, β}. Let {un} and {vn} be sequences in
H defined as follows:

u0 ∈ X, un+1 = un − ε(Fun − vn), n ≥ 1;

v0 ∈ X, vn+1 = vn − ε(Kvn + un), n ≥ 1;
(13.15)

with ε ∈
(
0, γ

(3L+1)

)
. Assume that u + KFu = 0 has a solution u∗. Then,

{un} converges to u∗ in H, {vn} converges to v∗ in H and u∗ is the unique
solution of u + KFu = 0 with v∗ = Fu∗.

Proof. The proof follows from Corollary 13.19 with p = 2, γ0 = 2.

13.3.3 Convergence in Lp, 1 < p ≤ 2

We observe that in Lp spaces, 1 < p < 2, the condition γ >
γq

q is not easy to
verify because cq and dq are not known precisely, so, in this section we use a
different tool to obtain the conclusions of the last sub-section in these spaces.
We begin with the following lemmas.

Lemma 13.21. Let E = Lp, 1 < p ≤ 2, we have the following inequalities
(see, e.g. Bynum [61]).

(p − 1)‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x)〉 + ‖y‖2 ∀x, y ∈ E. (13.16)

‖x + y‖2 + ‖x − y‖2 ≥ 2‖x‖2 + 2(p − 1)‖y‖2 ∀x, y ∈ E. (13.17)

As a consequence of (13.16) and (13.17), following the method of the last
sub-section, we have the following:

Lemma 13.22. Let E = Lp, 1 < p ≤ 2. Let x1, x2, y1, y2 be points in E.
Then we have the following estimate:

A(x1, x2, y1, y2) := 〈y1 − y2, j(x1 − x2)〉 + 〈x1 − x2, j(y2 − y1)〉

≤ p(2 − p)
(
‖x1 − x2‖2

X + ‖y1 − y2‖2
X

)
.

Using Lemma 13.22, we now prove the following theorem.
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Theorem 13.23. Let X = Lp, 1 +
√

1 − γ < p ≤ 2, and F,K : X → X with
D(K) = F (K) = X be maps such that the following conditions hold: (i) F
is Lipschitzian with constant LF and there exists a positive constant α > 0
such that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ α‖u1 − u2‖2
X ∀ u1, u2 ∈ D(F ); (13.18)

(ii) K is Lipschitzian with constant LK and there exists a positive constant
β > 0 such that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ β‖u1 − u2‖2
X ∀ u1, u2 ∈ D(K). (13.19)

(iii) Let γ := min{α, β}. Let {un} and {vn} be sequences in X defined as
follows:

u0 ∈ X, un+1 = un − ε(Fun − vn), n ≥ 1;

v0 ∈ X, vn+1 = vn − ε(Kvn + un), n ≥ 1;
(13.20)

with

0 < ε < min
{ 1

Λp
,

(
pγ

λ0δp

) 1
p−1 }

, Λp :=
1

pγ(λ0−1)
λ0

− p2(2 − p)
,

where λ0 is any number such that λ0 > γ/
[
γ − p(2 − p)

]
and δp is as in

the definition preceding Theorem 13.18 (with q replaced by p). Assume that
u + KFu = 0 has a solution u∗. Then, {un} converges to u∗ in X, {vn}
converges to v∗ in X and u∗ is the unique solution of u + KFu = 0 with
v∗ = Fu∗.

Proof. Using the same arguments as in the proof of Theorem 13.18, we have:

‖wn+1 − wm+1‖2
X ≤ (1 − γpε + εpδp) ‖wn − wm‖2

X + pεAnm, (13.21)

which implies that

‖wn+1 − wm+1‖2
X ≤

[
1 − ε

(
pγ − p2(2 − p) − εp−1δp

)]
×

||wn − wm||2X . (13.22)

Observing that ε
(
pγ − p2(2 − p) − εp−1δp

)
∈ (0, 1), it follows that {wn} is

Cauchy in E and so it converges to (u∗, v∗). This completes the proof. �
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13.4 Coupled Scheme for the Case of Bounded
Operators

We prove the following results.

13.4.1 Convergence Theorems

For q > 1, let X be a real q- uniformly smooth Banach space and F,K :X→X
be maps with D(K) = F (K) = X such that the following conditions hold:
(i) F is bounded and there exists a positive constant α > 0 such that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ α‖u1 − u2‖q
X ∀ u1, u2 ∈ X; (13.23)

(ii) K is bounded and there exists a positive constant β > 0 such that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ β‖u1 − u2‖q
X ∀ u1, u2 ∈ X; (13.24)

(iii) (1 + cq)(1 + dq) ≥ 2q, γ := min{α, β} >
δq

q , where δq :=[
(1+cq)(1+dq)−2q

]
1+cq

. With these assumptions, we prove the following theorem.

Theorem 13.24. Let {un} and {vn} be sequences in X defined iteratively
from arbitrary points u1, v1 ∈ X as follows:

un+1 = un − αn(Fun − vn), n ≥ 1;
vn+1 = vn − αn(Kvn + un), n ≥ 1; (13.25)

where {αn} is a positive sequence satisfying lim αn = 0,
∑

αn = ∞ and∑
αq

n < ∞. Assume that u + KFu = 0 has a solution u∗. Then, there exists
a constant d0 > 0 such that if 0 < αn ≤ d0, {un} converges to u∗ in X, {vn}
converges to v∗ in X and u∗ is the unique solution of u + KFu = 0 with
v∗ = Fu∗.

Proof. Let E := X × X with the norm ‖z‖E = (‖u‖q
X + ‖v‖q

X)1/q where
z = (u, v). Define the sequence {wn} in E by : wn := (un, vn). Let u∗ ∈ X be
the solution of u + KFu = 0, v∗ := Fu∗ and w∗ := (u∗, v∗). We observe that
u∗ = −Kv∗. It suffices to show that {wn} converges to w∗ in E. For this, let
r > 0 be sufficient large such that w1 ∈ B(w∗, r). Define B := B(w∗, r). Since
F and K are bounded, we set M1 := sup{‖Fx−y‖X : (x, y) ∈ B} < ∞ and
M2 := sup{‖Ky + x‖X : (x, y) ∈ B} < ∞. Let M := (Mq

1 + Mq
2 )1/q. Set

d0 := min
{ 1

qγ − δq
,
(qγ − δq

2M2dq
rq

) 1
q−1

}
.
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Step1. The sequence {wn} is bounded in E. Indeed, it suffices to show that
wn is in B for all n ≥ 1. The proof is by induction. By construction, w1 ∈ B.
Suppose that wn ∈ B. We prove that wn+1 ∈ B. Assume for contradiction
that wn+1 /∈ B. Then, we have ‖wn+1 − w∗‖E > r. We compute as follows:

‖wn+1 − w∗‖q = ‖un+1 − u∗‖q
X + ‖vn+1 − v∗‖q

X .

From (5.10), it follows that

‖un+1 − u∗‖q
X = ‖un − u∗ − αn(Fun − vn)‖q

≤ ‖un−u∗‖q
X−qαn〈Fun−vn, jq(un−u∗)〉+dqα

q
n‖Fun−vn‖q

X

≤ ‖un − u∗‖q
X − qαn〈Fun − vn, jq(un − u∗)〉 + dqα

q
nMq

1 .

Observing that

〈Fun − vn, jq(un − u∗)〉 = 〈Fun − Fu∗, jq(un − u∗)〉 − 〈vn − v∗, jq(un − u∗)〉

and using (13.23), we have the following estimate:

‖un+1 − u∗‖q
X ≤

[
1 − qγαn

]
‖un − u∗‖q

X + dqα
q
nMq

1

+qαn〈vn − v∗, jq(un − u∗)〉.

Following the same argument, we have

‖vn+1 − v∗‖q
X ≤

[
1 − qγαn

]
‖vn − v∗‖q

X + dqα
q
nMq

2

+qαn〈u∗ − un, jq(vn − v∗)〉.

Thus, we obtain,

‖wn+1 − w∗‖q
X ≤

[
1 − qγαn

]
‖wn − w∗‖q

X + dqM
qαq

n

+ qαn

(
〈vn − v∗, jq(un − u∗)〉 − 〈un − u∗, jq(vn − v∗)〉

)
.

Therefore, using Lemma 13.17, we have,

‖wn+1 − w∗‖q
X ≤

[
1 − αn

(
qγ − δq

)]
‖wn − w∗‖q

X + dqM
qαq

n

<
[
1 − αn

(
qγ − δq

)]
rq + dqM

qαq
n

<
[
1 − αn

(qγ − δq

2

)]
rq.

Observing that αn

(
qγ−δq

2

)
∈ (0, 1), it follows that ‖wn+1 − w∗‖q

X < rq, a
contradiction. Therefore wn+1 ∈ B. Thus, by induction, {wn} is bounded
and so are {un} and {vn}.
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Step 2. We now prove that {wn} converges to w∗ in E. Following the same
method of computations as in step 1, we obtain the following inequality:

‖wn+1 − w∗‖q
X ≤

[
1 − αn

(
qγ − δq

)]
‖wn − w∗‖q

X + dqM
qαq

n.

Observing that αn

(
qγ − δq

)
∈ (0, 1),

∑
αn = ∞ and

∑
αq

n < ∞, it follows
from Lemma 6.34 that {wn} converge to w∗ in E. This completes the proof.

�


Corollary 13.25 Suppose X = Lp, 2 ≤ p ≤ γ+
√

γ2 + 4. Let F,K : X → X
be bounded maps and D(K) = F (X) = X with conditions (13.23) and (13.24)
where γ := min{α, β}. Assume that u + KFu = 0 has a solution u∗. Then,
there exists a constant d0 > 0 such that if 0 < αn ≤ d0, {un} defined by
(13.25) converges to u∗ in X, {vn} converges to v∗ in X and u∗ is the unique
solution of u + KFu = 0 with v∗ = Fu∗.

Proof. Since Lp spaces, 2 ≤ p ≤ γ +
√

γ2 + 4, are q-uniformly smooth spaces
with q = 2 and cq = dq = p − 1 then, conditions (iii) preceding Theorem
13.24 are easily satisfied. The proof follows from Theorem 13.24. �


In a real Hilbert space, cp = dq = 1, q = 2 and so (1 + cq)(1 + dq) ≥ 2q is
satisfied. Moreover, δq = 0 so that γ >

δq

q reduces to γ > 0. We then have
the following corollary.

Corollary 13.26 Let H be a real Hilbert space and F,K : H → H be maps
with D(K) = F (K) = H such that the following conditions hold: (i) F is
bounded and there exists a positive constant α > 0 such that

〈Fu1 − Fu2, u1 − u2〉 ≥ α‖u1 − u2‖2
H ∀ u1, u2 ∈ H; (13.26)

(ii) K is bounded and there exists a positive constant β > 0 such that

〈Ku1 − Ku2, u1 − u2〉 ≥ β‖u1 − u2‖2
H ∀ u1, u2 ∈ H; (13.27)

Let {un} and {vn} be sequences in H defined iteratively from arbitrary points
u1, v1 ∈ H as follows:

un+1 = un − αn(Fun − vn), n ≥ 1;
vn+1 = vn − αn(Kvn + un), n ≥ 1; (13.28)

where {αn} is a positive sequence satisfying lim αn = 0,
∑

αn = ∞ and∑
α2

n < ∞, where γ := min{α, β}. Assume that u + KFu = 0 has a solution
u∗. Then there exists a constant d0 > 0 such that if 0 < αn ≤ d0, {un}
converges to u∗ in H, {vn} converges to v∗ in H and u∗ is the unique solution
of u + KFu = 0 with v∗ = Fu∗.

Proof. The proof follows from Corollary 13.25 with p = 2.
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13.4.2 Convergence for Bounded Operators
in Lp Spaces, 1 < p ≤ 2

We observe that in Lp spaces, 1 < p < 2, the condition γ >
δq

q is not easy
to verify since cq and dq are not know precisely. So, in this section we use a
different tool to obtain the conclusions of the last sub-section in these spaces.
We begin with the following theorem.
Theorem 13.27. Let X = Lp, 1 +

√
1 − γ < p ≤ 2 and F,K : X → X with

D(K) = F (K) = X be maps such that the following conditions hold:

(i) F is bounded and there exists a positive constant α > 0 such that

〈Fu1 − Fu2, j(u1 − u2)〉 ≥ α‖u1 − u2‖2
X ∀ u1, u2 ∈ D(F ); (13.29)

(ii) K is bounded and there exists a positive constant β > 0 such that

〈Ku1 − Ku2, j(u1 − u2)〉 ≥ β‖u1 − u2‖2
X ∀ u1, u2 ∈ D(K). (13.30)

(iii) Let γ := min{α, β}. Let {un} and {vn} be sequences in X defined iter-
atively from arbitrary points u1, v1 ∈ X as follows:

un+1 = un − αn(Fun − vn), n ≥ 1;
vn+1 = vn − αn(Kvn + un), n ≥ 1; (13.31)

where {αn} is a positive sequence satisfying lim αn = 0,
∑

αn = ∞ and∑
α2

n < ∞. Assume that u + KFu = 0 has a solution u∗. Then, there
exists a constant d0 > 0 such that if 0 < αn ≤ d0, {un} converges to
u∗ in X, {vn} converges to v∗ in X and u∗ is the unique solution of
u + KFu = 0 with v∗ = Fu∗.

Proof. Using the same arguments as in the proof of Theorem 13.24, we obtain
the following estimate:

‖wn+1 − w∗‖2
X ≤

[
1 − αn

(
2γ − 2p(2 − p)

)]
‖wn − w∗‖2

X

+Mα2
n, (13.32)

for some constant M > 0. It follows from Lemma 6.34 that {wn} converges
to w∗. This completes the proof. �


13.4.3 Convergence Theorems for Generalized
Lipschitz Maps

Clearly, every generalized Lipschitz map is bounded. So, we obtain the fol-
lowing corollaries.
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Corollary 13.28 Let X be a q−uniformly smooth Bancah space, q > 1 and
F,K : X → X with D(K) = F (K) = X be maps such that the following
conditions hold:
(i) F is generalized Lipschitz and there exists a positive constant α > 0 such
that

〈Fu1 − Fu2, jq(u1 − u2)〉 ≥ α‖u1 − u2‖q
X ∀ u1, u2 ∈ D(F ); (13.33)

(ii) K is generalized Lipschitz and there exists a positive constant β > 0 such
that

〈Ku1 − Ku2, jq(u1 − u2)〉 ≥ β‖u1 − u2‖q
X ∀ u1, u2 ∈ D(K). (13.34)

(iii) Assume γ := min{α, β} >
δq

q .
Let {un} and {vn} be sequences in X defined iteratively from arbitrary points
u1, v1 ∈ X as follows:

un+1 = un − αn(Fun − vn), n ≥ 1;
vn+1 = vn − αn(Kvn + un), n ≥ 1; (13.35)

where {αn} is a positive sequence satisfying lim αn = 0,
∑

αn = ∞ and∑
αq

n < ∞. Assume that u + KFu = 0 has a solution u∗. Then, there exists
a constant d0 > 0 such that if 0 < αn ≤ d0, {un} converges to u∗ in X, {vn}
converges to v∗ in X and u∗ is the unique solution of u + KFu = 0 with
v∗ = Fu∗.

Corollary 13.29 Let X = Lp, 1+
√

1 − γ < p ≤ 2, and F,K : X → X with
D(K) = F (K) = X be maps such that the following conditions hold:
(i) F is generalized Lipschitz and there exists a positive constant α > 0 such
that

〈Fu1 − Fu2, j(u1 − u2)〉 ≥ α‖u1 − u2‖2
X ∀ u1, u2 ∈ D(F ); (13.36)

(ii) K is generalized Lipschitz and there exists a positive constant β > 0 such
that

〈Ku1 − Ku2, j(u1 − u2)〉 ≥ β‖u1 − u2‖2
X ∀ u1, u2 ∈ D(K). (13.37)

(iii)Let γ := min{α, β}. Let {un} and {vn} be sequences in H defined itera-
tively from arbitrary points u1, v1 ∈ H as follows:

un+1 = un − αn(Fun − vn), n ≥ 1;
vn+1 = vn − αn(Kvn + un), n ≥ 1; (13.38)

where {αn} is a positive sequence satisfying lim αn = 0,
∑

αn = ∞ and∑
α2

n < ∞. Assume that u + KFu = 0 has a solution u∗. Then there exists
a constant d0 > 0 such that if 0 < αn ≤ d0, {un} converges to u∗ in H, {vn}
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converges to v∗ in H and u∗ is the unique solution of u + KFu = 0 with
v∗ = Fu∗.

Corollary 13.30 Let X = Lp, 2 ≤ p < γ +
√

γ2 + 4, and F,K : X → X
with D(K) = F (K) = X be maps such that the following conditions hold:
(i) F is generalized Lipschitz and there exists a positive constant α > 0 such
that

〈Fu1 − Fu2, j(u1 − u2)〉 ≥ α‖u1 − u2‖2
X ∀ u1, u2 ∈ D(F ); (13.39)

(ii) K is generalized Lipschitz and there exists a positive constant β > 0 such
that

〈Ku1 − Ku2, j(u1 − u2)〉 ≥ β‖u1 − u2‖2
X ∀ u1, u2 ∈ D(K). (13.40)

(iii)Let γ := min{α, β}. Let {un} and {vn} be sequences in H defined itera-
tively from arbitrary points u1, v1 ∈ H as follows:

un+1 = un − αn(Fun − vn), n ≥ 1;
vn+1 = vn − αn(Kvn + un), n ≥ 1; (13.41)

where {αn} is a positive sequence satisfying lim αn = 0,
∑

αn = ∞ and∑
α2

n < ∞. Assume that u + KFu = 0 has a solution u∗. Then there exists
a constant d0 > 0 such that if 0 < αn ≤ d0, {un} converges to u∗ in H, {vn}
converges to v∗ in H and u∗ is the unique solution of u + KFu = 0 with
v∗ = Fu∗.

Remark 13.31. A mapping A : E → E is called strongly quasi-accretive if
N(A) := {x ∈ E : Ax = 0} 
= ∅ and

〈Ax − Ap, jq(x − p)〉 ≥ k||x − p||q ∀ x ∈ E, p ∈ N(A).

It is trivial to see that all the theorems of this chapter carry over to this class
of mappings. Furthermore, the addition of bounded error terms to any of the
recursion formulas of this chapter leads to no generalization.

13.5 Remarks and Open Questions

Remark 13.32. Theorem 13.27 and Corollary 13.29 are valid in Lp spaces
where 1 +

√
1 − γ < p ≤ 2. Without loss of generality, we may assume that

γ ∈ (0, 1]. Observe that if γ = 1 then the theorem and the corollary hold in
all Lp spaces, 1 < p ≤ 2.

Open question 1. Do Theorem 13.27 and Corollary 13.29 hold in Lp spaces
for all p such that 1 < p ≤ 2?
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Open question 2. Do Corollaries 13.25 and 13.30 hold in Lp spaces for all
p such that 2 ≤ p < ∞?

EXERCISES 13.1

1. Find an example to show that the composition of two monotone operators
need not be monotone.

13.6 Historical Remarks

All the results of Sections 13.1 and 13.2 are due to Chidume and Zegeye [170].
The results of Sections 13.3 and 13.4 are due to Chidume and Djitte [137],
[138].



Chapter 14

Iterative Methods for Some
Generalizations of Nonexpansive Maps

14.1 Introduction

Some generalizations of nonexpansive mappings which have been studied
extensively include the (i) quasi-nonexpansive mappings; (ii) asymptotically
nonexpansive mappings; (iii) asymptotically quasi-nonexpansive mappings .

For the past 30 years or so, iterative algorithms for approximating fixed
points of operators belonging to subclasses of these classes of nonlinear map-
pings and defined in appropriate Banach spaces have been flourishing areas
of research for many mathematicians. For the classes of mappings mentioned
here in (i) to (iii), we show in this chapter that modifications of the Mann
iteration algorithm and of the Halpern-type iteration process studied in chap-
ter 6 can be used to approximate fixed points (when they exist).

14.2 Iteration Methods for Asymptotically
Nonexpansive Mappings

14.2.1 Modified Mann Process

In this section, we examine the class of nonlinear asymptotically nonexpansive
mappings which was introduced by Goebel and Kirk [231] (see also Kirk [282],
Bruck et al. [60]) and which has been studied extensively by various authors.
We begin with the following definition.

Definition 14.1. Let K be a nonempty subset of a normed linear space E.
A mapping T : K → K is called asymptotically nonexpansive (Goebel and
Kirk, [231]) if there exists a sequence {kn}, kn ≥ 1, such that lim

n→∞
kn = 1,

and ||Tnx − Tny|| ≤ kn||x − y|| holds for each x, y ∈ K and for each integer

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 193
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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n ≥ 1. The mapping T : K → K is called asymptotically nonexpansive in the
intermediate sense (Bruck, et al. [60]) provided T is uniformly continuous and

lim sup
n→∞

{
sup

x,y∈K
(‖Tnx − Tny‖ − ‖x − y‖)

}
≤ 0.

It is clear that every nonexpansive mapping is asymptotically nonexpansive.
The following example shows that the inclusion is proper.

Example 14.2. (Goebel and Kirk, [230, 231]) Let B denote the unit ball in
the Hilbert space l2 and let U be defined as follows:

U : (x1, x2, x3, ...) → (0, x2
1, a2x2, a3x3, ...),

where {ai} is a sequence of numbers such that 0 < ai < 1 and
∞∏

i=2

ai = 1
2 .

Then, U is Lipschitzian and ||Ux − Uy|| ≤ 2||x − y||, x, y ∈ B; moreover,

||U ix − U iy|| ≤ 2
i∏

j=2

aj ||x − y|| ∀ i = 2, 3, ....

Thus, lim
i→∞

ki = lim
i→∞

2
i∏

j=2

aj = 1. Clearly, U is not nonexpansive.

Two other definitions of asymptotically nonexpansive maps have also ap-
peared in the literature. A definition weaker than Definition 14.1 was intro-
duced in 1974 by Kirk [282] and requires that

lim sup
n→∞

sup
y∈K

(||Tnx − Tny|| − ||x − y||) ≤ 0,

for every x ∈ K, and that TN be continuous for some integer N > 1. The
definition of mappings which are asymptotically nonexpansive in the inter-
mediate sense is somewhat between this definition of Kirk and that of Goebel
and Kirk, [231]. The other definition which has appeared required that

lim sup
n→∞

(||Tnx − Tny|| − ||x − y||) ≤ 0 ∀ x, y ∈ K.

This, however, has been shown to be unsatisfactory from the point of view of
fixed point theory. Tingly [489] constructed an example of a closed bounded
convex set K in a Hilbert space and a continuous map T : K → K which
actually satisfies the following condition lim

n→∞
||Tnx − Tny|| = 0, ∀ x, y ∈ K

but which has no fixed point. The averaging iteration process xn+1 :=
(1 − αn)xn + αnTnxn where T : K → K is asymptotically nonexpansive
in the sense of Definition 14.1, K is a closed convex and bounded subset of a
Hilbert space was introduced by Schu [435]. He considered the following it-
eration scheme: E = H, a Hilbert space, K is a nonempty closed convex and
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bounded subset of H, T : K → K is completely continuous and asymptoti-
cally nonexpansive; for each x0 ∈ K, xn+1 := (1 − αn)xn + αnTnxn, n ≥ 0,
where

∑
(k2

n−1) < ∞ and {αn} is a real sequence satisfying appropriate con-
ditions. He proved that {xn} converges strongly to a fixed point of T . This
result has been extended to uniformly convex Banach spaces in the following
theorems.

Theorem 14.3. (Rhoades, [421]) Let E be uniformly convex and K be a
nonempty closed convex and bounded subset of E. Suppose T : K → K is
completely continuous and asymptotically nonexpansive; for each x0 ∈ K, let
{xn} be defined as follows:

xn+1 = (1 − αn)xn + αnTnxn, n ≥ 0,

where
∑

(kr
n − 1) < ∞, for some r > 1, ε ≤ 1 − αn ≤ 1 − ε for all positive

integer n and some ε > 0. Then lim ||xn − Txn|| = 0.

Proof. Set d = [dim(K)]p. From [231], Theorem 1, T has a fixed point x∗ in
K, with r such that K ⊆ Br, it follows from inequality (4.32) that

||xn+1 − x∗||p ≤ αn||Tnxn − x∗||p + (1 − αn)||xn − x∗||p

−Wp(αn)g(||xn − Tnxn||)
≤ αnkp

n||xn − x∗||p + (1 − αn)||xn − x∗||p

−Wp(αn)g(||xn − Tnxn||)
≤ ||xn − x∗||p + αn(kp

n − 1)d
− Wp(αn)g(||xn − Tnxn||). (14.1)

Note that Wp(αn) ≥ 2εp+1. Thus, from (14.1),

0 ≤ 2εp+1g(||xn − Tnxn||) ≤ ||xn − x∗||p − ||xn+1 − x∗|| + αnd(kp
n − 1),

and hence

2εp+1
m∑

n=0

g(||xn − Tnxn||) ≤ ||x0 − x∗||p + (1 − ε)d
m∑

n=0

(kp
n − 1),

which implies, from the hypothesis on {kn}, that the series in the left
converges. Therefore lim g(||xn − Tnxn||) = 0 which, since g is continu-
ous at 0 and strictly increasing, implies that lim ||xn − Tnxn|| = 0. That
lim ||xn − Txn|| = 0 now follows from [435], Lemma 1.2. �


Theorem 14.4. (Rhoades, [421]) Let E be uniformly convex and K be a
nonempty closed convex and bounded subset of E. Suppose T : K → K is
completely continuous and asymptotically nonexpansive; for each x0 ∈ K, let
{xn} be defined as follows:

xn+1 = (1 − αn)xn + αnTnxn, n ≥ 0,
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where
∑

(kr
n − 1) < ∞, r := max{2, p} and ε ≤ αn ≤ 1 − ε for all positive

integer n and some ε > 0. Then, {xn} converges strongly to some fixed point
of T .

Proof. From the assumption it follows that Ω := co({x1}
⋃

T (K)) is a com-
pact subset of K containing {xn} where co denotes closed convex hull. Hence,
there exist an x ∈ K and some subsequence {xni

} of {xn} which converges
strongly to x. But T is continuous and lim ||xn −Txn|| = 0 by Theorem 14.3.
Thus Tx = x. This implies that

||xn+1 − x|| ≤ αn||Tn(xn) − Tn(x)|| + (1 − αn)||xn − x||

≤ (αnkn + (1 − αn))||xn − x||

≤ kn||xn − x||

for all n ∈ N. Since
∞∏

n=1
kn converges and lim xni

= x, this is easily seen to

ensure that the whole sequence {xn} converges to x. �


The following theorem was proved by Chang. (It is a special case of the
“sufficiency” part of Theorem 2.2 of [71]).

Theorem 14.5. (Chang, [71]). Let E be a real uniformly smooth Banach
space, K be a nonempty bounded closed convex subset of E, T : K → K
be an asymptotically nonexpansive mapping with a sequence {kn} ⊂ (0,∞),
lim kn = 1, and let F (T ) := {x ∈ K : Tx = x} 
= ∅. Let {αn}
and {βn} be real sequences in [0, 1] satisfying the following conditions: (i)
αn→0, βn→0, (n → ∞); (ii)

∑
αn = ∞. Let x0 ∈ K be arbitrary and let

{xn}, {yn} be defined iteratively by

xn+1 := (1 − αn)xn + αnTnyn,

yn = (1 − βn)xn + βnTnxn, n ≥ 0.

Suppose there exists a strictly increasing function φ : [0,∞)→ [0,∞), φ(0)=0
such that

〈Tyn − x∗, j(yn − x∗)〉 ≤ kn||yn − x∗||2 − φ(||yn − x∗||)

for all integers n ≥ 0. Then, xn → x∗ ∈ F (T ).

For other results concerning the strong convergence of successive approxima-
tions to some fixed point of asymptotically nonexpansive mappings, we refer
the reader to Chidume([117, 119]), Chidume and Ofoedu ([164]), Chang et al.
[79], Chidume and Zegeye ([172], [177]), Chidume et al. ([180], [178]), Kaczor
et al. [282], Oka [222], Osilike and Aniagboso [373], Passty [380], Tan and Xu
([484], [485], [488]), and the references contained therein.
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Weak convergence theorems have also been proved for asymptotically non-
expansive mappings. In particular, we have the following theorem.

Theorem 14.6. (Lim and Xu, [307]) Suppose E is a Banach space with a
weakly sequentially continuous duality mapping, K is a weakly compact convex
subset of E, and T : K → K is an asymptotically nonexpansive mapping.
Then, the following conclusions hold: (i) T has fixed point in K, and (ii) if
T is weakly asymptotically regular at some x ∈ K, that is, w − lim(Tnx −
Tn+1x) = 0, then {Tnx} converges weakly to a fixed point of T .

Remark 14.7. For other results concerning the weak convergence of successive
approximations to fixed points of asymptotically nonexpansive mappings, we
refer the reader to Gornicki [239, 240], Qihou [390, 391], and the references
contained therein.

Bruck et al. [60] proved a convergence theorem for mappings which are asymp-
totically nonexpansive in the intermediate sense (see also, Chidume et al.,
[164]).

14.2.2 Iteration Method of Schu

Our next algorithm for approximating fixed points of asymptotically nonex-
pansive mappings deals with the convergence of almost fixed points, xn :=
μnTnxn of an asymptotically nonexpansive mappings T . Schu [440] proved
the convergence of this sequence {xn} to some fixed point of T , under the ad-
ditional assumption that T is uniformly asymptotically regular and (I −T ) is
demiclosed. These assumptions had actually been made by Vijayaraju [497] to
ensure the existence of a fixed point for T . By strengthening the asymptotic
regularity condition on T , Schu established the convergence of an explicit
iteration scheme, zn+1 := μn+1T

nzn to some fixed point of T .

Definition 14.8. Let {εn} ⊂ (0,∞) and {μn} ⊂ (0, 1). Then ({εn}, {μn})
is called admissible ([434, 439]) if and only if (1){εn} is decreasing; (2){μn}
is strictly increasing with lim μn = 1; (3) there exists {βn} ⊂ IN such that
(i){βn} is increasing; (ii) lim βn(1 − μn) = ∞; (iii) lim (1−μn+βn )

(1−μn) = 1 and

(iv) lim εnβnμn+βn

(1−μn) = 0.

Theorem 14.9. (Schu, [439]) Let E be a reflexive smooth Banach space pos-
sessing a duality map that is weakly sequentially continuous at 0; ∅ 
= K ⊂ E
closed bounded and starshaped with respect to 0; T : K → K asymptot-
ically nonexpansive with sequence {kn} ⊂ [1,∞); (I − T ) demiclosed and
{λn} ⊂ ( 1

2 , 1);

x0 ∈ K, zn+1 :=
(λn+1

kn+1

)
Tnzn for n ≥ N0, some N0 > 0;
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and (a) lim λn = 1, μn := λn

kn
for all integers n ≥ N , kn ≤ λ2

n

2λn−1 ; (1−μn)
(1−λn)

bounded; εn ∈ (0,∞) such that ({εn}, {μn}) is admissible. (b) ||Tnx −
Tn+1x|| ≤ εn for all integers n ≥ 1 and for all x ∈ K. Then, {xn} con-
verges strongly to some fixed point of T .

14.2.3 Halpern-type Process

Let E be a real uniformly smooth Banach space, K be a nonempty bounded
closed convex subset of E, and T : K → K be a nonexpansive mapping.
Then, for a fixed u ∈ K and each integer n ≥ 1, by the Banach Contraction
Mapping Principle, there exists a unique xn ∈ K such that

xn =
1
n

u + (1 − 1
n

)Txn. (14.2)

It follows immediately from this equation that lim ||xn − Txn|| = 0. One of
the most useful results concerning algorithms for approximating fixed points
of nonexpansive mappings in real uniformly smooth Banach spaces is the
celebrated convergence theorem of Reich [401] who proved that the implicit
sequence {xn} defined in equation (14.2) actually converges strongly to a
fixed point of T . Several authors have tried to obtain a result analogous to
that of Reich [401] for asymptotically nonexpansive mappings. Suppose K is a
nonempty bounded closed convex subset of a real uniformly smooth Banach
space E and T : K → K is an asymptotically nonexpansive mapping with
sequence kn ≥ 1 for all n ≥ 1. Fix u ∈ K and define, for each integer n ≥ 1,
the contraction mapping Sn : K → K by

Sn(x) =
(
1 − tn

kn

)
u +

tn
kn

Tnx,

where {tn} ⊂ [0, 1) is any sequence such that tn → 1. Then, by the Banach
Contraction Mapping Principle, there exists a unique point xn fixed by Sn,
i.e., there exists xn such that

xn =
(
1 − tn

kn

)
u +

tn
kn

Tnxn. (14.3)

The question now arises as to whether or not this sequence converges to a
fixed point of T . A partial answer is given in the following theorem.

Theorem LX (Lim and Xu, [307]) Let E be a uniformly smooth Banach
space, K be a nonempty closed convex and bounded subset of E, T : K → K
be an asymptotically nonexpansive mapping with sequence {kn} ⊂ [1,∞).
Fix u ∈ K and let {tn} ⊂ [0, 1) be chosen such that lim

n→∞
tn = 1 and
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lim
n→∞

kn − 1
kn − tn

= 0. Then, (i) for each integer n ≥ 0, there is a unique xn ∈ K

such that
xn =

(
1 − tn

kn

)
u +

tn
kn

Tnxn;

suppose in addition that lim
n→∞

‖xn − Txn‖ = 0, then, (ii) the sequence {xn}n

converges strongly to a fixed point of T.

Chidume et al. [143] extended Theorem LX to reflexive Banach spaces
with uniformly Gâteaux differentiable norms. As an application, they proved
that the explicit sequence {zn}n≥0 iteratively generated by

z1 ∈ K, zn+1 =
(
1 − tn

kn

)
u +

tn
kn

Tnzn, n ≥ 1,

converges strongly to a fixed point of the asymptotically nonexpansive map-
ping T.

We now have the following theorems.

Theorem 14.10. (Chidume, Li and Udomene, [143]) Let E be a real Ba-
nach space with uniformly Gâteaux differentiable norm possessing uniform
normal structure, K be a nonempty closed convex and bounded subset of
E, T : K→K be an asymptotically nonexpansive mapping with sequence
{kn} ⊂ [1,∞). Let u ∈ K be fixed and let {tn} ⊂ (0, 1) be such that

lim
n→∞

tn = 1 and lim
n→∞

kn − 1
kn − tn

= 0. Then, (i) for each integer n ≥ 1, there is

a unique xn ∈ K such that

xn =
(
1 − tn

kn

)
u +

tn
kn

Tnxn;

and if in addition lim
n→∞

‖xn − Txn‖ = 0, then, (ii) the sequence {xn}n con-
verges strongly to a fixed point of T.

Theorem 14.11. (Chidume, Li and Udomene, [143]) Let E be a real Banach
space with uniformly Gâteaux differentiable norm possessing uniform normal
structure, K be a nonempty closed convex and bounded subset of E, T :K→K
be an asymptotically nonexpansive mapping with sequence {kn} ⊂ [1,∞).
Let u ∈ K be fixed and let {tn} ⊂ (0, 1) be such that lim

n→∞
tn = 1 and

lim
n→∞

kn − 1
kn − tn

= 0. Define the sequence {zn}n iteratively by z1 ∈ K,

zn+1 =
(
1 − tn

kn

)
u +

tn
kn

Tnzn, n ≥ 1.

Then, (i) for each integer n ≥ 1, there is a unique xn ∈ K such that



200 14 Iterative Methods for Some Generalizations of Nonexpansive Maps

xn =
(
1 − tn

kn

)
u +

tn
kn

Tnxn;

and if in addition lim
n→∞

‖xn −Txn‖ = 0, ‖zn −Tnzn‖ = o
(
1− tn

kn

)
then, (ii)

the sequence {zn}n converges strongly to a fixed point of T.

In [453], the authors proved the following theorems.

Theorem 14.12. (Shioji and Takahashi, [453], Theorem 1). Let K be a
closed convex subset of a uniformly convex Banach space whose norm is uni-
formly Gâteaux differentiable and let T be an asymptotically nonexpansive
mapping from K into itself such that the set F (T ) of fixed points of T is
nonempty. Then, F (T ) is a sunny nonexpansive retract of K.

Theorem 14.13. (Shioji and Takahashi, [453], Theorem 2). Let K be a
closed convex subset of a uniformly convex Banach space whose norm is
uniformly Gâteaux differentiable and let T be an asymptotically nonexpan-
sive mapping from K into itself with Lipschitz constants {kn} such that
the set of fixed points of T is nonempty and let P be the sunny nonexpan-
sive retraction from K onto F (T ). Let {αn} be a real sequence such that

0 < αn < 1; lim αn = 0, lim bn−1
αn

< 1, where bn := 1
n+1

n∑
j=0

kj , n = 0, 1.2, ....

Let u be an element of K and let {xn} be the unique point of K which satisfies

xn = αnu + (1 − αn)
1

n + 1

n∑
j=0

T jxn, for n ≥ N0,

where N0 is a sufficiently large number. Then, {xn} converges strongly to
Pu ∈ F (T ).

14.3 Asymptotically Quasi-nonexpansive Mappings

In Chapter 6, we introduced the class of quasi-nonexpansive mappings which
includes the class of nonexpansive maps with fixed points as a proper subclass.

In this section, we introduce a class of nonlinear mappings more general
than the class of quasi-nonexpansive mappings and more general than the
class of asymptotically nonexpansive mappings with fixed points and prove
convergence theorems.

Definition 14.14. Let K be a nonempty subset of a normed linear space,
E. A mapping T : K → K is called asymptotically quasi-nonexpansive if
F (T ) 
= ∅ and there exists un ∈ [0,∞), lim un = 0 such that for all integers
n ≥ 0, the following inequality holds:

||Tnx − x∗|| ≤ (1 + un)||x − x∗|| ∀x ∈ K, x∗ ∈ F (T ).
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It is clear from this definition that every asymptotically nonexpansive map-
ping with a fixed point is asymptotically quasi-nonexpansive.

Petryshyn and Williamson [382] proved a necessary and sufficient condition
for a Mann iteration algorithm to converge strongly to a fixed point of a
quasi-nonexpansive mapping. In [118], Chidume proved general convergence
theorems for asymptotically quasi-nonexpansive mappings.

We begin by proving the following lemmas. The method of proof is basi-
cally that of Qihou [393].

Lemma 14.15. Let K be a nonempty closed convex subset of a real Banach
space, and let T : K → K be an asymptotically quasi-nonexpansive mapping
of K with sequence {un}. Let {xn} be defined iteratively by

x0 ∈ K, xn+1 := (1 − αn)xn + αnTnxn, (14.4)

where (i)0 < αn < 1, (ii)
∞∑

n=1
αn < ∞. Then, there exist an integer N1 > 0

and some constant M > 0 such that for all n ≥ N1, the following inequalities
hold:
(a) ||xn+1 − x∗|| ≤ (1 + Dαn)||xn − x∗||, D = sup un,
(b) ||xn+m − x∗|| ≤ M ||xn − x∗||.
Proof. For (a): Since T is asymptotically quasi-nonexpansive, F (T ) 
= ∅.
From (14.4),

||xn+1 − x∗|| = ||(1 − αn)(xn − x∗) + αn(Tnxn − Tnx∗)||
≤

[
1 − αn + αn(1 + un)

]
||xn − x∗||

≤
[
1 + Dαn

]
||xn − x∗||.

For (b): Let n,m ≥ N1 and replace n in (a) by n+m−1 to get the following
estimates:

||xn+m − x∗|| ≤ (1 + Dαn+m−1)||xn+m−1 − x∗||

≤ exp
(
D

n+m−1∑
j=n

αj

)
||xn − x∗||

≤ M ||xn − x∗||,

where M := exp(D
∞∑

j=1

αj) > 0. This completes the proof. �


Lemma 14.16. Let an ≥ 0, σn ≥ 0 be such that

an+1 ≤ (1 + αn)an + σn.

If (a)
∞∑

n=1
αn < ∞; (b)

∞∑
n=1

σn < ∞; and (c) lim inf
n→∞

an = 0, then lim
n→∞

an = 0.
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We now prove the following theorems.

Theorem 14.17. Let K be a nonempty closed convex subset of a real Banach
space E, and let T : K → K be an asymptotically quasi-nonexpansive self-
mapping of K. For arbitrary x0 ∈ K, let {xn} be iteratively defined as follows:

xn+1 = (1 − αn)xn + αnTnxn,

where (i)0 < αn < 1; (ii)
∞∑

n=1
αn < ∞. Then, {xn} converges strongly to a

fixed point of T if and only if lim inf
n→∞

d(xn, F (T )) = 0, where d(y,K) denotes

the distance of y to the set K, i.e. d(y,K) := inf
x∈K

d(y, x).

Proof. Necessity. We basically use the technique of Qihou [393]. Let
x∗ ∈ F (T ). By Lemma 14.15(a) we have that, (using D = supun),
||xn+1 − x∗|| ≤ (1 + Dαn)||xn − x∗||. This implies that, d(xn+1, F (T )) ≤
(1 + Dαn)d(xn, F (T )). But lim inf

n→∞
d(xn, F (T )) = 0. So, by Lemma 14.15,

lim
n→∞

d(xn, F (T )) = 0. This completes the proof of the necessity.

Sufficiency. First we prove that the sequence is Cauchy. By condition (ii) and
lim

n→∞
d(xn, F (T )) = 0, given any ε > 0, there exists an integer N∗ > N1 such

that d(xn, F (T )) ≤ ε
2(M+1) ∀n ≥ N∗. This implies, there exists, x∗ ∈ F (T )

such that ||xn −x∗|| ≤ ε
2(M+1) ∀n ≥ N∗. Then ∀n ≥ N∗ and integers m ≥ 1,

using Lemma 14.15(b), we obtain that

||xn+m − xn|| ≤ ||xn+m − x∗|| + ||xn − x∗|| ≤ M ||xn − x∗|| + ||xn − x∗||

<
Mε

2(M + 1)
+

ε

2(M + 1)
< ε.

Hence, {xn} is Cauchy. Completeness of E implies xn→y∗ for some y∗∈E.
But clearly y∗ ∈ K. We now prove y∗ ∈ F (T ). Let ε̃ > 0 be given. Since
xn → y∗, there exists an integer N2 > 0 such that ||xn−y∗|| < ε̃

2(2+u1)
, ∀n ≥

N2. Also, lim
n→∞

d(xn, F (T )) = 0 implies there exists an integer N∗
1 ≥ N∗ ≥

N2 > 0 such that for all n ≥ N∗
1 , d(xn, F (T )) < ε̃

2(2+u1)
. In particular,

d(xN∗
1
, F (T )) < ε̃

2(2+u1)
. Hence there exists p∗ ∈ F (T ) such that ||xN∗

1
−p∗|| ≤

ε̃
2(2+u1)

. Then, for all n ≥ N∗
1 ,

||Ty∗ − y∗|| ≤ ||Ty∗ − p∗|| + ||xN∗
1
− p∗||

+||xN∗
1
− y∗||

≤ (1 + u1)||y∗ − p∗|| + ||xN∗
1
− p∗|| + ||xN∗

1
− y∗||

≤ (1 + u1)||y∗ − xN∗
1
|| + (1 + u1)||xN∗

1
− p∗||

+||xN∗
1
− p∗|| + ||xN∗

1
− y∗||
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≤ (2 + u1)||y∗ − xN∗
1
|| + (2 + u1)||xN∗

1
− p∗||

≤ (2 + u1)
ε̃

2(2 + u1)
+ (2 + u1)

ε̃

2(2 + u1)
= ε̃.

Hence Ty∗ = y∗. The proof is complete. �


Corollary 14.18 Let K be a nonempty closed convex subset of a real Banach
space E, and let T : K → K be a quasi-nonexpansive mapping of K. For
arbitrary x0 ∈ K, let {xn} be iteratively defined as follows:

xn+1 := (1 − αn)xn + αnTnxn,

where {αn} satisfies (i) and (ii) of Theorem 14.17. Then, {xn} converges
strongly to a fixed point of T if and only if lim inf

n→∞
d(xn, F (T )) = 0.

Corollary 14.19 Let K be a nonempty closed convex subset of a real Banach
space E, and let T :K→K be an asymptotically nonexpansive mapping of K.
For arbitrary x0 ∈ K, let {xn} be iteratively defined as follows:

xn+1 := (1 − αn)xn + αnTnxn,

where {αn} satisfies (i) and (ii) of Theorem 14.17. Then, {xn} converges
strongly to a fixed point of T if and only if lim inf

n→∞
d(xn, F (T )) = 0.

Corollary 14.20 Let K be a nonempty closed convex subset of a real Ba-
nach space E, and let T : K → K be an asymptotically quasi-nonexpansive
mapping of K. For arbitrary x0 ∈ K, let {xn} be iteratively defined as follows:

xn+1 := (1 − αn)xn + αnTnxn,

where {αn} satisfies (i) and (ii) of Theorem 14.17. Suppose T satisfies the
following conditions: (i) T is asymptotically regular at x0 i.e., lim ||xn −
Txn|| = 0; (ii) lim

n→∞
||zn − Tzn|| = 0 implies lim inf

n→∞
d(zn, F (T )) = 0 for any

sequence {zn} in K. Then, {xn} converges strongly to a fixed point of T .

Proof. Conditions (i) and (ii) imply lim inf
n→∞

d(zn, F (T )) = 0. The result fol-
lows from Theorem 14.17. �


EXERCISES 14.1

1. Prove that the sequence {αn} defined by

αn :=
{

n− 1
2 , if n is odd ,

(n− 1
2 − 1)−1, if n is even
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satisfies the condition lim
n→∞

1
αn

(|αn−1 − αn|) = 0, but does not satisfy
∞∑

n=0
|αn+1 − αn| < ∞.

2. Show that the map U defined in Example 14.2 is not nonexpansive.
3. Prove Lemma 14.16.

14.4 Historical Remarks

The theorems of Section 14.3 are due to Chidume [118]. Further results on
approximation of fixed points of mappings in subclasses of the class of asymp-
totically quasi-nonexpansive mappings can be found in the numerous papers
that have been published on methods of approximating fixed points of such
mappings (see e.g., Al’ber et al. [6], Bose [34], Chang et al. [81, 84, 73, 82],
Chidume and Zegeye [171], Cho et al. [187], Eshita et al [220], Falset et al.
[222], Gu et al. [243], Kaczor [267], Nishiura et al. [354], Oka [362], Rhoades
[429], Shahzad and Udomene [444, 445], Shioji and Takahashi [451, 452, 453],
Takahashi and Zembayashi [479, 480], Sun [458], Tan and Xu [484, 485, 488],
Wang [498] and the references contained therein). However, examples of
asymptotically nonexpansive mappings which are not nonexpansive are still
difficult to find in applications. It is certainly of interest to find or construct
such examples.



Chapter 15

Common Fixed Points for Finite
Families of Nonexpansive Mappings

15.1 Introduction

Markov ([320])(see also Kakutani [270]) showed that if a commuting family
of bounded linear transformations Tα, α ∈ Δ (Δ an arbitrary index set) of
a normed linear space E into itself leaves some nonempty compact convex
subset K of E invariant, then the family has at least one common fixed
point. (The actual result of Markov is more general than this but this version
is adequate for our purposes).

Motivated by this result, De Marr studied the problem of the existence
of a common fixed point for a family of nonlinear maps, and proved the
following theorem.

Theorem DM (De Marr [200], p.1139) Let E be a Banach space and
K be a nonempty compact convex subset of E. If F is a nonempty commuting
family of nonexpansive mappings of K into itself, then the family F has a
common fixed point in K.

Browder proved the result of De Marr in a uniformly convex Banach
space, requiring that K be only nonempty closed bounded and convex.

Theorem B (Browder [42], Theorem 1) Let E be a uniformly convex
Banach space, K a nonempty closed convex and bounded subset of E, {Tλ}
a commuting family of nonexpansive self-mappings of K. Then, the family
{Tλ} has a common fixed point in K.

For other fixed point theorems for families of nonexpansive mappings the
reader may consult any of the following references: Belluce and Kirk [27];
Bruck [57]; and Lim [304].

Recently, considerable research efforts have been devoted to developing
iterative methods for approximating a common fixed point (when it exists) for
a family of nonexpansive mappings (see e.g., Atsushiba et al. [18], Chang et al.
([84]), Chen et al. [85]), Chidume and Ali [125], Chidume et al. ([164], [183],

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 205
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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[184], [153]), Jung et al. [265], Kang et al. [269], Nakajo et al. [349], Rhoades
and Soltuz [423], Suzuki ([467], [461], [463], [464]), O’Hara et al.[361]), Sun
[458], Takahashi et al. [481], Yao et al. [535], Zhou et al. ([559]), and the
references contained therein).

In this chapter, we study a Halpern-type iteration process for approximat-
ing a common fixed point (assuming existence) for a family of nonexpansive
mappings.

Bauschke [25] was the first to introduce a Halpern-type iterative process
for approximating a common fixed point for a finite family of r nonexpansive
self-mappings. He proved the following theorem in which, for an operator A,
Fix(A) := {x ∈ D(A) : Ax = x}.

Theorem BSK (Bauschke, [25], Theorem 3.1) Let K be a nonempty closed
convex subset of a Hilbert space H and T1, T2, ..., Tr be a finite family of
nonexpansive mappings of K into itself with F :=

r
∩

i=1
Fix(Ti) 
= ∅ and

F = Fix(TrTr−1...T1) = Fix(T1Tr...T2) = ... = Fix(Tr−1Tr−2...T1Tr). Let
{λn} be a real sequence in [0, 1] which satisfies C1 : lim λn = 0; C2 :∑

λn = ∞ and C3:
∑

n |λn − λn+r| < ∞. Given points u, x0 ∈ K, let {xn}
be generated by

xn+1 = λn+1u + (1 − λn+1)Tn+1xn, n ≥ 0, (15.1)

where Tn = Tn mod r. Then, {xn} converges strongly to PF u, where
PF : H → F is the metric projection.

Takahashi et al. [481] extended this result to uniformly convex Banach
spaces. O’Hara et al. [361] proved a complementary result to that of Bauschke,
still in the framework of Hilbert spaces, replacing C3 with the following new
condition: C4 : lim

n→∞
λn

λn+r
= 1, or equivalently, lim

n→∞
λn−λn+r

λn+r
= 0.

Their main theorems are the following.

Theorem OPH1 (O’Hara et al., [361], Theorem 3.3) Let {λn} ⊂ (0, 1)
satisfy lim λn = 0 and

∑
λn = ∞. Let K be a nonempty closed and convex

subset of a Hilbert space H and let Tn : K → K, n = 1, 2, ... be nonexpansive
mappings such that F :=

∞
∩

i=1
Fix(Ti) 
= ∅. Assume that V1, V2, ..., Vn : K → K

are nonexpansive mappings with the property: for all k = 1, 2, ..., N and for
any bounded subset C of K, there holds lim

n→∞
sup
x∈C

||Tnx − Vk(Tnx)|| = 0. For

x0, u ∈ K define

xn+1 = λn+1u + (1 − λn+1)Tn+1xn, n ≥ 0.

Then, xn → Pu, where P is the projection from H.
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Theorem OPH2 (O’Hara et al., [361], Theorem 4.1) Let K be a nonempty
closed convex subset of a Hilbert space H and T1, T2, ..., TN be nonex-

pansive self-mappings of K with F :=
N
∩

i=1
Fix(Ti) 
= ∅. Assume that

F = Fix(TN ...T1) = Fix(T1TN ...T2) = ... = Fix(TN−1TN−2...TN ). Let
{λn} ⊂ (0, 1) satisfy the following conditions: (i) lim λn = 0; (ii)

∑
λn = ∞,

and (iii) lim λn

λn+N
= 1. Given points x0, u ∈ K, the sequence {xn} ⊂ K is

defined by
xn+1 = λn+1u + (1 − λn+1)Tn+1xn, n ≥ 0.

Then, xn → PF u, where PF is the projection of u onto F.

Jung [264] extended the results of O’Hara et al. to uniformly smooth
Banach spaces. Recently, Jung et al. [265] studied the iteration scheme
(15.1), where the iteration parameter {λn} satisfies the following conditions:
C1 : lim λn = 0; C2 :

∑
λn = ∞ and C5 : |λn+N − λn| ≤ o(λn+N ) + σn,

where
∑

σn < ∞.

They proved the following theorem.

Theorem JCA (Jung et al., [265], Theorem 3.1) Let E be a uniformly
smooth Banach space with a weakly sequentially continuous duality map-
ping J : E → E∗ and let K be a nonempty closed convex subset of E.
Let T1, T2, ..., TN be nonexpansive mappings from K into itself with F :=
N
∩

i=1
Fix(Ti) 
= ∅ and F = Fix(TNTN−1...T1) = Fix(T1TN ...T3T2) = ... =

Fix(TN−1TN−2...T1TN ). Let {λn} be a sequence in (0, 1) satisfying the con-
ditions : (i) lim λn = 0, (ii)

∑
λn = ∞ and (iii) |λn+N −λn| ≤ o(λn+N )+σn

where
∑

σn < ∞. Then, the iterative sequence {xn} defined by (15.1) con-
verges strongly to QF u, where QF is a sunny nonexpansive retraction of K
onto F.

In the sequel, we shall say that the sequence generated by (15.1) is weakly
asymptotically regular if ω − lim

n→∞
(xn+j − xn) = 0, and is asymptotically

regular if s − lim
n→∞

(xn+j − xn) = 0, j = 1, 2, 3, ....

Zhou et al. [559] proved that the conditions: (C1) and (C2) are indeed
sufficient to guarantee the strong convergence of the iteration sequence of
(15.1) in each of the following situations: (a) E is a Hilbert space; (b) E
is a Banach space with weakly sequentially continuous duality map and the
sequence {xn} of (15.1) is weakly asymptotically regular; (c) E is a reflexive
Banach space whose norm is uniformly Gâteaux differentiable and in which
every weakly compact convex subset of E has the fixed point property for
nonexpansive mappings, and the sequence {xn} of (15.1) is asymptotically
regular.
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Their main results are the following theorems.

Theorem ZWC1 (Zhou et al. [559], Theorem 6) Let E be a reflexive
Banach space with a uniformly Gâteaux differentiable norm and a weakly
continuous duality mapping Jϕ for some gauge function ϕ. Let K be a
nonempty closed convex subset of E. Assume that every weakly compact
convex subset of E has the fixed point property for nonexpansive map-
pings. Let T1, T2, ..., Tr be nonexpansive mappings of K into itself such
that F :=

r
∩

i=1
Fix(Ti) 
= ∅. Assume also that F = Fix(TrTr−1...T1) =

Fix(T1Tr...T2) = ... = Fix(Tr−1Tr−2...T1Tr). Let {λn} be a sequence in
(0, 1) which satisfies (C1) and (C2). Let {xn} be the sequence defined by
(15.1) and assume that {xn} is weakly asymptotically regular, then the se-
quence {xn} converges strongly to a common fixed point of T1, T2, ..., Tr.

Theorem ZWC2 (Zhou et al. [559], Theorem 10) Let E be a reflexive
Banach space with a uniformly Gâteaux differentiable norm, and let K be
a nonempty closed convex subset of E. Assume that every weakly compact
convex subset of E has the fixed point property for nonexpansive map-
pings. Let T1, T2, ..., Tr be nonexpansive mappings of K into itself such that
F :=

r
∩

i=1
Fix(Ti) 
= ∅. Assume also that

F = Fix(TrTr−1...T1) = Fix(T1Tr...T2)... = Fix(Tr−1Tr−2...T1Tr).

Let {λn} be a sequence in (0, 1) which satisfies (C1) and (C2). Let {xn} be the
sequence generated by (15.1) and assume that {xn} is asymptotically regular.
Then, {xn} converges strongly to a common fixed point of T1, T2, ..., Tr.

Remark 15.1. In their proofs of theorems ZWC1 and ZWC2, the authors use
the concept of Banach limits, proving in the process two results involving
these limits.

In all the above discussion, T1, T2, ..., TN remain self-mappings of a nonempty
subset of the Banach space E. If, however, the domain of T1, T2, ..., TN ,
D(Ti) ≡ K, i = 1, 2, ..., N , is a proper subset of E and Ti maps K into E
for each i, then the recursion formula (15.1) may fail to be well defined.
To overcome this, an algorithm for non-self mappings was defined for the
scheme (15.1) by Chidume et al. [184]. Using this algorithm, Chidume et al.
[184] proved a strong convergence theorem to a common fixed point of the
family T1, T2, ..., TN of non-self nonexpansive mappings in a reflexive Banach
space with uniformly Gâteaux differentiable norm when the parameter {λn}
satisfies conditions C1, C2 and C3.

We remark that the requirement that the underlying space E be a Hilbert
space, or satisfy Opial’s condition, or admit weak sequential continuous du-
ality map imposed in several theorems, in particular, in the theorems of
Bauschke [25], in Theorems JCA, ZWC1, OPH1 and OPH2 excludes the ap-
plication of any of these theorems in, for example, Lp spaces, 1 < p < ∞,
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p 
= 2 because it is well known that these spaces do not admit weak sequen-
tially continuous duality mappings and do not satisfy Opial’s condition.

In this chapter, we study an iteration scheme introduced by Chidume
and Ali [125] with respect to which these strong conditions on the underlying
space are dispensed with and conditions C1 and C2 are sufficient to guarantee
the strong convergence of the sequence generated by the recursion formula of
the iterative scheme to a common fixed point of T1, T2, ..., Tr. Furthermore,
this iteration process can be used, for example, in the cases when E is a
reflexive Banach space with uniformly Gâteaux differentiable norm, and in
which every weakly compact convex subset of E has the fixed point property
for nonexpansive mappings, and Tn satisfies a mild condition. Moreover, the
underlying space will not be required to admit weak sequential continuous
duality maps or to satisfy Opial’s condition. In addition, the sequence {xn}
will not be assumed to be asymptotically regular and the method of proof,
which is of independent interest, will not involve the use of Banach limits.
Finally, convergence theorem for non-self maps which complement the results
of Chidume et al. [184] are proved. All the theorems proved in this chapter
hold, in particular, in Lp spaces, 1 < p < ∞.

In the sequel, we shall make use of the following theorem.

Theorem MJ (Morales and Jung, [341], Theorem 1) Let E be a real
reflexive Banach space with uniformly Gâteaux differentiable norm. Suppose
K is a nonempty closed convex subset of E and T : K → E a continuous
pseudo-contractive mapping satisfying the weakly inward condition. Suppose
that every nonempty closed convex bounded subset of K has the fixed point
property for nonexpansive mappings. If there exists u ∈ K such that the set
B := {x ∈ K : Tx = γx + (1 − γ)u, for some γ > 1} is bounded, then the
path t → zt 0 < t < 1, defined by zt = tu + (1 − t)Tzt, converges strongly to
a fixed point of T .

We note that if K is bounded, then the set B is clearly bounded.

15.2 Convergence Theorems for a Family
of Nonexpansive Mappings

In the next theorem, we shall assume that every nonempty closed convex
bounded subset of E has the fixed point property for nonexpansive mappings.
We now prove the following theorem

Theorem 15.2. Let E be a real reflexive Banach space with uniformly
Gâteaux differentiable norm. Let K be a nonempty closed convex subset
of E. Let T1, T2, ..., TN be a family of nonexpansive self-mappings of K, with
F := ∩N

i=1Fix(Ti) and
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F = Fix(TNTN−1...T1) = Fix(T1TN ...T2)
= ... = Fix(TN−1TN−2...T1TN ) 
= ∅.

Let {λn} be a sequence in (0, 1) satisfying the following conditions: C1 :
lim λn = 0; C2 :

∑
λn = ∞. For a fixed δ ∈ (0, 1), define Sn : K → K by

Snx := (1 − δ)x + δTnx ∀ x ∈ K where Tn = Tn mod N . For arbitrary fixed
u, x0 ∈ K, let B := {x ∈ K : TNTN−1...T1x = γx+(1−γ)u, for some γ > 1}
be bounded and let

xn+1 = λn+1u + (1 − λn+1)Sn+1xn, for n ≥ 0. (15.2)

Assume lim
n→∞

||Tnxn−Tn+1xn|| = 0. Then, {xn} converges strongly to a com-
mon fixed point of the family T1, T2, ..., TN .

Proof. Observe that Sn is nonexpansive and Fix(Sn) = Fix(Tn) for each
n ∈ N. We prove the theorem in stages. Let x∗ ∈ F.

Step 1 ||xn − x∗|| ≤ max{||u − x∗||, ||x0 − x∗||} for every n ≥ 0.
We prove this by induction. It is clear that the statement is true for n = 0.
Assume it is true for n = k. Then,

||xk+1 − x∗|| ≤ λk+1||u − x∗|| + (1 − λk+1)||Sk+1xk − x∗||
≤ max{||u − x∗||, ||x0 − x∗||}.

So, {xn} is bounded and it follows that {Sn+1xn} and {Tn+1xn} are bounded.

Step 2 lim
n→∞

||xn+N − Sn+Nxn+N−1|| = 0.

From step 1 , and the recursion (15.2), we have,
xn+N − Sn+Nxn+N−1 = λn+N (u − Sn+Nxn+N−1) → 0 as n → ∞.

Step 3 lim
n→∞

||xn+N − xn|| = 0.

To prove this, define {βn} by βn := (1 − δ)λn+N+1 + δ and a sequence
{yn} by

yn :=
xn+N+1 − xn+N + βnxn+N

βn
.

Then, using the definition of {βn} and {Sn} we obtained that

yn =
λn+N+1u + (1 − λn+N+1)δTn+N+1xn+N

βn
.

It is clear from this that {yn} is bounded. Moreover,

||yn+1 − yn|| ≤
∣∣∣λn+N+2

βn+1
− λn+N+1

βn

∣∣∣ ||u||

+
∣∣∣ (1 − λn+N+2)

βn+1
− (1 − λn+N+1)

βn

∣∣∣δ||Tn+N+2xn+N+1||
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+
(1 − λn+N+1)

βn
δ||xn+N+1 − xn+N ||

+
(1 − λn+N+1)

βn
δ||Tn+N+2xn+N − Tn+N+1xn+N ||,

so that

||yn+1 − yn|| − ||xn+N+1 − xn+N || ≤
∣∣∣λn+N+2

βn+1
− λn+N+1

βn

∣∣∣ ||u||

+
∣∣∣ (1 − λn+N+2)

βn+1
− (1 − λn+N+1)

βn

∣∣∣δ||Tn+N+2xn+N+1||

+
∣∣∣ (1 − λn+N+1)

βn
δ − 1

∣∣∣||xn+N+1 − xn+N ||

+
(1 − λn+N+1)

βn
δ||Tn+2xn+N − Tn+1xn+N ||.

This implies, lim sup
n→∞

(||yn+1 − yn|| − ||xn+N+1 − xn+N ||) ≤ 0, and by Lemma

6.33, lim
n→∞

||yn − xn+N || = 0. Hence,

||xn+N+1 − xn+N || = βn||yn − xn+N || → 0 as n → ∞. (15.3)

But,

||xn+N −xn||≤||xn+N − xn+N−1|| + ||xn+N−1 − xn+N−2|| + ... + ||xn+1 − xn||→0

(15.4)

as n → ∞, completing step 3.

Step 4 lim
n→∞

||xn − Tn+NTn+N−1...Tn+1xn|| = 0.

From step 2 we have xn+N − Sn+Nxn+N−1 → 0 as n → ∞, which implies
xn+N − [(1 − δ)xn+N−1 + δTn+Nxn+N−1] → 0, that is,

(xn+N − xn+N−1) + δ[xn+N−1 − Tn+Nxn+N−1] → 0

as n→∞. Thus, using this and (15.3) we have xn+N−1 − Tn+Nxn+N−1 → 0
as n → ∞ and so,

||xn+N−Tn+Nxn+N−1|| ≤ ||xn+N−xn+N−1||+||xn+N−1−Tn+Nxn+N−1||→0

as n → ∞. Using the fact that Ti is nonexpansive for each i we obtain the
following finite table:

xn+N − Tn+Nxn+N−1 → 0 as n → ∞
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Tn+Nxn+N−1 − Tn+NTn+N−1xn+N−2 → 0 as n → ∞
...

Tn+NTn+N−1...Tn+2xn+1 − Tn+NTn+N−1...Tn+2Tn+1xn → 0 as n → ∞
and adding the table yields xn+N −Tn+NTn+N−1...Tn+1xn → 0 as n → ∞.
Using this and (15.4), we get that lim

n→∞
||xn − Tn+NTn+N−1...Tn+1xn|| = 0.

Step 5. Let xtn
∈ K be a continuous path satisfying

xtn
= tnu + (1 − tn)TNTN−1...T1xtn

(15.5)

and lim xtn
= x∗ ∈ Fix(TNTN−1...T1) as tn → 0+ (guaranteed by Theorem

MJ) which implies (by hypothesis) that x∗ ∈ F :=
N
∩

i=1
Fix(Ti). From step 4

we have that xn − Tn+NTn+N−1...Tn+1xn → 0 as n → ∞. Let {tn} be
a real sequence in (0, 1) such that tn → 0 as n → ∞ and

lim
n→∞

||xn − Tn+NTn+N−1...Tn+1xn||
tn

= 0.

Let {xtn
} be a sequence satisfying (15.5) such that xtn

→ x∗ ∈ F as tn → 0.
Then, using inequality (4.4) we have,

||xtn
− xn||2 ≤ (1 − tn)2||xn − TNTN−1...T1xtn

||2 + 2tn〈u − xn, j(xtn
− xn)〉

≤ (1 − tn)2
[
||TNTN−1...T1xn − TNTN−1...T1xtn

||

+ ||xn − TNTN−1...T1xn||
]2

+ 2tn〈u − xn, j(xtn
− xn)〉,

which implies

〈u − xtn
, j(xn − xtn

)〉 ≤
( (1 − tn)2 + 2tn − 1

2tn

)
||xtn

− xn||2

+ (1 − tn)2||xtn
− xn||

||xn − TNTN−1...T1xn||
tn

+
(1 − tn)2||xn − TNTN−1...T1xn||2

2tn

and hence lim sup〈u − xtn
, j(xn − xtn

)〉 ≤ 0. Moreover,

〈u − xtn
, j(xn − xtn

)〉 = 〈u − x∗, j(xn − x∗)〉
+ 〈u − x∗, j(xn − xtn

) − j(xn − x∗)〉
+ 〈x∗ − xtn

, j(xn − xtn
)〉,

and since j is norm-to-weak∗ uniformly continuous on bounded sets, we have
lim sup〈u − x∗, j(xn − x∗)〉 ≤ 0.



15.3 Non-self Mappings 213

Step 6 From the recursion formula (15.2) and inequality (4.4), we have the
following;

||xn+1 − x∗||2 ≤ (1 − λn+1)2||Sn+1xn − x∗||2 + 2λn+1〈u − x∗, j(xn+1 − x∗)〉

≤ (1 − λn+1)||xn − x∗||2 + 2λn+1〈u − x∗, j(xn+1 − x∗)〉,

and by Lemma 6.34, we have {xn} converges strongly to some fixed point of
the family {Ti}N

i=1. �


15.3 Non-self Mappings

For non-self mappings, we prove the following theorem. In the theorem, we
shall assume that K is a sunny nonexpansive retract of E with Q as the sunny
nonexpansive retraction and that every nonempty closed bounded convex
subset of E has the fixed point property for nonexpansive mappings.

Theorem 15.3. Let K be a nonempty closed convex subset of a real reflex-
ive Banach space E which has a uniformly Gâteaux differentiable norm.
Let Ti : K → E, i = 1, 2, ..., N be a family of nonexpansive mappings

which are weakly inward with F :=
N
∩

i=1
Fix(Ti) = Fix(QTNQTN−1...QT1) =

Fix(QT1QTN ...QT2) = ... = Fix(QTN−1QTN−2...QT1QTN ) 
= ∅. For a fixed
δ ∈ (0, 1), define Sn : K → K by Snx := (1 − δ)x + δQTnx ∀ x ∈ E.
For arbitrary fixed u, x0 ∈ K, let B := {x ∈ K : TNTN−1...T1x =
γx + (1 − γ)u, for some γ > 1} be bounded and let the sequence {xn}
be generated iteratively by

xn+1 = λn+1u + (1 − λn+1)Sn+1xn, for n ≥ 0, (15.6)

where Tn = Tn mod N and {λn} is a real sequence which satisfies (C1) and
(C2). Assume lim

n→∞
||QTnxn −QTn+1xn|| = 0. Then, {xn} converges strongly

to a common fixed point of T1, T2, ..., TN . Further, if Pu = lim
n→∞

xn for each
u ∈ K, then P is sunny nonexpansive retraction of K onto F .

Proof. The boundedness of {xn}, {Sn+1xn} and {QTn+1xn} follows as in the
proof of step 1 of Theorem 15.2. From the recursion formula (15.6), we have
xn+N − Sn+Nxn+N−1 = λn+N (u − Sn+Nxn+N−1) → 0 as n → ∞. Now,
define {βn} by βn := (1 − δ)λn+N+1 + δ and a sequence {wn} by

wn :=
xn+N+1 − xn+N + βnxn+N

βn
, n ≥ 1.
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Then, using the definitions of {βn} and {Sn} we obtain that

wn =
λn+N+1u + (1 − λn+N+1)δQTn+N+1xn+N

βn
.

Following the line of the proof in step 3 of Theorem 15.2, we get lim
n→∞

||xn+N−
xn|| = 0. The rest of the proof now follows as in the proof of Theorem 3.1 of
[184]. �


Let K be a nonempty closed convex subset of a real Banach space with
uniformly Gâteaux differentiable norm and T : K → K a nonexpansive map.
For arbitrary x0, u ∈ K, let {xn} be defined by

xn+1 = λnu + (1 − λn)Sxn (15.7)

where {λn} is a real sequence in [0, 1) satisfying some conditions and S :=
(1 − δ)I + δT for some fixed real number δ ∈ (0, 1). It is proved in Chidume
and Chidume [132] that {xn} is an approximate fixed point sequence of the
nonexpansive map S (i.e., ‖xn − Sxn‖ → 0 as n → ∞ ).

An example of a finite family of maps satisfying the limiting condition in
Theorem 15.2 is given as follows.

Example 15.4. Let K be a closed convex nonempty subset of a real Banach
space E with uniformly Gâteaux differentiable norm. Let S : K → K be a
nonexpansive mapping. Let {xn} be defined by (15.7). From [132], {xn} is
an approximate fixed point sequence of S. Now, let {Si}m

i=1 be a finite family
of maps defined by Sn := Sn, n = n mod m. Write Sm = Sm−1 ◦ S. Then,
it is easy to see that

‖Snxn − Sn+1xn‖ =
{
‖xn − Sxn‖, if n 
= km, k ∈ N;
(m − 1)‖xn − Sxn‖, if n = km, k ∈ N,

so that, in all cases, ‖Snxn − Sn+1xn‖ → 0 as n → ∞.

Historical remarks. More convergence theorems on iterative methods for
common fixed points for families of nonexpansive mappings can be found in,
for example, Chidume and Shahzad [164], Kim and Takahashi [280], Shahzad
and Al-Dubiban [443], Suzuki [466], Takahashi and Tamura [477], Zegeye and
Shahzad [543], [544] and the references contained therein. Theorems 15.2, 15.3
and Example 15.4 are due to Chidume and Ali [125].



Chapter 16

Common Fixed Points for Countable
Families of Nonexpansive Mappings

16.1 Introduction

Various authors have studied iterative schemes similar to that of Bauschke
(Theorem BSK, Chapter 15) in more general Banach spaces on one hand
and using various conditions on the sequence {λn} on the other hand (see,
for example, Colao et al. [192], Yao [532], Takahashi and Takahashi [482],
Plubtieng and Punpaeng [385], Ceng et al. [193], Chidume and Ali [125],
Jung [264], Jung et al. [265], O’Hara et al. [361], Zhou et al. [559]). Most of
the results in these references are proved for finite families of nonexpansive
mappings defined in Hilbert spaces.

Convergence theorems have also been proved for common fixed points of
countable infinite families of nonexpansive mappings. Before we proceed, we
first state the following important theorem.

Theorem 16.1. (Bruck, [55]) Let K be a nonempty closed convex subset of
a strictly convex Banach space E. Let {Sk} be a sequence of nonexpansive
mappings of K into E and {βk} be a sequence of positive real numbers such

that
∞∑

k=1

βk = 1. If F :=
∞
∩

k=1
F (Sk) 
= ∅, then the mapping T :=

∞∑
k=1

βkSk

is well defined and F (T ) =
∞
∩

k=1
F (Sk), where F (T ) denotes the set of fixed

points of T .

Remark 16.2. It is easy to see from Theorem 16.1 that T is also nonexpansive.
Therefore, we obtain that the set of common fixed points of a countable family
of nonexpansive maps is a sunny nonexpansive retract of E, if E is uniformly
convex and has a uniformly Gâteaux differentiable norm.

A recent convergence result for approximating a common fixed point for a
countable infinite family of nonexpansive maps in a Banach space even more
general than Hilbert spaces is the following theorem.

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 215
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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Theorem 16.3. (Aoyama et al., [16]) Let E be a real uniformly convex
Banach space whose norm is uniformly Gâteaux differentiable and K be a
nonempty closed convex subset of E. Let {Tn} be a sequence of nonexpansive
mappings of K into itself such that

∞
∩

n=1
F (Tn) 
= ∅ and {αn} be a sequence in

[0, 1] such that (i) lim αn = 0; and (ii)
∞∑

n=1
αn = ∞. Let {xn} be a sequence in

K defined as follows: x1 = u ∈ K, and xn+1 = αnu + (1−αn)Tnxn ∀ n ∈ N.
Suppose that

∞∑
n=1

sup{||Tn+1z − Tnz|| : z ∈ C} < ∞, (16.1)

for any bounded subset C of K. Let T be a mapping of K into itself defined
by Tz := lim Tnz ∀ z ∈ K, and suppose F (T ) =

∞
∩

n=1
F (Tn). If either

(i)
∞∑

n=1
|αn+1 − αn| < ∞ or,

(ii) αn ∈ (0, 1) ∀ n and lim αn

αn+1
= 1, then, {xn} converges strongly to Qu,

where Q is the sunny nonexpansive retraction of E onto F (T ) =
∞
∩

n=1
F (Tn).

Nilsrakoo and Saejung [353] used the condition (16.1) to establish weak and
strong convergence theorems for finding common fixed points for a countable
family of certain Lipschitzian mappings in a real Hilbert space. They also
imposed additional conditions on the Lipschitzan mappings.

Yao et al. [533] studied the following problem. Let H be a real Hilbert
space. Consider the iterative sequence

xn+1 = αnγf(xn) + βnxn + [(1 − βn)I − αnA]Wnxn, (16.2)

where γ > 0 is some constant, f : H → H is a given contractive mapping,
A is a strongly positive bounded linear operator on H and Wn is the so
called W−mapping generated by an countable infinite family of nonexpansive
mappings T1, T2, ..., Tn, ... and scalars λ1, λ2, ..., λn, ... such that the common
fixed points set F :=

∞
∩

n=1
Fix(Tn) 
= ∅. Under appropriate conditions on

the iteration parameters, Yao et al. proved that {xn} converges strongly
to x∗ ∈ F , where x∗ is the unique solution of the variational inequality
〈(A − γf)x∗, x∗ − y〉 ≥ 0 ∀ y ∈ F .

The operator Wn in (16.2) is defined as follows:

Un,n+1 = I,

Un,n = λnTnUn,n+1 + (1 − λn)I,

Un,n−1 = λn−1Tn−1Un,n + (1 − λn−1)I,
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...

Un,k = λkTkUn,k+1 + (1 − λk)I,

...

Un,2 = λ2T2Un,3 + (1 − λ2)I,

Wn = Un,1 = λ1T1Un,2 + (1 − λ1)I. (16.3)

Yao [532] studied the iteration process (16.3) and “proved” strong conver-
gence theorems. Colao et al. [192], however, pointed out ([192], p.341) that
there is a gap in the proof of Yao, and that the same gap also appears in
Atsushiba and Takahashi [19], where the technique used by Yao was first in-
troduced. Colao et al. then proved strong convergence theorems in a Hilbert
space, using (16.3).

Suzuki [463] proved convergence theorems for common fixed points for a
countable infinite family of nonexpansive mappings in a real Banach space
under the assumption that the family is commuting and the domain of the
operators is compact and convex. We shall discuss this in the next chapter.

Maingé [318] studied the Halpern-type scheme for approximation of a com-
mon fixed point for a countable infinite family of nonexpansive mappings in
a Hilbert space. Define NI := {i ∈ N : Ti 
= I} (I being the identity mapping
on a real normed space E).

He proved the following theorems.

Theorem 16.4. (Maingé,[318]) Let K be a nonempty closed convex subset
of a real Hilbert space H. Let {Ti} be a countable family of nonexpansive self-
mappings of K, {tn} and {σi,tn

} be sequences in (0, 1) satisfying the following
conditions: (i) lim tn = 0, (ii)

∑
i≥1

σi,tn
= (1−tn), (iii) ∀i ∈ NI , lim

n→∞
tn

σi,tn
= 0.

Define a fixed point sequence {xtn
} by

xtn
= tnCxtn

+
∑
i≥1

σi,tn
Tixtn

(16.4)

where C : K → K is a strict contraction. Assume F := ∩iF (Ti) 
= ∅, then
{xtn

} converges strongly to a unique fixed point of the contraction PF ◦ C,
where PF is the metric projection from H onto F.

Theorem 16.5. (Maingé,[318]) Let K be a nonempty closed convex subset
of a real Hilbert space H. Let {Ti} be a countable family of nonexpansive self-
mappings of K, {αn} and {σi,n} be sequences in (0, 1) satisfying the following
conditions: (i)

∑
αn = ∞,

∑
i≥1

σi,n = (1 − αn),
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(ii)

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
σi,n

∣∣∣1 − αn−1
αn

∣∣∣ → 0, or
∑
n

1
σi,n

|αn−1 − αn| < ∞,

1
αn

∣∣∣ 1
σi,n

− 1
σi,n−1

∣∣∣ → 0, or
∑

n

∣∣∣ 1
σi,n

− 1
σi,n−1

∣∣∣ < ∞,

1
σi,nαn

∑
k≥0

|σk,n − σk,n−1| → 0, or
∑
n

1
σi,n

∑
k≥0

|σk,n − σk,n−1| < ∞.

(iii) ∀i ∈ NI , lim
n→∞

αn

σi,n
= 0. Then, the sequence {xn} defined iteratively by

x1 ∈ K,

xn+1 = αnCxn +
∑
i≥1

σi,nTixn (16.5)

converges strongly to the unique fixed point of PF ◦C, where PF is the metric
projection from H onto F.

Theorem 16.5, from the point of view of applications, seems much better
than Theorem 16.3 and the theorems of Nilsrakoo and Saejung, both of which
impose the condition (16.1), a condition that is clearly very difficult to verify
in any application. The recursion formula of Maingé is also better than that
of Yao et al. which involves the recursion formula (16.2) with Wn defined by
the cumbersome (16.3).

Chidume et al. [135] proved theorems, with recursion formulas simpler
than (16.4) and (16.5), that extended Theorems 16.4 and 16.5 to lp spaces,
1 < p < ∞. Furthermore, they also proved convergence theorems which are
applicable in Lp spaces, 1 < p < ∞. Moreover, in their more general setting,
some of the conditions on the sequences {αn} and {σi,n} imposed in Theorem
16.5 were dispensed with or weakened.

In this chapter, we present theorems of Chidume and Chidume [130] on
iterative approximation for common fixed points for a countable infinite fam-
ily of nonexpansive mappings in real uniformly convex Banach spaces with
uniformly Gâteaux differentiable norms. Furthermore, in this more general
setting, the recursion formula studied is much simpler than that studied by
Yao et al. [533] in a Hilbert space. In the special case that E = lp, 1 < p < ∞,
the condition (16.1) of Aoyama et al. (which is also imposed in Yao et al.) is
dispensed with.

16.2 Path Convergence Theorems

Let K be a nonempty closed and convex subset of a real Banach space E. Let
{Ti}∞i=1 be a family of nonexpansive self-mappings of K. For a fixed δ ∈ (0, 1),
define a family of mappings, Si : K → K by Six := (1− δ)x+ δTix ∀ x ∈ K,
and i ∈ N. For t ∈ (0, 1), let {σi,t}∞i=1 be a sequence in (0, 1) such that∑
i≥1

σi,t = (1 − t). For arbitrary fixed u ∈ K, define a map Tt : K → K by
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Ttx = tu +
∑
i≥1

σi,tSix ∀x ∈ K. (16.6)

Then, Tt is a strict contraction on K. For, if x, y ∈ K, we have

‖Ttx − Tty‖ =
∣∣∣
∣∣∣
∑
i≥1

σi,t

(
(1 − δ)(x − y) + δ(Tix − Tiy)

)∣∣∣
∣∣∣

≤
∑
i≥1

σi,t

(
(1 − δ)‖x − y‖ + δ‖Tix − Tiy‖

)

= (1 − t)‖x − y‖.

Thus, for each t ∈ (0, 1), there is a unique zt ∈ K satisfying

zt = tu +
∑
i≥1

σi,tSizt. (16.7)

Lemma 16.6. Let E be a real Banach space. Let K be a closed, convex and
nonempty subset of E. Let {Ti}∞i=1 be a family of nonexpansive self-mappings
of K. For t ∈ (0, 1), let {zt} be a sequence satisfying (16.7) and assume
F :=

∞
∩

i=1
F (Ti) 
= ∅. Then, {zt} is bounded and admits a unique accumulation

point as t → 0.

Proof. Let x∗ ∈ F . Then, using (16.7), we have

‖zt − x∗‖2 =
〈
t(u − x∗) +

∑
i≥1

σi,t(Sizt − x∗), j(zt − x∗)
〉

≤ t〈u − x∗, j(zt − x∗)〉 +
∑
i≥1

σi,t‖zt − x∗‖2

= t〈u − x∗, j(zt − x∗)〉 + (1 − t)‖zt − x∗‖2

which implies ‖zt − x∗‖ ≤ ‖u − x∗‖. Thus {zt} is bounded. Assume for
contradiction that x′ and x∗ are two distinct accumulation points of {zt}.
Then, it is clear from the above argument that

‖x′ − x∗‖2 ≤
〈
t(u − x∗) +

∑
i≥1

σi,t(Six
′ − x∗), j(x′ − x∗)

〉

= t〈u − x∗, j(x′ − x∗)〉 + (1 − t)‖x′ − x∗‖2

so that ‖x′−x∗‖2 ≤ 〈u−x∗, j(x′−x∗)〉. Similarly, ‖x∗−x′‖2 ≤ 〈u−x′, j(x∗−
x′)〉. These inequalities imply 2‖x∗ − x′‖2 ≤ ‖x∗ − x′‖2, a contradiction, and
thus x′ = x∗. �


Lemma 16.7. Let E be a real uniformly convex Banach space. For arbitrary
r > 0, let Br(0) := {x ∈ E : ||x|| ≤ r}. Then, there exists a continuous
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strictly increasing function g : [0,∞) → [0,∞), g(0) = 0 such that for every
x, y ∈ Br(0) and p ∈ (1,∞), the following inequality holds:

4.2pg
(1

2
||x + y||

)
≤ (p.2p − 4)||x||p + p.2p〈y, jp(x)〉 + 4||y||p. (16.8)

Proof. Under the hypotheses of the lemma, the following inequality holds
(inequality (4.31) of Chapter 4): For all x, y ∈ Br(0),

||x + y||p ≥ ||x||p + p〈y, jp(x)〉 + g(||y||). (16.9)

Replacing y by 1
2 (x + y) and x by (− 1

2x) in (16.9), we obtain the following:

g
(1

2
||x + y||

)
≤

( 1
4.2p

(p.2p − 4)
)
||x||p +

1
4
p〈y, jp(x)〉 +

1
2p

||y||p, (16.10)

which completes the proof. �


16.3 Path Convergence in Uniformly Convex Real
Banach Spaces

Lemma 16.8. Let E be a real uniformly convex Banach space. Let K be
a closed, convex and nonempty subset of E. Let {Ti}∞i=1 be a family of
nonexpansive self-mappings of K. Let {tn} be a sequence in (0, 1) such
that lim

n→∞
tn = 0 and lim

n→∞
tn

σi,tn
= 0 ∀ i ∈ NI ,

∑
i≥1

σi,tn
= (1 − tn). Let

{ztn
} be a sequence satisfying (16.7) and let F :=

∞
∩

i=1
F (Ti) 
= ∅. Then,

lim
n→∞

‖ztn
− Tiztn

‖ = 0 ∀ i ∈ N.

Proof. For i ∈ N and x∗ ∈ F , we have the following estimates, using in-
equality (16.8),

4.2pg
(1

2
‖Siztn

− ztn
‖
)

= 4.2pg
(1

2
‖Siztn

− x∗ + x∗ − ztn
‖
)

≤ (p.2p − 4)‖x∗ − ztn
‖p + p.2p〈Siztn

− x∗, jp(x∗ − ztn
)〉 + 4‖Siztn

− x∗‖p

≤ (p.2p − 4)‖x∗ − ztn
‖p + p.2p〈Siztn

− ztn
+ ztn

− x∗, jp(x∗ − ztn
)〉

+4‖x∗ − ztn
‖p

= (p.2p − 4)‖x∗ − ztn
‖p + p.2p〈Siztn

− ztn
, jp(x∗ − ztn

)〉
−p.2p〈ztn

− x∗, jp(ztn
− x∗)〉 + 4‖x∗ − ztn

‖p

= p.2p
〈
ztn

− Siztn
, jp(ztn

− x∗)
〉
.
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Hence,
4
p
g
(1

2
‖Siztn

− ztn
‖
)
≤

〈
ztn

− Siztn
, jp(ztn

− x∗)
〉
,

and so,

4
p

∞∑
i=1

σi,tn
g
(1

2
‖Siztn

− ztn
‖
)
≤

∞∑
i=1

σi,tn

〈
ztn

− Siztn
, jp(ztn

− x∗)
〉
. (16.11)

Using (16.7), we have

〈ztn
− x∗, jp(ztn

− x∗)〉 = tn〈u − x∗, jp(ztn
− x∗)〉

+
∞∑

i=1

σi,tn

〈
Siztn

− ztn
+ ztn

− x∗, jp(ztn
− x∗)

〉

= tn〈u − x∗, jp(ztn
− x∗)〉 +

∞∑
i=1

σi,tn

〈
Siztn

− ztn
, jp(ztn

− x∗)
〉

+ (1 − tn)〈ztn
− x∗, jp(ztn

− x∗)〉

which implies

∞∑
i=1

σi,tn

〈
ztn

− Siztn
, jp(ztn

− x∗)
〉

= tn〈u − ztn
, jp(ztn

− x∗)〉.

Using this and (16.11), we get,

4
p

∞∑
i=1

σi,tn
g
(1

2
‖Siztn

− ztn
‖
)
≤ tn〈u − ztn

, jp(ztn
− x∗)〉.

Since {ztn
} is bounded, we have that

∞∑
i=1

σi,tn
g
(1

2
‖Siztn

− ztn
‖
)
≤ tnM,

for some constant M > 0. This yields, ∀ i ∈ NI ,

g
(1

2
‖Siztn

− ztn
‖
)
≤ tn

σi,tn

M,

which yields, since g is continuous, strictly increasing, g(0) = 0 and
lim

n→∞
tn

σi,tn
= 0 ∀ i ∈ NI , that

‖Siztn
− ztn

‖ ≤ 2g−1
( tn

σi,tn

M
)
→ 0,

as n → ∞. Hence, lim
n→∞

‖Siztn
− ztn

‖ = 0, establishing the lemma. �
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Theorem 16.9. Let E = lp, 1 < p < ∞. Let K be a closed, convex and
nonempty subset of E. Let {Ti}∞i=1 be a family of nonexpansive self-mappings
of K. Let {tn} be a sequence in (0, 1) such that lim

n→∞
tn = 0 and lim

n→∞
tn

σi,tn
=

0 ∀ i ∈ NI ,
∑
i≥1

σi,tn
= (1− tn). Let {ztn

} be a sequence satisfying (16.7) and

let F :=
∞
∩

i=1
F (Ti) 
= ∅. Then, {ztn

} converges strongly to an element in F .

Proof. Since {ztn
} is bounded, there exists a subsequence say {ztnk

} of {ztn
}

that converges weakly to some point z ∈ K. Using the demiclosedness prop-
erty of (I − Ti) for each i ∈ N, and the fact that lim

k→∞
‖Tiztnk

− ztnk
‖ = 0, we

get that z is a point in F . We also observe from (16.7) that

‖ztnk
− z‖p =

〈
tnk

(u − z) +
∑
i≥1

σi,tnk
(Siztnk

− z), jp(ztnk
− z)

〉

≤ tnk
〈u − z, jp(ztnk

− z)〉 +
∑
i≥1

σi,tnk
‖ztnk

− z‖p

= tnk
〈u − z, jp(ztnk

− z)〉 + (1 − tnk
)‖ztnk

− x∗‖p,

which implies, ‖ztnk
−z‖p ≤ 〈u−z, jp(ztnk

−z)〉. Since jp admits weak sequen-
tial continuity, this inequality implies that the subsequence {ztnk

} converges
strongly to z, and since ztn

admits unique accumulation point, ztn
converges

strongly to z. �


The following corollary follows from Theorem 16.9.

Corollary 16.10 Let H be a real Hilbert space. Let K be a closed, convex
and nonempty subset of H. Let {Ti}∞i=1 be a family of nonexpansive self-
mappings of K. Let {tn} be a sequence in (0, 1) such that lim

n→∞
tn = 0 and

lim
n→∞

tn

σi,tn
= 0 ∀ i ∈ NI ,

∑
i≥1

σi,tn
= (1−tn). Let {ztn

} be a sequence satisfying

(16.7) and let F :=
∞
∩

i=1
F (Ti) 
= ∅. Then, {ztn

} converges strongly to an

element of F .

We also prove the following theorem.

Theorem 16.11. Let E be a uniformly convex real Banach space. Let K
be a closed, convex and nonempty subset of E. Let {Ti}∞i=1 be a family of
nonexpansive self-mappings of K. Let {tn} be a sequence in (0, 1) such that
lim

n→∞
tn = 0 and lim

n→∞
tn

σi,tn
= 0 ∀ i ∈ NI ,

∑
i≥1

σi,tn
= (1 − tn). Let {ztn

} be a

sequence satisfying (16.7) and let F :=
∞
∩

i=1
F (Ti) 
= ∅. If at least one of the

maps Ti is demicompact, then {ztn
} converges strongly to an element of F .

Proof. For some fixed s ∈ N, let Ts be demicompact. Since lim
n→∞

‖Tsztn
−

ztn
‖ = 0, there exists a subsequence say {ztnk

} of {ztn
} that converges
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strongly to some point z ∈ K. By the continuity of Ti ∀i ∈ N, we have
that z ∈ F . But ztn

admits a unique accumulation point, so ztn
converges

strongly to z. �


The following corollary follows from Theorem 16.11.

Corollary 16.12 Let E be a uniformly convex real Banach space. Let K
be a compact, convex and nonempty subset of E. Let {Ti}∞i=1 be a family of
nonexpansive self-mappings of K. Let {tn} be a sequence in (0, 1) such that
lim

n→∞
tn = 0 and lim

n→∞
tn

σi,tn
= 0 ∀ i ∈ NI ,

∑
i≥1

σi,tn
= (1 − tn). Let {ztn

} be a

sequence satisfying (16.7) and let F :=
∞
∩

i=1
F (Ti) 
= ∅. Then, {ztn

} converges

strongly to an element of F .

Proof. Compactness of K implies {ztn
} has a subsequence {ztnk

} which
converges strongly to some z in K. The rest follows as in the proof of Theorem
16.11. �

16.4 Iterative Convergence in Uniformly Convex Real
Banach Spaces

Theorem 16.13. Let E be a uniformly convex real Banach space with a uni-
formly Gâteaux differentiable norm. Let K be a closed, convex and nonempty
subset of E. Let {Ti}∞i=1 be a family of nonexpansive self-mappings of K.
For arbitrary fixed δ ∈ (0, 1), define a family of nonexpansive maps {Si}∞i=1

by Si := (1 − δ)I + δTi ∀i ∈ N where I is an identity map of K. Assume
F :=

∞
∩

i=1
F (Ti) 
= ∅. Let {αn} and {σi,n} be sequences in (0, 1) satisfying the

following conditions: (i) lim
n→∞

αn = 0, (ii)
∑

αn = ∞, (iii)
∑
i≥1

σi,n := (1−αn)

and (iv) lim
n→∞

∑
i≥1

|σi,n+1 − σi,n| = 0. Define a sequence {xn} iteratively by

x1, u ∈ K,

xn+1 = αnu +
n∑

i=1

σi,nSixn, n ≥ 1. (16.12)

If at least one of the T ′
is is demicompact, then, {xn} converges strongly to

an element of F .

Proof. Let x∗ ∈ F be arbitrary. Then, the sequence {xn} defined by (16.12)
satisfies ‖xn − x∗‖ ≤ max{‖u − x∗‖, ‖x1 − x∗‖} for all n ∈ N. We verify this
by induction. It is clear that this is true for n = 1. Assume it is true for n = k
for some k > 1, k ∈ N. Then, using (16.12) we have
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‖xk+1 − x∗‖ ≤ αk‖u − x∗‖

+
n∑

i=1

σi,k

[
(1 − δ)‖xk − x∗‖ + δ‖Tixk − x∗‖

]

≤ αk‖u − x∗‖ + (1 − αk)‖xk − x∗‖
≤ max{‖u − x∗‖, ‖x1 − x∗‖},

and the result follows by induction. So, {xn} is bounded and so are {Tixn}
and {Sixn}. Define two sequences {βn} and {yn} by βn := (1− δ)αn + δ and
yn := xn+1−xn+βnxn

βn
. Then,

yn =
αnu + δ

n∑
i=1

σi,nTixn

βn
.

Observe that {yn} is bounded and that

‖yn+1 − yn‖ − ‖xn+1 − xn‖ ≤
∣∣∣αn+1

βn+1
− αn

βn

∣∣∣ ‖u‖

+
∣∣∣δ(1 − αn+1)

βn+1
− 1

∣∣∣‖xn+1 − xn‖

+
δM

βn+1βn

n∑
i=1

|σi,n+1 − σi,n| +
δM

βn+1βn
|βn − βn+1|,

for some M > 0. This implies,

lim sup
n→∞

(||yn+1 − yn|| − ||xn+1 − xn||) ≤ 0,

and by Lemma 6.33, lim
n→∞

||yn − xn|| = 0. Hence,

||xn+1 − xn|| = βn||yn − xn|| → 0 as n → ∞. (16.13)

From (16.12) we have xn+1 − xn = αn(u − xn) +
n∑

i=1

σi,n(Sixn − xn) which

implies,
∣∣∣
∣∣∣

n∑
i=1

σi,n(Sixn − xn)
∣∣∣
∣∣∣ ≤ ‖xn+1 − xn‖ + αn‖u − xn‖ and thus

lim
n→∞

‖
n∑

i=1

σi,n(Sixn − xn)‖ = 0. Let {tn} be a real sequence in (0, 1) satis-

fying the following conditions:

lim
n→∞

tn = 0,
∞∑

i=1

σi,tn
= (1 − tn) and lim

n→∞

∥∥∥
n∑

i=1

σi,n(Sixn − xn)
∥∥∥

tn
= 0.
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Let ztn
∈ K be the unique fixed point satisfying (16.7) for each n ∈ N and

let ztn
→ z ∈ F as n → ∞ (this is guaranteed by Theorem 16.11). Using

(16.7) and inequality (4.4), we have the following estimates

‖ztn
− xn‖2 ≤

∣∣∣
∣∣∣

n∑
i=1

σi,tn

(
Siztn

− Sixn + Sixn − xn

)∣∣∣
∣∣∣
2

+ 2tn〈u − xn, jp(ztn
− xn)〉

≤
(
(1 − tn)‖ztn

− xn‖ +
∣∣∣
∣∣∣

n∑
i=1

σi,n(Sixn − xn)
∣∣∣
∣∣∣
)2

+ 2tn〈u − xn, jp(ztn
− xn)〉.

This implies,

〈u − ztn
, jp(xn − ztn

)〉 ≤ tn
2
||ztn

− xn||2

+ (1 − tn)||ztn
− xn||

(‖
n∑

i=1

σi,n(Sixn − xn)‖

tn

)

+
‖

n∑
i=1

σi,n(Sixn − xn)‖2

2tn

and hence lim sup〈u − ztn
, jp(xn − ztn

)〉 ≤ 0. Moreover,

〈u − ztn
, jp(xn − ztn

)〉 = 〈u − z, jp(xn − z)〉
+ 〈u − z, jp(xn − ztn

) − jp(xn − z)〉
+ 〈z − ztn

, jp(xn − ztn
)〉,

and since jp is norm-to-weak∗ uniformly continuous on bounded sets, we
have lim sup〈u − z, jp(xn − z)〉 ≤ 0. From the recursion formula (16.12) and
inequality (4.4), we have the following.

||xn+1 − z||2 ≤
∣∣∣
∣∣∣

n∑
i=1

σi,n(Sixn − z)
∣∣∣
∣∣∣
2

+ 2αn〈u − z, jp(xn+1 − z)〉

≤ (1 − αn)||xn − z||2 + 2αn〈u − z, jp(xn+1 − z)〉,

and by Lemma 6.34, we have {xn} converges strongly to z ∈ F . This com-
pletes the proof. �


The following is an immediate corollary of Theorem 16.13.

Corollary 16.14 Let E be a uniformly convex real Banach space with a
uniformly Gâteaux differentiable norm. Let K be a compact, convex and
nonempty subset of E. Let {Ti}∞i=1 be a family of nonexpansive self-mappings
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of K. For arbitrary fixed δ ∈ (0, 1), define a family of nonexpansive maps
{Si}∞i=1 by Si := (1 − δ)I + δTi ∀i ∈ N where I is an identity map of K. Let
F :=

∞
∩

i=1
F (Ti) 
= ∅. Let {αn} and {σi,n} be sequences as in Theorem 16.13.

Let {xn} be a sequence defined by (16.12). Then, {xn} converges strongly to
an element of F .

Following the method of proof of Theorem 16.13, and using Theorem 16.9,
the following theorem is easily proved.

Theorem 16.15. Let E = lp, 1 < p < ∞. Let K be a closed, convex and
nonempty subset of E. Let {Ti}∞i=1 be a family of nonexpansive self-mappings
of K. For arbitrary fixed δ ∈ (0, 1), define a family of nonexpansive maps
{Si}∞i=1 by Si := (1−δ)I+δTi ∀i ∈ N where I is an identity map of K. Assume
F :=

∞
∩

i=1
F (Ti) 
= ∅. Let {αn} and {σi,n} be sequences in (0, 1) satisfying the

following conditions:

(i) lim
n→∞

αn = 0, (ii)
∑

αn = ∞, (iii)
∑
i≥1

σi,n := (1 − αn)

and (iv) lim
n→∞

∑
i≥1

|σi,n+1 − σi,n| = 0. Define a sequence {xn} iteratively by

x1, u ∈ K,

xn+1 = αnu +
n∑

i=1

σi,nSixn, n ≥ 1. (16.14)

Then, {xn} converges strongly to an element of F .

We also obtain the following corollary.

Corollary 16.16 Let H be a real Hilbert space. Let K be a closed, convex
and nonempty subset of E. Let {Ti}∞i=1 be a family of nonexpansive self-
mappings of K. For arbitrary fixed δ ∈ (0, 1), define a family of nonexpansive
maps {Si}∞i=1 by Si := (1 − δ)I + δTi ∀i ∈ N where I is an identity map
of K. Assume F :=

∞
∩

i=1
F (Ti) 
= ∅. Let {αn} and {σi,n} be sequences in

(0, 1) satisfying the following conditions: (i) lim
n→∞

αn = 0, (ii)
∑

αn = ∞,

(iii)
∑
i≥1

σi,n := (1−αn) and (iv) lim
n→∞

∞∑
i=1

|σi,n+1 −σi,n| = 0. Define a sequence

{xn} iteratively by x1, u ∈ K,

xn+1 = αnu +
n∑

i=1

σi,nSixn, n ≥ 1. (16.15)

Then, {xn} converges strongly to an element of F .
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16.5 Non-self Mappings

The following theorems are now easily proved.

Theorem 16.17. Let E be a uniformly convex real Banach space with a uni-
formly Gâteaux differentiable norm. Let K be a closed, convex and nonempty
sunny nonexpansive retract of E with Q as the sunny nonexpansive retraction.
Let Ti : K → E, i ∈ N be a family of nonexpansive mappings of K into E.
For arbitrary fixed δ ∈ (0, 1), define a family of nonexpansive maps {Si}∞i=1

by Si := (1 − δ)I + δQTi ∀i ∈ N where I is the identity map of K. Assume
F :=

∞
∩

i=1
F (Ti) 
= ∅. Let {αn} and {σi,n} be sequences in (0, 1) satisfying the

following conditions: (i) lim
n→∞

αn = 0, (ii)
∑

αn = ∞, (iii)
∑
i≥0

σi,n = 1−αn

and (iv) lim
n→∞

∑
i≥1

|σi,n+1 − σi,n| = 0. Define a sequence {xn} iteratively by

x1, u ∈ K

xn+1 = αnu +
n∑

i=1

σi,nSixn. (16.16)

If at least one of the T ′
is is demicompact, then, {xn} converges strongly to

an element of F .

Theorem 16.18. Let E be a uniformly convex real Banach space with a
uniformly Gâteaux differentiable norm. Let K be a compact, convex and
nonempty sunny nonexpansive retract of E with Q as the sunny nonexpan-
sive retraction. Let Ti : K → E, i ∈ N be a family of nonexpansive mappings
of K into E. For arbitrary fixed δ ∈ (0, 1), define a family of nonexpan-
sive maps {Si}∞i=1 by Si := (1 − δ)I + δQTi ∀i ∈ N where I is the identity
map of K. Assume F :=

∞
∩

i=1
F (Ti) 
= ∅. Let {αn} and {σi,n} be sequences in

(0, 1) satisfying the following conditions: (i) lim
n→∞

αn = 0, (ii)
∑

αn = ∞,

(iii)
∑
i≥0

σi,n = 1 − αn and (iv) lim
n→∞

∑
i≥1

|σi,n+1 − σi,n| = 0. Define a sequence

{xn} iteratively by x1, u ∈ K

xn+1 = αnu +
n∑

i=1

σi,nSixn. (16.17)

Then, {xn} converges strongly to an element of F .

Theorem 16.19. Let E = lp, 1 < p < ∞. Let K be a closed, convex and
nonempty sunny nonexpansive retract of E with Q as the sunny nonexpansive
retraction. Let Ti : K → E, i ∈ N be a family of nonexpansive mappings of
K into E. For arbitrary fixed δ ∈ (0, 1), define a family of nonexpansive
maps {Si}∞i=1 by Si := (1 − δ)I + δQTi ∀i ∈ N where I is the identity map
of K. Assume F :=

∞
∩

i=1
F (Ti) 
= ∅. Let {αn} and {σi,n} be sequences in
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(0, 1) satisfying the following conditions: (i) lim
n→∞

αn = 0, (ii)
∑

αn = ∞,

(iii)
∑
i≥0

σi,n = 1 − αn and (iv) lim
n→∞

∑
i≥1

|σi,n+1 − σi,n| = 0. Define a sequence

{xn} iteratively by x1, u ∈ K

xn+1 = αnu +
n∑

i=1

σi,nSixn. (16.18)

Then, {xn} converges strongly to an element of F .

Theorem 16.20. Let H be a real Hilbert space. Let K be a closed, convex and
nonempty sunny nonexpansive retract of E with Q as the sunny nonexpansive
retraction. Let Ti : K → E, i ∈ N be a family of nonexpansive mappings of
K into E. For arbitrary fixed δ ∈ (0, 1), define a family of nonexpansive
maps {Si}∞i=1 by Si := (1 − δ)I + δQTi ∀i ∈ N where I is the identity map
of K. Assume F :=

∞
∩

i=1
F (Ti) 
= ∅. Let {αn} and {σi,n} be sequences in

(0, 1) satisfying the following conditions: (i) lim
n→∞

αn = 0, (ii)
∑

αn = ∞,

(iii)
∑
i≥0

σi,n = 1 − αn and (iv) lim
n→∞

∑
i≥1

|σi,n+1 − σi,n| = 0. Define a sequence

{xn} iteratively by x1, u ∈ K

xn+1 = αnu +
n∑

i=1

σi,nSixn. (16.19)

Then, {xn} converges strongly to an element of F .

Remark 16.21. Prototypes of the sequences {αn} and {σi,n} in the theorems
of this chapter are the following: αn := 1

n+1 , σi,n := n
2i(n+1) ∀i ∈ N. For

these choices, the recursion formulas (16.15) and (16.19) become x1, u ∈ K,

xn+1 =
( 1

n + 1

)
u +

n

n + 1

n∑
i=1

1
2i

Sixn, n ≥ 1. (16.20)

Remark 16.22. We first observe that the function C introduced in Theorems
16.4 and 16.5 makes the computation of each iterate using the recursion
formula (16.5) more involved (and therefore less efficient) than using the
recursion formula (16.12). With this in mind, we observe that Theorems
16.9 and 16.15 extend Theorems 16.4 and 16.5, respectively, to lp spaces,
1 < p < ∞. Furthermore, the following conditions in (ii) :

⎧
⎪⎨
⎪⎩

1
σi,n

∣∣∣1 − αn−1
αn

∣∣∣ → 0, or
∑
n

1
σi,n

|αn−1 − αn| < ∞

1
αn

∣∣∣ 1
σi,n

− 1
σi,n−1

∣∣∣ → 0, or
∑
n

∣∣∣ 1
σi,n

− 1
σi,n−1

∣∣∣ < ∞
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imposed in Theorem 16.5 are dispensed with even in the more general settings
of these theorems. In addition, the requirement,

1
σi,nαn

∑
k≥0

|σk,n − σk,n−1| → 0, or
∑

n

1
σi,n

∑
k≥0

|σk,n − σk,n−1| < ∞

also imposed in (ii) of Theorem 16.5 is weakened to lim
n→∞

∑
i≥1

|σi,n+1−σi,n| = 0.

All the other theorems of this chapter are of independent interest.

16.6 Historical Remarks

Lemma 16.8 and all the results of Sections 16.3, 16.4 and 16.5 are due to
Chidume and Chidume [130].



Chapter 17

Common Fixed Points for Families
of Commuting Nonexpansive
Mappings

17.1 Introduction

In this chapter, we present an iteration process which has been studied for
approximating common fixed points for families of commuting nonexpansive
mappings defined on a compact convex subset of a Banach space.

We first prove the following lemmas which are connected with real num-
bers.

Lemma 17.1. Let {αn} be a real sequence with lim
n

(αn+1 − αn) = 0. Then,

every τ ∈ R satisfying lim inf αn < τ < lim sup αn is a cluster point of {αn}.

Proof. We assume that there exists τ ∈ (lim inf αn, lim sup αn) such that τ
is not a cluster point of {αn}. Then, there exist ε > 0 and n1 ∈ N such that
lim inf
n→∞

αn < τ − ε < τ < τ + ε < lim sup
n→∞

αn and αn ∈ (−∞, τ − ε]∪ [τ + ε,∞)

for all n ≥ n1. We choose n2 ≥ n1 such that |αn+1 − αn| < ε for all n ≥ n2.
Then, there exist n3, n4 ∈ N such that n4 ≥ n3 ≥ n2, αn3 ∈ (−∞, τ − ε] and
αn4 ∈ [τ + ε,∞). We put n5 = max{n : n < n4, αn ≤ τ − ε} ≥ n3. Then,
we have αn5 ≤ τ − ε < τ + ε ≤ αn5+1 and hence ε ≤ 2ε ≤ αn5+1 − αn5 =
|αn5+1 − αn5 | < ε. This is a contradiction. Therefore we obtain the desired
result. �


Lemma 17.2. For α, β ∈ (0, 1
2 ) and n ∈ N, |αn − βn| ≤ |α − β| and

∞∑
k=1

|αk − βk| ≤ 4|α − β|

hold.

Proof. We assume that n ≥ 2 because the conclusion is obvious in the case

of n = 1. Since αn − βn = (α − β)
n−1∑
k=0

αn−1−kβk, we have

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 231
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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|αn − βn| = |α − β|
n−1∑
k=0

αn−1−kβk ≤ |α − β|
n−1∑
k=1

1
2n−1

= |α − β| n

2n−1
≤ |α − β|.

We also have

∞∑
k=1

|αk − βk| =

∣∣∣∣∣
∞∑

k=1

(αk − βk)

∣∣∣∣∣ =
∣∣∣∣

α

1 − α
− β

1 − β

∣∣∣∣

=
∣∣∣∣

α − β

(1 − α)(1 − β)

∣∣∣∣ ≤ 4|α − β|.

This completes the proof. �


We know the following.

Lemma 17.3. Let C be a subset of a Banach space E and {Tn} be a sequence
of nonexpansive mappings on C with a common fixed point w ∈ C. Let x1 ∈ C
and define a sequence {xn} in C by xn+1 = Tnxn for n ∈ N. Then, {||xn−w||}
is a nonincreasing sequence in R.

Proof. We have ||xn+1 − w|| = ||Tnxn − Tnw|| ≤ ||xn − w|| for all n ∈ N. �


17.2 Three Commuting Nonexpansive Mappings

In this section, we prove a convergence theorem for three commuting nonex-
pansive mappings. The purpose of this is to give an idea of the proof of the
main results. We begin with the following lemma.

Lemma 17.4. Let C be a closed convex subset of a Banach space E. Let T1

and T2 be nonexpansive mappings on C with T1 ◦ T2 = T2 ◦ T1. Let {tn} be a
sequence in (0, 1) converging to 0, and let {zn} be a sequence in C such that
{zn} converges strongly to some w ∈ C and lim

n→∞
‖(1−tn)T1zn+tnT2zn−zn‖

tn
= 0.

Then, w is a common fixed point of T1 and T2.

Proof. It is obvious that sup
m,n∈N

‖T1zm−T1zn‖ ≤ sup
m,n∈N

‖zm−zn‖. So, {T1zn}

is bounded because {zn} is bounded. Similarly, we have that {T2zn} is also
bounded. Since lim

n→∞
‖(1 − tn)T1zn + tnT2zn − zn‖ = 0, we have

‖T1w − w‖ ≤ lim sup
n→∞

(
‖T1w − T1zn‖ + ‖T1zn − (1 − tn)T1zn − tnT2zn‖

+ ‖(1 − tn)T1zn + tnT2zn − zn‖ + ‖zn − w‖
)
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≤ lim sup
n→∞

(
2‖w − zn‖ + tn‖T1zn − T2zn‖

+ ‖(1 − tn)T1zn + tnT2zn − zn‖
)

= 0,

and hence w is a fixed point of T1. We note that T1 ◦T2w = T2 ◦T1w = T2w.

We assume that w is not a fixed point of T2. Put ε = ‖T2w−w‖
3 > 0. Then,

there exists m ∈ N such that ‖zm−w‖ < ε and ‖(1−tm)T1zm+tmT2zm−zm‖
tm

< ε.
Since 3ε = ‖T2w −w‖ ≤ ‖T2w − zm‖+ ‖zm −w‖ < ‖T2w − zm‖+ ε, we have
2ε < ‖T2w − zm‖. So, we obtain

‖T2w − zm‖ ≤ ‖T2w − (1 − tm)T1zm − tmT2zm‖

+ ‖(1 − tm)T1zm + tmT2zm − zm‖

≤ (1 − tm)‖T2w − T1zm‖ + tm‖T2w − T2zm‖

+ ‖(1 − tm)T1zm + tmT2zm − zm‖

= (1 − tm)‖T1 ◦ T2w − T1zm‖ + tm‖T2w − T2zm‖

+ ‖(1 − tm)T1zm + tmT2zm − zm‖

≤ (1 − tm)‖T2w − zm‖ + tm‖w − zm‖

+ ‖(1 − tm)T1zm + tmT2zm − zm‖

< (1 − tm)‖T2w − zm‖ + 2tmε

< (1 − tm)‖T2w − zm‖ + tm‖T2w − zm‖

= ‖T2w − zm‖.

This is a contradiction. Hence, w is a common fixed point of T1 and T2. �


Lemma 17.5. Let C be a closed convex subset of a Banach space E. Let
T1, T2 and T3 be commuting nonexpansive mappings on C. Let {tn} be a
sequence in (0, 1

2 ) converging to 0, and let {zn} be a sequence in C such that
{zn} converges strongly to some w ∈ C, and

lim
n→∞

‖(1 − tn − t2n)T1zn + tnT2zn + t2nT3zn − zn‖
t2n

= 0.

Then, w is a common fixed point of T1, T2 and T3.

Proof. We note that {T1zn}, {T2zn} and {T3zn} are bounded sequences in
C because {zn} is bounded. We have
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lim sup
n→∞

‖(1 − tn)T1zn + tnT2zn − zn‖
tn

≤ lim sup
n→∞

‖(1 − tn − t2n)T1zn + tnT2zn + t2nT3zn − zn‖ + t2n‖T1zn − T3zn‖
tn

≤ lim
n→∞

(
tn

‖(1−tn−t2n)T1zn + tnT2zn+t2nT3zn − zn‖
t2n

+ tn‖T1zn−T3zn‖
)

= 0.

So, by Lemma 17.4, we have that w is a common fixed point of T1

and T2. We note that T1 ◦ T3w = T3 ◦ T1w = T3w, and T2 ◦ T3w =
T3 ◦ T2w = T3w. We assume that w is not a fixed point of T3. Put
ε = ‖T3w−w‖

3 > 0. Then, there exists m ∈ N such that ‖zm − w‖ <

ε and ‖(1−tm−t2m)T1zm+tmT2zm+t2mT3zm−zm‖
t2m

< ε. Since 3ε = ‖T3w − w‖ ≤
‖T3w − zm‖ + ‖zm − w‖ < ‖T3w − zm‖ + ε, we have 2ε < ‖T3w − zm‖. So,
we obtain

‖T3w − zm‖ ≤ ‖T3w − (1 − tm − t2m)T1zm − tmT2zm − t2mT3zm‖
+ ‖(1 − tm − t2m)T1zm + tmT2zm + t2mT3zm − zm‖

≤ (1 − tm − t2m)‖T3w − T1zm‖ + tm‖T3w − T2zm‖
+t2m‖T3w − T3zm‖
+ ‖(1 − tm − t2m)T1zm + tmT2zm + t2mT3zm − zm‖

= (1 − tm − t2m)‖T1 ◦ T3w − T1zm‖ + tm‖T2 ◦ T3w − T2zm‖
+t2m‖T3w − T3zm‖
+ ‖(1 − tm − t2m)T1zm + tmT2zm + t2mT3zm − zm‖

≤ (1 − tm − t2m)‖T3w − zm‖ + tm‖T3w − zm‖ + t2m‖w − zm‖
+ ‖(1 − tm − t2m)T1zm + tmT2zm + t2mT3zm − zm‖

< (1 − t2m)‖T3w − zm‖ + 2t2mε

< (1 − t2m)‖T3w − zm‖ + t2m‖T3w − zm‖ = ‖T3w − zm‖.

This is a contradiction. Hence, w is common fixed point of T1, T2 and T3. �


We now prove the following convergence theorem.

Theorem 17.6. Let C be a compact convex subset of a Banach space E. Let
T1, T2 and T3 be commuting nonexpansive mappings on C. Fix λ ∈ (0, 1).
Let {αn} be a sequence in [0, 1

2 ] satisfying lim inf
n→∞

αn = 0, lim sup
n→∞

αn > 0,

and lim
n→∞

(αn+1 − αn) = 0. Define a sequence {xn} in C by x1 ∈ C and

xn+1 = λ(1 − αn − α2
n)T1xn + λαnT2xn + λα2

nT3xn + (1 − λ)xn

for n ∈ N. Then, {xn} converges strongly to a common fixed point of T1, T2

and T3.
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Proof. Put α = lim sup
n→∞

αn > 0, M = sup
x∈C

‖x‖ < ∞, and

yn = (1 − αn − α2
n)T1xn + αnT2xn + α2

nT3xn

for n ∈ N. We note that xn+1 = λyn + (1 − λ)xn for all n ∈ N. Since

‖yn+1 − yn‖ = ‖(1 − αn+1 − α2
n+1)T1xn+1 + αn+1T2xn+1

+ α2
n+1T3xn+1 − (1 − αn − α2

n)T1xn − αnT2xn − α2
nT3xn‖

≤ (1 − αn+1 − α2
n+1)‖T1xn+1 − T1xn‖ + αn+1‖T2xn+1 − T2xn‖

+ α2
n+1‖T3xn+1 − T3xn‖ + |αn+1 + α2

n+1 − αn − α2
n|.‖ − T1xn‖

+ |αn+1 − αn|.‖T2xn‖ + |α2
n+1 − α2

n|.‖T3xn‖

≤ (1 − αn+1 − α2
n+)‖xn+1 − xn‖ + αn+1‖xn+1 − xn‖

+ α2
n+1‖xn+1 − xn‖ + |αn+1 + α2

n+1 − αn − α2
n|M

+ |αn+1 − αn|M + |α2
n+1 − α2

n|M

≤ ‖xn+1 − xn‖ + 4|αn+1 − αn|M

for some M ∈ R, we have lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0. So, by

Lemma 6.33, we have lim
n→∞

‖xn − yn‖ = 0. Fix t ∈ R with 0 < t < α. Then,

by Lemma 17.1, there exists a subsequence {αnk
} of {αn} converging to t.

Since C is compact, there exists a subsequence {xnkj
} of {xnk

} converging
to some point zt ∈ C. We have

‖(1 − t − t2)T1zt + tT2zt + t2T3zt − zt‖
≤ ‖(1 − t − t2)T1zt + tT2zt + t2T3zt − yn‖
+ ‖yn − xn‖ + ‖xn − zt‖
= ‖(1 − t − t2)T1zt + tT2zt + t2T3zt − (1 − αn − α2

n)T1xn

− αnT2xn − α2
nT3xn‖ + ‖yn − xn‖ + ‖xn − zt‖

≤ (1 − t − t2)‖T1zt − T1xn‖ + t‖T2zt − T2xn‖
+ t2‖T3zt − T3xn‖ + |t + t2 − αn − α2

n|.‖ − T1xn‖
+ |t − αn|.‖T2xn‖ + |t2 − α2

n|.‖T3xn‖
+ ‖yn − xn‖ + ‖xn − zt‖
≤ (1 − t − t2)‖zt − xn‖ + t‖zt − xn‖ + t2‖zt − xn‖
+ |t + t2 − αn − α2

n|M + |t − αn|M
+ |t2 − α2

n|M + ‖yn − xn‖ + ‖xn − zt‖
≤ 2‖zt − xn‖ + 4|t − αn|M + ‖yn − xn‖
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for n ∈ N, and hence

‖(1 − t − t2)T1zt + tT2zt + t2T3zt − zt‖

≤ lim
j→∞

(2‖zt − xnkj
‖ + 4|t − αnkj

|M + ‖ynkj
− xnkj

‖) = 0.

Therefore, we have (1 − t − t2)T1zt + tT2zt + t2T3zt = zt for all t ∈ R with
0 < t < α. Since C is compact, there exists a real sequence {tn} in (0, α)
such that lim

n→∞
tn = 0, and {ztn

} converges strongly to some point w ∈ C. By
Lemma 17.5, we obtain that such a w is a common fixed point of T1, T2 and
T3. We note that w is a cluster point of {xn} because so are ztn

for all n ∈ N.
Hence, lim inf

n→∞
‖xn − w‖ = 0. We also have {‖xn − w‖} is non-increasing by

Lemma 17.3. Thus, lim
n→∞

‖xn − w‖ = 0. This completes the proof. �


We give an example concerning {αn}.

Example 17.7. Define a sequence {βn} in [− 1
2 , 1

2 ] by

βn =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

1
2k , if 2

k−1∑
j=1

j < n ≤ 2
k−1∑
j=1

j + k for some k ∈ N,

− 1
2k , if 2

k−1∑
j=1

j + k < n ≤ 2
k∑

j=1

j for some k ∈ N.

Define a sequence {αn} in [0, 1
2 ] by αn =

n∑
k=1

βk for n ∈ N. Then, {αn}
satisfies the assumption of theorem 17.6.

Remark. The sequence {αn} is as follows:

α1 =
1
2
, α2 = 0,

α3 =
1
4
, α4 =

2
4
, α5 =

1
4
, α6 = 0,

α7 =
1
6
, α8 =

2
6
, α9 =

3
6
, α10 =

2
6
, α11 =

1
6
, α12 = 0

α13 =
1
8
, α14 =

2
8
, α15 =

3
8
, α16 =

4
8
,

α17 =
3
8
, α18 =

2
8
, α19 =

1
8
, α20 = 0,

α21 =
1
10

, α22 =
2
10

, α23 =
3
10

, α24 =
4
10

, α25 =
5
10

,

α26 =
4
10

, α27 =
3
10

, α28 =
2
10

, ....
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17.3 Common Fixed Points for Family of Commuting
Nonexpansive Mappings

In this section, we prove the main results. We begin with the following lemma.

Lemma 17.8. Let C be a closed convex subset of a Banach space E. Let
l ∈ N with l ≥ 2 and let T1, T2, ..., Tl be commuting nonexpansive mappings
on C. Let {tn} be a sequence in (0, 1

2 ) converging to 0, and let {zn} be a
sequence in C such that {zn} converges strongly to some w ∈ C, and

lim
n→∞

∣∣∣
∣∣∣
(
1 −

l−1∑
k=1

tkn

)
T1zn +

l∑
k=2

tk−1
n Tkzn − zn

∣∣∣
∣∣∣

tl−1
n

= 0.

Then w is a common fixed point of T1, T2, ..., Tl.

Proof. We shall prove this lemma by induction. We have already proved the
conclusion in the cases of l = 2 and 3. Fix l ∈ N with l ≥ 4. We assume that
the conclusion holds for any integer less than l and greater than 1. We note
that {T1zn}, {T2zn}, ..., {Tlzn} are bounded sequences in C because {zn} is
bounded. We have

lim sup
n→∞

∣∣∣
∣∣∣
(
1 −

l−2∑
k=1

tkn

)
T1zn +

l−1∑
k=2

tk−1
n Tkzn − zn

∣∣∣
∣∣∣

tl−2
n

≤ lim sup
n→∞

∣∣∣
∣∣∣
(
1 −

l−1∑
k=1

tkn

)
T1zn +

l∑
k=2

tk−1
n Tkzn − zn

∣∣∣
∣∣∣ + tl−1

n ‖T1zn − Tlzn‖

tl−2
n

= lim
n→∞

(
tn .

∣∣∣
∣∣∣
(
1 −

l−1∑
k=1

tkn

)
T1zn +

l∑
k=2

tk−1
n Tkzn − zn

∣∣∣
∣∣∣

tl−1
n

+ tn‖T1zn − Tlzn‖
)

= 0.

So, by the assumption of induction, we have w is a common fixed point of
T1, T2, ..., Tl−1. We note that Tk ◦ Tlw = Tl ◦ Tkw = Tlw for all k ∈ N with
1 ≤ k < l. We assume that w is not a fixed point of Tl. Put ε = ‖Tlw−w‖

3 > 0.
Then there exists m ∈ N such that

‖zm − w‖ < ε and

∣∣∣
∣∣∣
(
1 −

l−1∑
k=1

tkm

)
T1zm +

l∑
k=2

tk−1
m Tkzm − zm

∣∣∣
∣∣∣

tl−1
m

< ε.

Since 3ε = ‖Tlw − w‖ ≤ ‖Tlw − zm‖ + ‖zm − w‖ < ‖Tlw − zm‖ + ε, we have
2ε < ‖Tlw − zm‖. So, we obtain
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‖Tlw − zm‖ ≤
∣∣∣
∣∣∣Tlw −

(
1 −

l−1∑
k=1

tkm

)
T1zm −

l∑
k=2

tk−1
m Tkzm

∣∣∣
∣∣∣

+
∣∣∣
∣∣∣
(
1 −

l−1∑
k=1

tkm

)
T1zm +

l∑
k=2

tk−1
m Tkzm − zm

∣∣∣
∣∣∣

<
(
1 −

l−1∑
k=1

tkm

)
‖Tlw − T1zm‖ +

l∑
k=2

tk−1
m ‖Tlw − Tkzm‖ + tl−1

m ε

=
(
1 −

l−1∑
k=1

tkn

)
‖T1 ◦ Tlw − T1zm‖ +

l−1∑
k=2

tk−1
m ‖Tk ◦ Tlw − Tkzm‖

+ tl−1
m ‖Tlw − Tlzm‖ + tl−1

m ε

≤
(
1 −

l−1∑
k=1

tkm

)
‖Tlw − zm‖ +

l−1∑
k=2

tk−1
m ‖Tlw − zm‖

+ tl−1
m ‖w − zm‖ + tl−1

m ε

< (1 − tl−1
m )‖Tlw − zm‖ + 2tl−1

m ε

< (1 − tl−1
m )‖Tlw − zm‖ + tl−1

m ‖Tlw − zm‖
= ‖Tlw − zm‖.

This is a contradiction. Hence, w is a common fixed point of T1, T2, ..., Tl.
By induction, we obtain the desired result. �


Lemma 17.9. Let C be a bounded closed convex subset of a Banach space E.
Let {Tn : n ∈ N} be an infinite family of commuting nonexpansive mappings
on C. Let {tn} be a sequence in (0, 1

2 ) converging to 0, and let {zn} be a
sequence in C such that {zn} converges strongly to some w ∈ C, and

(
1 −

∞∑
k=1

tkn

)
T1zn +

∞∑
k=2

tk−1
n Tkzn = zn

for all n ∈ N. Then, w is a common fixed point of {Tn : n ∈ N}.

Proof. Fix l ∈ N with l ≥ 2. We put M = 2 sup{‖x‖ : x ∈ C} < ∞. We have

lim sup
n→∞

∣∣∣
∣∣∣
(
1 −

l−1∑
k=1

tkn

)
T1zn +

l∑
k=2

tk−1
n Tkzn − zn

∣∣∣
∣∣∣

tl−1
n

≤ lim sup
n→∞

(
∣∣∣
∣∣∣
(
1 −

∞∑
k=1

tkn

)
T1zn +

∞∑
k=2

tk−1
n Tkzn − zn

∣∣∣
∣∣∣

tl−1
n
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+

∞∑
k=l+1

tk−1
n ‖T1zn − Tkzn‖

tl−1
n

)

≤ lim sup
n→∞

∞∑
k=l+1

tk−l
n M = lim

n→∞

tn
1 − tn

M = 0.

So, by Lemma 17.8, we have that w is a common fixed point of T1, T2, ..., Tl.
Since l ∈ N is arbitrary, we obtain that w is a common fixed point of {Tn :
n ∈ N}. This completes the proof. �


17.4 Convergence Theorems for Infinite Family
of Commuting Nonexpansive Mappings

Theorem 17.10. Let C be a compact convex subset of a Banach space E.
Let {Tn : n ∈ N} be an infinite family of commuting nonexpansive mappings
on C. Fix λ ∈ (0, 1). Let {αn} be an infinite sequence in [0, 1

2 ] satisfying
lim inf
n→∞

αn = 0, lim sup
n→∞

αn > 0, and lim
n→∞

(αn+1 − αn) = 0. Define a sequence

{xn} in C by x1 ∈ C and

xn+1 = λ
(
1 −

n−1∑
k=1

αk
n

)
T1xn + λ

n∑
k=2

αk−1
n Tkxn + (1 − λ)xn

for n ∈ N. Then, {xn} converges strongly to a common fixed point of {Tn :
n ∈ N}.

Remark 17.11. We know that
∞
∩

n=1
F (Tn) 
= ∅ by Theorem DM (stated in chap-

ter 15). We define
0∑

k=1

αk
1 = 0 and

1∑
k=2

αk−1
1 Tkx1 = 0.

Proof. Put α = lim sup
n→∞

αn > 0, M = sup
x∈C

‖x‖ < ∞, and

yn =
(
1 −

n−1∑
k=1

αk
n

)
T1xn +

n∑
k=2

αk−1
n Tkxn

for n ∈ N. We note that xn+1 = λyn + (1 − λ)xn for all n ∈ N. Since

‖yn+1 − yn‖ =
∣∣∣
∣∣∣
(
1 −

n∑
k=1

αk
n+1

)
T1xn+1 +

n+1∑
k=2

αk−1
n+1Tkxn+1
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−
(
1 −

n−1∑
k=1

αk
n

)
T1xn −

n∑
k=2

αk−1
n Tkxn

∣∣∣
∣∣∣

≤
(
1 −

n∑
k=1

αk
n+1

)
‖T1xn+1 − T1xn‖ +

n+1∑
k=2

αk−1
n+1‖Tkxn+1 − Tkxn‖

+
∣∣∣

n∑
k=1

αk
n+1 −

n∑
k=1

αk
n

∣∣∣‖ − T1xn‖ +
n+1∑
k=2

∣∣∣αk−1
n+1 − αk−1

n

∣∣∣‖Tkxn‖

+ |αn
n|.|| − T1xn|| + |αn

n|.‖Tn+1xn‖

≤
(
1 −

n∑
k=1

αk
n+1

)
‖xn+1 − xn‖ +

n+1∑
k=2

αk−1
n+1‖xn+1 − xn‖

+ 2M

n∑
k=1

|αk
n+1 − αk

n| + 2M |αn
n|

≤ ‖xn+1 − xn‖ + 8M |αn+1 − αn| + 2M
1
2n

for n ∈ N, we have lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0. So, by Lemma

6.33, we have lim
n→∞

‖xn − yn‖ = 0. Fix t ∈ R with 0 < t < α. Then by

Lemma 17.1, there exists a subsequence {αnk
} of {αn} converging to t. Since

C is compact, there exists a subsequence {xnkj
} of {xnk

} converging to some
point zt ∈ C. We have

∣∣∣
∣∣∣
(
1 −

∞∑
l=1

tl
)
T1zt +

∞∑
l=2

tl−1Tlzt − zt

∣∣∣
∣∣∣

≤
∣∣∣
∣∣∣
(
1 −

∞∑
l=1

tl
)
T1zt +

∞∑
l=2

tl−1Tlzt − yn‖ + ‖yn − xn‖

+ ‖xn − zt‖

=
∣∣∣
∣∣∣
(
1 −

∞∑
l=1

tl
)
T1zt +

∞∑
l=2

tl−1Tlzt

−
(
1 −

n−1∑
l=1

αl
n

)
T1xn −

n∑
l=2

αl−1
n Tlzt

∣∣∣
∣∣∣ + ‖yn − xn‖

+ ‖xn − zt‖

≤
(
1 −

∞∑
l=1

tl
)
‖T1zt − T1xn‖ +

∞∑
l=2

tl−1‖Tlzt − Tlxn‖
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+
∣∣∣

n−1∑
l=1

tl −
n−1∑
l=1

αl
n

∣∣∣‖ − T1xn‖ +
n∑

l=2

∣∣∣tl−1 − αl−1
n

∣∣∣‖Tlxn‖

+
∞∑

l=n

tl‖ − T1xn‖ +
∞∑

l=n+1

tl−1‖Tlxn‖ + ‖yn − xn‖

+ ‖xn − zt‖

≤
(
1 −

∞∑
l=1

tl
)
‖zt − xn‖ +

∞∑
l=2

tl−1‖zt − xn‖

+
∣∣∣

n−1∑
l=1

tl −
n−1∑
l=1

αl
n

∣∣∣M +
n∑

l=2

|tl−1 − αl−1
n |M

+
∞∑

l=n

tlM +
∞∑

l=n+1

tl−1M + ‖yn − xn‖ + ‖xn − zt‖

≤ 2‖zt − xn‖ + 8|t − αn|M +
2tn

1 − t
M + ‖yn − xn‖

for n ∈ N, and hence

∣∣∣
∣∣∣
(
1 −

∞∑
l=1

tl
)
T1zt +

∞∑
l=2

tl−1Tlzt − zt

∣∣∣
∣∣∣

≤ lim sup
j→∞

(
2‖zt − xnkj

‖ + 8|t − αnkj
|M

+
2tnkj

1 − t
M + ‖ynkj

− xnkj
‖
)

= 0.

Therefore we have
(
1 −

∞∑
l=1

tl
)
T1zt +

∞∑
l=2

tl−1Tlzt = zt for all t ∈ R with

0 < t < α. Since C is compact, there is a real sequence {tn} in (0, α) such
that lim

n→∞
tn = 0, and {ztn

} converges strongly to some point w ∈ C. By

Lemma 17.9, we obtain that such w is a common fixed point of {Tn : n ∈ N}.
We note that w is a cluster point of {xn} because so are {ztn

} for all n ∈ N.
Hence, lim inf

n→∞
‖xn − w‖ = 0. We also have {‖xn − w‖} is non-increasing by

Lemma 17.3. Thus, lim
n→∞

‖xn − w‖ = 0. This completes the proof. �


Theorem 17.12. Let C be a compact convex subset of a Banach space E.
Let {Tn : n ∈ N} be an infinite family of commuting nonexpansive mappings
on C. Fix λ ∈ (0, 1). Let {αn} be a sequence in [0, 1

2 ] satisfying

lim inf
n→∞

αn = 0, lim sup
n→∞

αn > 0, and lim
n→∞

(αn+1 − αn) = 0.

Define a sequence {xn} in C by x1 ∈ C and
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xn+1 = λ
(
1 −

∞∑
k=1

αk
n

)
T1xn + λ

∞∑
k=2

αk−1
n Tkxn + (1 − λ)xn

for n ∈ N. Then, {xn} converges strongly to a common fixed point of {Tn :
n ∈ N}.

As direct consequences, we obtain the following.

Theorem 17.13. Let C be a compact convex subset of a Banach space E.
Let S and T be nonexpansive mappings on C with ST = TS. Let {αn} be a
sequence in [0, 1] satisfying lim inf

n→∞
αn = 0, lim sup

n→∞
αn > 0, and lim

n→∞
(αn+1 −

αn) = 0. Define a sequence {xn} in C by x1 ∈ C and

xn+1 =
1 − αn

2
Sxn +

αn

2
Txn +

1
2
xn

for n ∈ N. Then, {xn} converges strongly to a common fixed point of S and T .

Theorem 17.14. Let C be a compact convex subset of a Banach space E.
Let l ∈ N with l ≥ 2 and let {T1, T2, ..., Tl} be a finite family of commuting
nonexpansive mappings on C. Let {αn} be a sequence in [0, 1

2 ] satisfying

lim inf
n→∞

αn = 0, lim sup
n→∞

αn > 0, and lim
n→∞

(αn+1 − αn) = 0.

Define a sequence {xn} in C by x1 and

xn+1 =
1
2

(
1 −

l−1∑
k=1

αk
n

)
T1xn +

1
2

l∑
k=2

αk−1
n Tkxn +

1
2
xn

for n ∈ N. Then, {xn} converges strongly to a common fixed point of
{T1, T2, ..., Tl}.

17.5 Historical Remarks

All the results of this chapter are due to Suzuki [463].



Chapter 18

Finite Families of Lipschitz
Pseudo-contractive and Accretive
Mappings

18.1 Introduction

In this chapter, we study an iteration process for approximating a common
fixed point (assuming existence) for a family of Lipschitz pseudo-contractive
mappings in arbitrary real Banach spaces.

18.2 Convergence Theorems

Let K be a nonempty closed convex subset of a real normed linear space. Let
T1, T2,...,Tm : K → K be m Lipschitz maps. We define the iterative sequence
{xn}∞n=1 by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u, x1 ∈ K
xn+1 = (1 − λn)xn + λnT1xn − λnθn(xn − u), if m = 1, n ≥ 1.

u, x1 ∈ K
xn+1 = (1 − λn)xn + λnT1y1n − λnθn(xn − u)
y1n = (1 − λn)xn + λnT2y2n

...
y(m−2)n = (1 − λn)xn + λnTm−1y(m−1)n

y(m−1)n = (1 − λn)xn + λnTmxn, m ≥ 2, n ≥ 1.

(18.1)

We prove the following theorems.

Theorem 18.1. Let K be a nonempty closed convex subset of a real Banach
space E. Let T1, T2, ..., Tm : K → K be m Lipschitz mappings such that F :=
m⋂

i=1

F (Ti) =
m⋂

i=1

{x ∈ K : Tix = x} 
= ∅. Let {λn} and {θn} be sequences in

(0, 1) such that λn = o(θn),
∑

λnθn = ∞ and λn(1+θn) < 1. Let {xn}∞n=1 be

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 243
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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iteratively generated by (18.1). Suppose that T1 is pseudo-contractive. Then,
the sequence {xn}∞n=1 is bounded.

Proof. For m = 1, the proof follows as in the proof of Theorem 11.5, by
replacing x1 by u in the iteration process used there. Now, for m ≥ 2, let
p ∈ F be fixed. If xn = p ∀ n ≥ 1, then we are done. So, let n0 ∈ N be
the first integer such that xn0 
= p. Clearly, there exist N∗ ≥ n0, r > 0 and
M > 0 such that xN∗ ∈ Br(p) := {x ∈ K : ||x − p|| ≤ r}, u ∈ B r

2
(p) and

∀ n ≥ N∗, 1−λm
n Lm

1−λnL ≤ M , and λn

θn
≤ 1

2[2LM+5+(2LM+ 7
2 )L]

. It suffices to show

by induction that {xn} belongs to B := Br(p) for all integers n ≥ N∗. By
construction, we have that xN∗ ∈ B. Hence, we may assume xn ∈ B for
any n ≥ N∗ and prove that xn+1 ∈ B. Suppose xn+1 is not in B. Then
||xn+1 − p|| > r. From (18.1) we have the following estimates:

‖y1n − p‖ = ‖(1 − λn)(xn − p) + λn(T2y2n − p)‖
≤ (1 − λn)‖xn − p‖ + λnL‖y2n − p‖
≤ ‖xn − p‖ + λnL

[
(1 − λn)‖xn − p‖ + λnL‖T3y3n − p‖

]

≤ ‖xn − p‖ + λnL‖xn − p‖ + (λnL)2‖y3n − p‖

≤ ‖xn − p‖ + λnL‖xn − p‖ + (λnL)2
[
‖xn − p‖ + λnL‖y4n − p‖

]

= ‖xn − p‖ + λnL‖xn − p‖ + (λnL)2‖xn − p‖ + (λnL)3‖y4n − p‖
...

≤
(
1 + λnL + (λnL)2 + (λnL)3 + ... + (λnL)m−1)‖xn − p‖

≤
(1 − (λnL)m

1 − λnL

)
‖xn − p‖

≤ M‖xn − p‖.

Similarly, we obtain that

‖y2n − p‖ ≤ M‖xn − p‖.

Furthermore,

‖T1xn+1 − T1y1n‖ ≤ L‖xn+1 − y1n‖ = L‖xn+1 − xn + λn(xn − T2y2n)‖
= L‖λn

[
T1y1n − xn − θn(xn − u)

]
+ λn(xn − T2y2n)‖

≤ λnL
[
‖T1y1n − xn‖ + θn‖xn − u‖ + ‖xn − T2y2n‖

]

≤ λnL
[
L‖y1n − p‖ + ‖p − xn‖ + θn‖xn − p‖

+θn‖p − u‖ + ‖xn − p‖ + L‖p − y2n‖
]

≤ λnL
[
(2LM + 3)‖xn − p‖ + ‖u − p‖

]
.
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Again, from (18.1) and using inequality (4.4), we obtain that

‖xn+1 − p‖2 = ‖xn − p − λn

[
(xn − T1y1n) + θn(xn − u)

]
‖2

≤ ‖xn − p‖2 − 2λn

〈
xn − T1y1n + θn(xn − u), j(xn+1 − p)

〉

≤ ‖xn − p‖2 − 2λnθn‖xn+1 − p‖2

+2λnθn

〈
(xn+1 − xn) + (u − p), j(xn+1 − p)

〉

−2λn

〈
xn − T1y1n, j(xn+1 − p)

〉

= ‖xn − p‖2 − 2λnθn‖xn+1 − p‖2

+2λnθn

〈
(xn+1 − xn) + (u − p), j(xn+1 − p)

〉

−2λn

〈
(xn − xn+1) + (xn+1 − T1xn+1)

+(T1xn+1 − T1y1n), j(xn+1 − p)
〉

≤ ‖xn − p‖2 − 2λnθn‖xn+1 − p‖2

+2λnθn

[
‖xn+1 − xn‖ + ‖u − p‖

]
‖xn+1 − p‖

+2λn

[
‖xn+1 − xn‖ + ‖T1xn+1 − T1y1n‖

]
‖xn+1 − p‖

−2λn

〈
xn+1 − T1xn+1, j(xn+1 − p)

〉
.

But
〈
xn+1 −T1xn+1, j(xn+1 − p)

〉
≥ 0 (since T1 is pseudocontractive). Thus,

‖xn+1 − p‖2 ≤ ‖xn − p‖2 − 2λnθn‖xn+1 − p‖2

+
[
4λn‖xn+1 − xn‖ + 2λnθn‖u − p‖

+‖T1xn+1 − T1y1n‖
]
‖xn+1 − p‖

≤ ‖xn − p‖2 − 2λnθn‖xn+1 − p‖2

+
[
4λn‖λn

(
T1y1n − xn + θn(xn − u)

)
‖ + 2λnθn‖u − p‖

+2λn

(
λnL

{
(2LM + 3)‖xn − p‖ + ‖u − p‖

})]
‖xn+1 − p‖

≤ ‖xn − p‖2 − 2λnθn‖xn+1 − p‖2

+4λ2
n

[
LM‖xn − p‖ + 2‖xn − p‖ + ‖u − p‖

]
‖xn+1 − p‖

+2λnθn‖u − p‖‖xn+1 − p‖

+2λ2
nL

(
(2LM + 3)‖xn − p‖ + ‖u − p‖

)
‖xn+1 − p‖.

Now, since ‖xn+1 − p‖ > r, we have that

2λnθn‖xn+1 − p‖ ≤ 4λ2
n

[
LMr +2r +

r

2
]
+2λnθn

r

2
+2λ2

nL
[
(2LM +3)r +

r

2
]
.
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Thus,

‖xn+1 − p‖ ≤ λn

θn

[
2LM + 5 +

(
2LM +

7
2
)
L
]
r +

r

2
.

which implies ‖xn+1−p‖ ≤ r, a contradiction. So, xn ∈ B ∀ n ≥ N∗. Hence,
{xn}∞n=1 is bounded. This completes the proof. �


Remark 18.2. Since {xn}∞n=1 is bounded, there exists δ > 0 sufficiently large
such that xn ∈ B := Bδ(p) ∀ n ∈ N. Furthermore, the set K∩B is a bounded
closed and convex nonempty subset of E. If we define a map ϕ : E → R by

ϕ(y) = μn‖xn − y‖2,

(where μ is a Banach limit) then ϕ is continuous, convex and ϕ(y) → +∞
as ‖y‖ → +∞. Thus, if E is a reflexive Banach space, then there exists
z∗ ∈ K ∩ B such that

ϕ(z∗) = min
y∈K∩B

ϕ(y).

So, the set

Kmin =
{

x ∈ K ∩ B : ϕ(x) = min
y∈K∩B

ϕ(y)
}

= ∅.

Remark 18.3. For the remainder of this chapter, {λn}∞n=1 and {θn}∞n=1 will
be as in Theorem 18.1.

Theorem 18.4. Let K be a nonempty closed convex subset of a real Banach
space E. Let T1, T2,..., Tm : K → K be m Lipschitz mappings such that

F :=
m⋂

i=1

F (Ti) =
m⋂

i=1

{x ∈ K : Tix = x} 
= ∅. Let T1 be pseudo-contractive.

Let {xn}∞n=1 be iteratively generated by (18.1). Suppose that Kmin ∩ F 
= ∅.
Then, the sequence {xn}∞n=1 converges strongly to a common fixed point of
{Ti}m

i=1.

Proof. Let α ∈ (0, 1) and z ∈ Kmin∩F . Then by convexity of K ∩B we have
that (1 − α)z + αu ∈ K ∩ B. Thus, ϕ(z) ≤ ϕ((1 − α)z + αu). Again, using
inequality (4.4), we obtain that

‖xn − z − t(u− z)‖2 ≤ ‖xn − z‖2 − 2α
〈
u− z, j(xn − z − α(u− z))

〉
∀ n ∈ N.

Taking Banach limit over n ∈ N gives

μn‖xn − z − t(u − z)‖2 ≤ μn‖xn − z‖2 − 2αμn

〈
u − z, j(xn − z − α(u − z))

〉
.

That is,

ϕ((1 − α)z + αu) ≤ ϕ(z) − 2αμn

〈
u − z, j(xn − z − α(u − z))

〉
.
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This implies, μn

〈
u − z, j(xn − z − α(u − z))

〉
≤ 0 ∀ n ∈ N. Furthermore,

the fact that the normalized duality mapping is norm-to-weak∗ uniformly
continuous on bounded subsets of E gives, as α → 0, that

〈
u − z, j(xn − z)

〉
−

〈
u − z, j(xn − z − α(u − z))

〉
→ 0.

Thus, for all ε > 0, there exists δε > 0 such that for all α ∈]0, δε[ and for all
n ∈ N,

〈
u − z, j(xn − z)

〉
−

〈
u − z, j(xn − z − α(u − z))

〉
< ε.

Thus,

μn

〈
u − z, j(xn − z)

〉
− μn

〈
u − z, j(xn − z − α(u − z))

〉
≤ ε,

which implies (since ε > 0 is arbitrary) that

μn

〈
u − z, j(xn − z)

〉
≤ 0.

Moreover, since both {xn}n≥1 and {T1y1n}n≥1 are bounded, we have that

‖xn+1 − xn‖ ≤ λn(‖xn‖ + ‖T1y1n‖ + θn‖xn − u‖) ≤ λnM0,

for some constant M0 ≥ 0. Thus, lim
n→∞

‖xn+1 − xn‖ = 0, since λn → 0 as
n → ∞. Again, using the fact that the normalized duality mapping j is
norm-to-weak∗ uniformly continuous on bounded subsets of E, we have that

lim
n→∞

(〈
u − z, j(xn+1 − z)

〉
−

〈
u − z, j(xn − z)

〉)
= 0.

The sequence {
〈
u − z, j(xn − z)

〉
}n≥1, therefore, satisfies the conditions of

Lemma 7.7. Hence,

lim sup
n→∞

〈u − z, j(xn − z)〉 ≤ 0.

Define
σn = max{

〈
u − z, j(xn − z)

〉
, 0}.

Then lim
n→∞

σn = 0 and

〈
u − z, j(xn − z)

〉
≤ σn ∀ n ∈ N. (18.2)

Again, using inequality (4.4), recursion formulas (18.1) and (18.2), we obtain

‖xn+1 − z‖2 = ‖xn − z − λn

[
xn − T1y1n + θn(xn − u)

]
‖2

≤ ‖xn − z‖2 − 2λn

〈
xn − T1y1n + θn(xn − u), j(xn+1 − z)

〉
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≤ ‖xn − z‖2 − 2λnθn‖xn+1 − z‖2

+2λnθn

〈
(xn+1 − xn) + u − z, j(xn+1 − z)

〉

−2λn

〈
(xn − xn+1) + (xn+1 − T1xn+1)

+(T1xn+1 − T1y1n), j(xn+1 − z)
〉

≤ ‖xn − z‖2 − 2λnθn‖xn+1 − z‖2 + (λn
2θn + λ2

n)M1

+2λnθn

〈
u − z, j(xn+1 − z)

〉

≤ ‖xn − z‖2 − 2λnθn‖xn+1 − z‖2 + λn
2(θn + 1)M1

+2λnθnσn+1

= ‖xn − z‖2 − 2λnθn‖xn+1 − z‖2 + δn,

where δn := λn
2(θn+1)M1+2λnθnσn+1 = o(λnθn) for some constant M1 > 0.

Hence, by Lemma 8.17, we have that the sequence {xn}∞n=1 converges strongly
to z ∈ F. This completes the proof. �


Corollary 18.5 Let K be a nonempty closed convex subset of a real Banach
space E. Let T1, T2, ..., Tm : K → K be m Lipschitz pseudo-contractive

mappings such that F :=
m⋂

i=1

F (Ti) 
= ∅. Let the sequence {xn}∞n=1 be itera-

tively generated by (18.1). Then, the sequence {xn}∞n=1 converges strongly to
a common fixed point of Ti, i = 1, 2, ...,m, provided Kmin ∩ F 
= ∅.

Proof. Boundedness of {xn}∞n=1 follows from Theorem 18.1. The rest follows
as in Theorem 18.4.

We showed in Chapter 10 that the class of mappings which are strictly
pseudo-contractive in the sense of Browder and Petryshyn is a proper subclass
of the class of Lipschitz pseudo-contractions. Thus, we have the following
corollary. �

Corollary 18.6 Let K be a nonempty closed convex subset of a real Banach
space E. Let T1, T2, ..., Tm : K → K be m mappings which are strictly
pseudo-contractive in the sense of Browder and Petryshyn such that F :=
m⋂

i=1

F (Ti) 
= ∅. Let the sequence {xn}∞n=1 be iteratively generated by (18.1).

Then, the sequence {xn}∞n=1 converges strongly to a common fixed point of
Ti, i = 1, 2, ...,m, provided Kmin ∩ F 
= ∅.

We now consider a situation where the condition Kmin ∩ F 
= ∅ is easily
satisfied.

Corollary 18.7 Let E be a real strictly convex Banach space with a uni-
formly Gâteaux differentiable norm possessing uniform normal structure. Let
K be a nonempty closed convex subset of E and let T1, T2,...,Tm : K → K

be m nonexpansive mappings such that F :=
m⋂

i=1

F (Ti) =
m⋂

i=1

{x ∈ K : Tix =
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x} 
= ∅. For γi ∈ (0, 1), define Si = (1 − γi)I + γiTi, i = 1, 2, ...,m and
put G := SmSm−1...S1. Let the sequence {xn}∞n=1 be iteratively generated
by (18.1). Then, {xn}∞n=1 converges strongly to a common fixed point of T1,
T2,...,Tm.

Proof. First observe that G := SmSm−1...S1 is nonexpansive. Thus, the set
Kmin = {x ∈ K ∩ B : ϕ(x) = min

y∈K∩B
ϕ(y)} is a nonempty closed convex

subset of K that has property (P) (shown in Lim and Xu [307] since ev-
ery nonexpansive mapping is asymptotically nonexpansive). It is known that
r⋂

i=1

F (Si) =
r⋂

i=1

F (Ti) and
r⋂

i=1

F (Si) = F (SmSm−1...S1) = F (G) (see, e.g.,

Chidume et al. [184], Takahashi et al. [481]). Hence, Kmin ∩ F (G) 
= ∅ and
Kmin ∩ F (G) = Kmin ∩ F . The rest follows as in the proof of Theorem 18.1
and Theorem 18.4. This completes the proof. �

18.3 Finite Families of Lipschitz Accretive Operators

Let A1, A2, ..., Am : E → E be m Lipschitz accretive mappings. We intro-
duce the following iteration process for the approximation of common zero
(assuming existence) of this family of mappings:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u, x1 ∈ E,
xn+1 = (1 − λn)xn + λnxn − λnA1xn

−λnθn(xn − u), if m = 1, n ≥ 1.
xn+1 = (1 − λn)xn + λny1n − λnA1y1n − λnθn(xn − u)
y1n = (1 − λn)xn + λny2n − λnA2y2n

...
y(m−2)n = (1 − λn)xn + λny(m−1)n − λnAm−1y(m−1)n

y(m−1)n = xn − λnAmxn, m ≥ 2, n ≥ 1,

(18.3)

where {λn}∞n=1 and {θn}∞n=1 are as above.

Theorem 18.8. Let E be a real Banach space with uniformly Gâteaux dif-
ferentiable norm, A1, A2, ..., Am : E → E be m Lipschitz accretive operators

such that N :=
m⋂

i=1

N(Ai) :=
m⋂

i=1

{x ∈ E : Aix = 0} 
= ∅. Let {xn}n≥1 be

iteratively generated by (18.3). Then, {xn}n≥1 is bounded. Moreover, if E
is a reflexive Banach space with uniformly Gâteaux differentiable norm and
Kmin∩N 
= ∅ (where Kmin is constructed as in Remark 18.2), then, {xn}n≥1

converges strongly to a common zero of A1, A2, ..., Am.

Proof. Recall that Ai is accretive if and only if Ti := I − Ai is pseudo-
contractive, i = 1, 2, ...,m. Then, if we replace Ai by I − Ti, i = 1, 2, ...,m
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in (18.3), then (18.3) reduces to (18.1) and boundedness of {xn} therefore
follows as in the proof of Theorem 18.1. Furthermore, p∗ ∈ Kmin ∩N implies

Aip
∗ = 0, i = 1, 2, ...,m. This implies Tip

∗ = p∗. Thus, Kmin∩
m⋂

i=1

F (Ti) 
= ∅,

i = 1, 2, ...,m. The rest follows as in the proof of Theorem 18.4. This com-
pletes the proof. �


18.4 Some Applications

Following the methods of proof used in the last section, the following theorems
are obtained.

Theorem 18.9. Let K be a nonempty closed and convex subset of a real
reflexive Banach space with uniformly Gâteaux differentiable norm. Let
T1, T2, ..., Tm : K → K be m Lipschitz hemi-contractive mappings such that

F ∗ :=
m⋂

i=1

F (Ti) 
= ∅. Let {xn}n≥1 be iteratively generated by (18.1). Suppose

that Kmin ∩ F ∗ 
= ∅. Then {xn}n≥1 converges strongly to some p∗ ∈ F ∗.

Proof. Boundedness of {xn}n≥1 follows as in the proof of Theorem 18.1. The
rest then follows as in the proof of Theorem 18.4. �


Theorem 18.10. Let E be a real reflexive Banach space with uniformly
Gâteaux differentiable norm. Let A1, A2, ..., Am : E → E be m Lipschitz

quasi-accretive operators such that N∗ :=
m⋂

i=1

N(Ai) 
= ∅. Let {xn}n≥1 be it-

eratively generated by (18.3). Suppose that Kmin ∩ N∗ 
= ∅. Then, {xn}n≥1

converges strongly to some x∗ ∈ N∗.

Proof. The mapping Ai is quasi-accretive if and only if Ti := (I − Ai) is
hemi-contractive i = 1, 2, ...,m. Thus, replacing Ai by I − Ti in (18.3), the
result follows as in Theorem 18.8. �


Remark 18.11. Prototypes for the iteration parameters of this chapter are,
for example, λn = 1

(n+1)a , and θn = 1
(n+1)b , where 0 < a + b < 1 and a > b.

18.5 Historical Remarks

Related results for strong convergence for a common zero of a finite family
of m-accretive mappings and α-inverse strongly accretive mappings can be
found in Zegeye and Shahzad ([541], [545]). All the results of this chapter are
due to Ofoedu and Shehu [364].



Chapter 19

Generalized Lipschitz
Pseudo-contractive and Accretive
Mappings

19.1 Introduction

In this chapter, we construct an iterative sequence for the approximation
of common fixed points of finite families of generalized Lipschitz pseudo-
contractive and generalized Lipschitz accretive operators (assuming exis-
tence). These classes of mappings have been defined in Chapter 12. Fur-
thermore, the iteration scheme introduced here and the method of proof are
of independent interest.

19.2 Generalized Lipschitz Pseudo-contractive
Mappings

Let K be a nonempty closed convex subset of a real normed space E. Let
T1, T2, ..., Tm : K → K be m generalized Lipschitz mappings . We define the
iterative sequence {xn} by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

u, x1 ∈ K,

xn+1 = (1 − αnλn)xn + αnλnT1y1n − λnθn(xn − u)
y1n = (1 − αn)xn + αnT2y2n

...
y(m−2)n = (1 − αn)xn + αnTm−1y(m−1)n

y(m−1)n = (1 − αn)xn + αnTmxn, m ≥ 2, n ≥ 1,

(19.1)

where {αn}∞n=1, {λn}∞n=1 and {θn}∞n=1 are sequence in (0, 1) and u, x1 are
fixed vectors in K.
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We prove the following theorems.

Theorem 19.1. Let K be a nonempty closed convex subset of a real Banach
space. Let T1, T2, ..., Tm : K → K be m generalized Lipschitz mappings such
that F := ∩m

i=1F (Ti) = ∩m
i=1{x ∈ K : Tix = x} 
= ∅. Let {αn}∞n=1, {λn}∞n=1

and {θn}∞n=1 be sequences in (0, 1) such that αn = o(θn); lim
n→∞

λn = 0 and

λn(αn +θn) < 1. Let {xn}n≥1 be iteratively generated by (19.1). Suppose that
T1 is pseudo-contractive. Then, the sequence {xn}∞n=1 is bounded.

Proof. Fix p ∈ F. If xn = p for all integers n ≥ 1, then we are done. So, let
n0 ∈ N be the first integer such that xn0 
= p. Clearly, there exist N∗ ≥ n0,
r > 0 and M > 0 such that xN∗ ∈ Br(p) := {x ∈ K : ||x−p|| ≤ r}, u ∈ B r

2
(p)

and for all n ≥ N∗, αn < min{ 1
L , θn}, λn < r

8[L(1+Mr+M)+ 5
2 r]

, αn

θn
<

r
8[1+2L(1+Mr+M)+ 7

2 r]
and 1−αm

n Lm

1−αnL ≤ M. It suffices to show by induction that

xn ∈ B := Br(p) for all n ≥ N∗. By construction, xN∗ ∈ B. Suppose that
xn ∈ B for n > N∗, we prove that xn+1 ∈ B. Suppose for contradiction that
xn+1 is not in B. Then ‖xn+1 − p‖ > r. From (19.1), we have the following
estimates:

‖y1n − p‖ = ‖(1 − αn)(xn − p) + αn(T2y2n − p)‖
≤ (1 − αn)‖xn − p‖ + αnL(1 + ‖y2n − p‖)
≤ ‖xn − p‖ + αnL‖(1 − αn)(xn − p) + αn(T3y3n − p)‖ + αnL

≤ ‖xn − p‖ + αnL
[
‖xn − p‖ + αnL(1 + ‖y3n − p‖)

]
+ αnL

= ‖xn − p‖ + αnL‖xn − p‖ + α2
nL2‖y3n − p‖ + αnL + α2

nL2

≤ ‖xn − p‖+αnL‖xn − p‖+α2
nL2

[
‖xn − p‖+αnL(1 + ‖y4n − p‖)

]

+αnL + α2
nL2

= ‖xn − p‖ + αnL‖xn − p‖ + α2
nL2‖xn − p‖ + α3

nL3‖y4n − p‖
+αnL + α2

nL2 + α3
nL3

...

≤
(
1 + αnL + α2

nL2 + α3
nL3 + ... + αm−1

n Lm−1
)
‖xn − p‖

+
(
αnL + α2

nL2 + α3
nL3 + ... + αm−1

n Lm−1
)

≤
(
1 + αnL + α2

nL2 + α3
nL3 + ... + αm−1

n Lm−1
)
‖xn − p‖

+
(
1 + αnL + α2

nL2 + α3
nL3 + ... + αm−1

n Lm−1
)

≤
(1 − αm

n Lm

1 − αnL

)
‖xn − p‖ +

(1 − αm
n Lm

1 − αnL

)

≤ M‖xn − p‖ + M.
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Again, from (19.1) and using inequality (4.4), we get,

‖xn+1 − p‖2 ≤ ‖xn − p‖2 − 2λnθn‖xn+1 − p‖2

+ 2λnθn

〈
(xn+1 − xn) + (u − p), j(xn+1 − p)

〉

+ 2λnαn

〈
(xn+1 − xn) + (p − T1xn+1) − (T1y1n − p), j(xn+1 − p)

〉

≤ ‖xn − p‖2 − 2λnθn‖xn+1 − p‖2

+2λn(θn + αn)‖xn+1 − xn‖.‖xn+1 − p‖
+2λnθn‖u − p‖‖xn+1 − p‖ + 2λnαnL(1 + ‖xn+1 − p)‖.‖xn+1 − p‖
+2λnαnL(1 + ‖y12 − p‖)‖xn+1 − p‖

≤ ‖xn − p‖2 − 2λnθn‖xn+1 − p‖2 + 2λ2
n(θn + αn)

[
αn‖xn − p‖

+αnL(1 + M‖xn − p‖ + M) + θn‖xn − p‖ + θn‖u − p‖
]
‖xn+1 − p‖

+2λnθn‖u − p‖‖xn+1 − p‖ + 2λnαnL
[
1 + αnλn‖xn − p‖

+αnλnL(1 + M‖xn − p‖ + M) + λnθn‖xn − p‖
+λnθn‖u − p‖ + ‖xn − p‖

]
‖xn+1 − p‖

+2λnαnL(1 + M‖xn − p‖ + M)‖xn+1 − p‖.

Since ‖xn+1 − p‖ > r, we have

2λnθn‖xn+1 − p‖2 ≤ 4λ2
nθn

[
L(1 + Mr + M) + r + r +

r

2

]
+ 2λnθn

r

2

+2αnλnL
[
1 + L(1 + Mr + M) + r + r + r +

r

2

]

+2λnαnL
[
1 + Mr + M

]
,

whichimplies,‖xn+1−p‖ ≤ r
4+ r

2+ r
8 < r,acontradiction.So,xn ∈ B ∀n ≥ N∗.

Hence, {xn}n≥1 is bounded. This completes the proof. �


Remark 19.2. It is now easy to see that we can find R > 0 sufficiently large
such that xn ∈ B∗ = BR(p) ∀ n ∈ N. Besides, the set K ∩ B∗ is a bounded
closed and convex nonempty subset of E. If we define a map ϕ : E → R by
ϕ(x) = μn‖xn+1 − x‖2, where μ is a Banach limit, then, ϕ is continuous,
convex and coercive (i.e., lim

‖x‖→+∞
ϕ(x) = +∞). Thus, if E is a reflexive

Banach space, then there exists x∗ ∈ K∩B∗ such that ϕ(x∗) = min
x∈K∩B∗

ϕ(x).

Thus, the set K∗ := {y ∈ K ∩ B∗ : ϕ(y) = min
x∈K∩B∗

ϕ(x)} 
= ∅.
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Remark 19.3. For the remainder of this chapter, {αn}n≥1, {λn}n≥1 and

{θn}n≥1 will be as in Theorem 19.1 and in addition,
∞∑

n=1

λnθn = ∞ will

be assumed.

We prove the following theorem.

Theorem 19.4. Let K be a nonempty closed and convex subset of a real
reflexive Banach space E with uniformly Gâteaux differentiable norm. Let
T1, T2, ..., Tm : K → K be m generalized Lipschitz mappings such that T1 is
pseudo-contractive and F := ∩m

i=1F (Ti) 
= ∅. Let the sequence {xn}n≥1 be
iteratively generated by (19.1). Suppose that K∗ ∩ F 
= ∅. Then, {xn}n≥1

converges strongly to a common fixed point of T1, T2, ..., Tm.

Proof. Let x∗ ∈ K∗ ∩ F and t ∈ (0, 1). Then, by the convexity of K ∩
B∗, we have that (1 − t)x∗ + tu ∈ K ∩ B∗. It then follows that ϕ(x∗) ≤
ϕ((1 − t)x∗ + tu). Using inequality (4.4), taking Banach limits over n ≥ 1,
and using the fact that the normalized duality mapping is norm-to-weak∗

uniformly continuous on bounded subsets of E, (following the method of
proof of Theorem 12.3) we obtain that limsup

n→∞
〈u − x∗, j(xn − x∗)〉 ≤ 0.

Define εn := max {〈u−x∗, j(xn+1−x∗)〉, 0}. Then, lim εn = 0, and 〈u−x∗,
j(xn+1−x∗)〉 ≤ εn. Again, using inequality (4.4), the recursion formula (19.1)
and these estimates, we obtain that

‖xn+1 − x∗‖2 = ‖xn − x∗ − λn[αnxn − αnT1y1n + θn(xn − u)]‖2

≤ ‖xn − x∗‖2 − 2λnθn‖xn+1 − x∗‖2 + (λ2
nθn

+ λnαn)C + 2λnθnεn

≤ ‖xn − x∗‖2 − 2λnθn‖xn+1 − x∗‖2 + δn

where δn := (λ2
nθn + λnαn)C + 2λnθnεn = o(λnθn) for some constant C > 0.

Hence, by Lemma 8.17, we have that the sequence {xn}n≥1 converges strongly
to x∗ ∈ F. This completes the proof. �


We obtain the following as an easy consequence of Theorem 19.4

Corollary 19.5 Let K be a nonempty closed and convex subset of a real
reflexive Banach space E with uniformly Gâteaux differentiable norm. Let
T1, T2, ..., Tm : K → K be m generalized Lipschitz pseudo-contractive map-
pings such that F := ∩m

i=1F (Ti) 
= ∅. Let the sequence {xn}n≥1 be iteratively
generated by (19.1). Suppose that K∗ ∩ F 
= ∅. Then, {xn}n≥1 converges
strongly to a common fixed point of T1, T2, ..., Tm.

Proof. Boundedness of the sequence {xn} follows as in the proof of Theorem
19.1 and the rest follows as in the proof of Theorem 19.4. �
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19.3 Generalized Lipschitz Accretive Operators

Let A1, A2, ..., Am : E → E be m generalized Lipschitz accretive mappings.
We introduce the following iteration process for the approximation of a com-
mon zero (assuming existence) of this family of mappings:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u, x1 ∈ K,
xn+1 = (1 − αnλn)xn + αnλny1n − αnλnA1y1n − λnθn(xn − u)
y1n = (1 − αn)xn + αny2n − αnA2y2n

...
y(m−2)n = (1 − αn)xn + αny(m−1)n − αnAm−1y(m−1)n

y(m−1)n = xn − αnAmxn, m ≥ 2, n ≥ 1,

(19.2)

where {αn}∞n=1, {λn}∞n=1 and {θn}∞n=1 are as above.

Theorem 19.6. Let E be a real Banach space with uniformly Gâteaux dif-
ferentiable norm, A1, A2, ..., Am : E → E be m generalized Lipschitz accretive
operators such that N := ∩m

i=1N(Ai) := ∩m
i=1{x ∈ E : Aix = 0} 
= ∅. Let

{xn}n≥1 be iteratively generated by (19.2). Then, {xn}n≥1 is bounded. More-
over, if E is a reflexive Banach space with uniformly Gâteaux differentiable
norm and K∗ ∩ N 
= ∅ (where K∗ is constructed as in Remark 19.2), then
{xn}n≥1 converges strongly to a common zero of A1, A2, ..., Am.

Proof. Recall that Ai is accretive if and only if Ti := I − Ai is pseudo-
contractive, i = 1, 2, ...,m. Then if we replace Ai by I − Ti, i = 1, 2, ...,m
in (19.2), then (19.2) reduces to (19.1) and boundedness of {xn} therefore
follows as in the proof of Theorem 19.1. Furthermore, p∗ ∈ K∗ ∩ N implies
Aip

∗ = 0, i = 1, 2, ...,m. This implies Tip
∗= p∗. Thus, K∗∩

(
∩m

i=1F (Ti)
)

= ∅,

i = 1, 2, ...,m. The rest follows as in the proof of Theorem 19.4. This com-
pletes the proof. �


19.4 Some Applications

Following the method of proofs used in the last section, the following theorems
are easily obtained.

Theorem 19.7. Let K be a nonempty closed and convex subset of a real
reflexive Banach space with uniformly Gâteaux differentiable norm. Let
T1, T2, ..., Tm : K → K be m generalized Lipschitz hemi-contractive mappings
such that F ∗ := ∩m

i=1F (Ti) 
= ∅. Let {xn}n≥1 be iteratively generated by
(19.1). Suppose that K∗∩F ∗ 
= ∅. Then, {xn}n≥1 converges strongly to some
p∗ ∈ F ∗.

Proof. Boundedness of {xn}n≥1 follows as in the proof of Theorem 19.1. The
rest then follows as in the proof of Theorem 19.4. �
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Theorem 19.8. Let E be a real reflexive Banach space with uniformly
Gâteaux differentiable norm. Let A1, A2, ..., Am : E → E be m generalized
Lipschitz quasi-accretive operators such that N∗ := ∩m

i=1N(Ai) 
= ∅. Let
{xn}n≥1 be iteratively generated by (19.2). Suppose that K∗ ∩N∗ 
= ∅. Then,
{xn}n≥1 converges strongly to some x∗ ∈ N∗.

Proof. The mapping Ai is quasi-accretive if and only if Ti := (I − Ai) is
hemi-contractive, i = 1, 2, ...,m. Thus, replacing Ai by I − Ti in (19.2), the
result follows as in Theorem 19.4. �


Remark 19.9. Prototypes for the iteration parameters for the theorems of this
chapter are, for example, λn = 1

(n+1)a , αn = 1
(n+1) and θn = 1

(n+1)b , where
a + b < 1.

19.5 Historical Remarks

All the theorems of this chapter are due to Chidume and Ofoedu [152, 153].



Chapter 20

Finite Families of Non-self
Asymptotically Nonexpansive
Mappings

20.1 Introduction

In Chapter 15, we studied the Halpern-type recursion formula

xn+1 = λn+1u + (1 − λn+1)Sn+1xn,

for the approximation of a common fixed point for a finite family of non-
expansive mappings. In Chapter 16, we studied the following Halpern-type
recursion formula

xn+1 = αnu +
∑
i≥1

σi,nSixn, n ≥ 1,

to approximate a common fixed point for a countable family of nonexpansive
mappings. In Chapter 17, we studied the recursion formula

xn+1 = λ
(
1 −

∞∑
k=1

αk
n

)
T1xn + λ

∞∑
k=1

αk−1
n Tkxn + (1 − λ)xn, n ∈ N,

for the approximation of a common fixed point for a commuting family of
nonexpansive mappings defined on a compact convex subset of a real Banach
space.

There is a fourth iteration formula which has been studied for the same
problem of approximating common fixed points of families of nonexpansive
mappings. We explore this in this chapter. We shall study this fourth itera-
tion method for approximating common fixed points of a family of non-self
asymptotically nonexpansive mappings. This problem has been studied by
various authors (e.g., Bruck et al. [60], Chidume et al. ([143], [164], [164]),
Chidume and Ofoedu [153], Oka [362], Shahzad and Udomene [445], Sh-
ioji and Takahashi [451], Sun [458], Chang et al. [84] and a host of other
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authors). As an immediate consequence, we shall obtain convergence theo-
rems for common fixed points for nonexpansive self and non-self mappings
of K.

The concept of non-self asymptotically nonexpansive mappings was intro-
duced by Chidume et al. [150] as an important generalization of asymptoti-
cally nonexpansive self-mappings.

Definition 20.1. (Chidume et al. [150]) Let K be a nonempty subset of a
real normed space E. Let P : E → K be a nonexpansive retraction of E onto
K. A non-self mapping T : K → E is called asymptotically nonexpansive if
there exists a sequence {kn} ⊂ [1,∞) with kn → 1 as n → ∞ such that
for every n ∈ N,

‖T (PT )n−1x − T (PT )n−1y‖ ≤ kn‖x − y‖ for every x, y ∈ K.

Using an Ishikawa-like scheme, Takahashi and Tamura [477] proved strong
and weak convergence of a sequence defined by xn+1 = αnS[βnTxn + (1 −
βn)xn] + (1 − αn)xn to a common fixed point of a pair of nonexpansive
mappings T and S. Wang [498] used a similar scheme and the definition of
Chidume et al. [150] to prove strong and weak convergence theorems for a pair
of non-self asymptotically nonexpansive mappings. More precisely he proved
the followings theorems in which F (T ) := {x ∈ K : Tx = x}.
Theorem 20.2. (Wang, [498]) Let K be a nonempty closed convex subset of
uniformly convex Banach space E. Suppose T1, T2 : K → E are two non-self
asymptotically nonexpansive mappings with sequences {kn} and {ln} ∈ [1,∞)

such that
∞∑

n=1
(kn − 1) < ∞,

∞∑
n=1

(ln − 1) < ∞, kn → 1, ln → 1 as n → ∞,

respectively. Let {xn} be generated by
⎧
⎨
⎩

x1 ∈ K,
xn+1 = P ((1 − αn)xn + αnT1(PT1)n−1yn),
yn = P ((1 − βn)xn + βnT2(PT2)n−1xn), n ≥ 1,

(20.1)

where {αn} and {βn} are sequences in [ε, 1− ε] for some ε ∈ (0, 1). If one
of T1 and T2 is completely continuous, and F (T1) ∩ F (T2) 
= ∅, then {xn}
converges strongly to a common fixed point of T1 and T2.

Theorem 20.3. (Wang, [498]) Let K,T1, T2, {kn}, {ln}, and {xn} be as
in Theorem 20.2. If one of T1 and T2 is semi-compact, and F (T1)∩F (T2) 
= ∅
then, {xn} converges strongly to a common fixed point of T1 and T2 .

Theorem 20.4. (Wang, [498]) Let K,T1, T2, {kn}, {ln}, and {xn} be as
in Theorem 20.2. If E satisfies Opial’s condition, and F (T1) ∩ F (T2) 
= ∅,
then {xn} converges weakly to a common fixed point of T1 and T2.

In this chapter, we study an iteration process introduced by Chidume and
Ali [122] for approximating common fixed points for finite families of non-
self asymptotically nonexpansive mappings. For these families of operators,
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strong convergence theorems are proved in uniformly convex Banach spaces
and weak convergence theorems are proved in real uniformly convex Banach
spaces that satisfy Opial’s condition, or have Frèchet differentiable norms, or
whose dual spaces have the Kadec-Klee property.

20.2 Preliminaries

A mapping T : K → K is said to be semi-compact if, for any bounded
sequence {xn} in K such that ‖xn − Txn‖ → 0 as n → ∞, there exists a
subsequence, say {xnj

}, of {xn} such that {xnj
} converges strongly to some

x∗ in K. Recall that T is said to be completely continuous if for every bounded
sequence {xn}, there exists a subsequence, say {xnj

} of {xn} such that the
sequence {Txnj

} converges strongly to some element of the range of T .
A Banach space E is said to have the Kadec-Klee property if, for every

sequence {xn} in E, xn ⇀ x and ‖xn‖ → ‖x‖ imply ‖xn − x‖ → 0.
In what follows we shall use the following results.

Lemma 20.5. (Schu, [439]) Let E be a real uniformly convex Banach space
and 0 ≤ p ≤ tn ≤ q < 1 for all positive integers n ≥ 1. Suppose that {xn}
and {yn} are two sequences of E such that

lim sup
n→∞

‖xn‖ ≤ r, lim sup
n→∞

‖yn‖ ≤ r and lim
n→∞

‖tnxn + (1 − tn)yn‖ = r

hold for some r ≥ 0, then lim
n→∞

‖xn − yn‖ = 0.

Lemma 20.6. (Chidume et al., [150]) Let E be a real uniformly convex
Banach space, K a nonempty closed subset of E, and let T : K → E be an
asymptotically nonexpansive mapping with a sequence {kn} ⊂ [1,∞) and
kn → 1 as n → ∞, then (I-T) is demiclosed at zero.

Lemma 20.7. (Kaczor, [267]) Let E be a real uniformly convex Banach space
whose dual E∗ satisfies the Kadec-Klee property. Let {xn} be a bounded se-
quence in E and x∗, q∗ ∈ ωω({xn}) ( where ωω({xn}) denote the weak limit
set of {xn}). Suppose lim

n→∞
‖txn+(1−t)x∗−q∗‖ exists for all t ∈ [0, 1]. Then,

x∗ = q∗.

Theorem 20.8. (Falset et al., [222]) Let E be a uniformly convex Banach
space and K be a convex subset of E. Then, there exists a strictly increasing
continuous convex function φ : R → R with φ(0) = 0 such that for each
Lipschitz mapping S : K → K with Lipschitz constant L, we have,

‖αSx + (1 − α)Sy − S(αx + (1 − α)y)‖ ≤ Lφ−1
(
‖x − y‖ − 1

L
‖Sx − Sy‖

)

for all x, y ∈ K and 0 < α < 1.
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20.3 Strong Convergence Theorems

In this section we state and prove the main results of this chapter. In
the sequel, we designate the set {1, 2, . . . ,m} by I and we always assume⋂m

i=1 F (Ti) 
= ∅. We now introduce the following iteration scheme.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ K,

xn+1 = P
[
(1 − αn)xn + αnT1(PT1)n−1yn+m−2

]

yn+m−2 = P
[
(1 − αn)xn + αnT2(PT2)n−1yn+m−3

]

...

yn = P
[
(1 − αn)xn + αnTm(PTm)n−1xn

]
, n ≥ 1.

(20.2)

We illustrate the iteration scheme (20.2) for the case of three maps T1, T2, T3.
In this case, the scheme (20.2) becomes;

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ K

xn+1 = P
[
(1 − αn)xn + αnT1(PT1)n−1yn+1

]
(i)

yn+1 = P
[
(1 − αn)xn + αnT2(PT2)n−1yn

]
(ii)

yn = P
[
(1 − αn)xn + αnT3(PT3)n−1xn

]
. (iii)

Starting with arbitrary x1 ∈ K (i.e., n = 1) we compute y1 from (iii), using
y1 we compute y2 from (ii), we then use y2 to compute x2 from (i). Then,
using x2 we come back to (iii) to compute y2, then with y2 in (ii) we get y3

and with y3 in (i) we compute x3, and, continuing in this way, we generate
the sequence {xn}.

Now, let x∗ ∈
⋂m

i=1 F (Ti). We start by presenting a proposition in which
boundedness of the sequence {xn} defined by (20.2) and the existence of the
limit, lim

n→∞
||xn − x∗||, are proved for four non-self asymptotically nonexpan-

sive maps T1, T2, T3 and T4 of K into E. The purpose of this is to illustrate
the pattern of the proof of the general case.

Proposition 20.9. Let E be a real normed linear space and K be a nonempty
subset of E which is also a nonexpansive retract with retraction P. Let
T1, T2, T3 and T4 be asymptotically nonexpansive mappings of K into E with
sequences {kin}∞n=1, respectively, i = 1, 2, 3, 4 satisfying kin → 1 as n → ∞
and

∞∑
n=1

(kin − 1) < ∞. Let {αn}∞n=1 be a sequence in [ε, 1 − ε], ε ∈ (0, 1).

Let {xn} be a sequence defined iteratively by
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ K

xn+1 = P
[
(1 − αn)xn + αnT1(PT1)n−1yn+2

]

yn+2 = P
[
(1 − αn)xn + αnT2(PT2)n−1yn+1

]

yn+1 = P
[
(1 − αn)xn + αnT3(PT3)n−1yn

]

yn = P
[
(1 − αn)xn + αnT4(PT4)n−1xn

]
, n ≥ 1.

Then, {xn} is bounded and lim
n→∞

||xn − x∗|| exists.

Proof. Set kin = 1 + uin so that
∞∑

n=1
uin < ∞ for each i ∈ {1, ..., 4}. Let

wn :=
4∑

i=1

μin so that μin ≤ ωn for i = 1, 2, 3, 4 and let x∗ ∈
⋂4

i=1 F (Ti).

Then, we have the following estimates,

||xn+1 − x∗|| ≤ (1 − αn)||xn − x∗|| + αn(1 + u1n)
[
(1 − αn)||xn − x∗||

+ αn(1 + u2n)
(
(1 − αn)||xn − x∗|| + αn(1 + u3n)[(1 − αn)||xn − x∗||

+αn(1 + u4n)||xn − x∗||]
)]

≤ ||xn − x∗||
[
1 − αn + αn(1 + u1n)(1 − αn) + α2

n(1 − αn)(1 + u1n)(1 + u2n)

+ α3
n(1 − αn)(1 + u1n)(1 + u2n)(1 + u3n)

+ α4
n(1 + u1n)(1 + u2n)(1 + u3n)(1 + u4n)

]

= ||xn − x∗||
[
1 − αn + αn(1 + u1n − αn(1 + u1n)) + α2

n(1 + u1n)

+ α2
nu2n(1 + u1n) − α3

n(1 + u1n)(1 + u2n)
+ α3

n(1 + u1n)(1 + u2n)
+ α3

nu3n(1 + u1n)(1 + u2n) − α4
n(1 + u1n)(1 + u2n)(1 + u3n)

+ α4
n(1 + u1n)(1 + u2n)(1 + u3n)

+ α4
nu4n(1 + u1n)(1 + u2n)(1 + u3n)

]

= ||xn − x∗||
[
1 + αnu1n + α2

nu2n(1 + u1n) + α3
nu3n(1 + u1n)(1 + u2n)

+ α4
nu4n(1 + u1n)(1 + u2n)(1 + u3n)

]

≤ ||xn − x∗||
[
1 + u1n + u2n(1 + u1n) + u3n(1 + u1n)(1 + u2n)

+ u4n(1 + u1n)(1 + u2n)(1 + u3n)
]
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= ||xn − x∗||
[
1 + u1n + u2n + u3n + u4n + u1nu2n + u1nu3n + u1nu4n

+ u2nu3n + u2nu4n + u3nu4n + u1nu2nu3n + u1nu2nu4n + u1nu3nu4n

+u2nu3nu4n + u1nu2nu3nu4n

]

≤ ||xn − x∗||
[
1 + 4wn + 6w2

n + 4w3
n + w4

n

]

= ||xn − x∗||
[
1 +

(
4
1

)
wn +

(
4
2

)
w2

n +
(

4
3

)
w3

n +
(

4
4

)
w4

n

]

≤ ||xn − x∗||(1 + 15wn) ≤ ||xn − x∗||e15wn

≤ ||x1 − x∗||e
15

∞∑
n=1

wn

< ∞.

Hence, {xn} is bounded and so there exists a positive integer M such that
‖xn+1 − x∗‖ ≤ ‖xn − x∗‖+ 15Mwn. By Lemma 6.32, lim

n→∞
‖xn − x∗‖ exists.

This completes the proof of Proposition 20.9. �


Now, for finitely many maps, we prove the following lemma.

Lemma 20.10. Let E be a real normed linear space and K be a nonempty
subset of E which is also a nonexpansive retract with retraction P. Let
T1, T2, ..., Tm be asymptotically nonexpansive mappings of K into E with se-

quences {kin}∞n=1 satisfying kin → 1 as n → ∞ and
∞∑

n=1
(kin − 1) < ∞, i =

1, 2, ...,m. Let {αn}∞n=1 be a sequences in [ε, 1−ε], ε ∈ (0, 1). Let {xn} be a se-
quence defined iteratively by (20.2). Then, {xn} is bounded and lim ||xn−x∗||
exists.

Proof. Set kin = 1+uin so that
∞∑

n=1
uin < ∞ for each i ∈ I. Let wn :=

m∑
i=1

uin.

Let x∗ ∈
⋂m

i=1 F (Ti). Then we have, for some positive integer h, 2 ≤ h < m,

‖xn+1 − x∗‖ = ‖(1 − αn)xn + αnT1(PT1)n−1yn+m−2 − x∗‖
≤ (1 − αn)‖xn − x∗‖ + αn(1 + u1n)‖yn+m−2 − x∗‖

≤ (1 − αn)‖xn − x∗‖ + αn(1 + u1n)
[
(1 − αn)‖xn − x∗‖

+ αn(1 + u2n)‖yn+m−3 − x∗‖
]

≤ (1 − αn)‖xn − x∗‖ + αn(1 − αn)(1 + u1n)‖xn − x∗‖
+ . . . + αh−1

n (1 − αn)(1 + u1n)(1 + u2n) . . . (1 + uh−1n)‖xn − x∗‖
+ . . . + αm

n (1 + u1n)(1 + u2n) . . . (1 + umn)‖xn − x∗‖
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= ‖xn − x∗‖
[
1 + αnu1n + α2

nu2n + . . . + αm
n umn

+ α2
nu1nu2n + α3

nu1nu3n + . . . + αm
n u1nu2n . . . umn

]

≤ ‖xn − x∗‖
[
1 + u1n + u2n(1 + u1n) + u3n(1 + u1n)(1 + u2n) + . . .

+ umn(1 + u1n)(1 + u2n) . . . (1 + um−1n)
]

= ‖xn−x∗‖
[
1 + u1n + u2n + . . . + umn + u1nu2n + u1nu3n +. . . + u1nu2nu3n

+ . . . + u1nu2nu3n . . . umn

]

≤ ‖xn − x∗‖
[
1 +

(
m

1

)
wn +

(
m

2

)
w2

n + . . . +
(

m

m

)
wm

n

]

≤ ‖xn − x∗‖(1 + δmwn) ≤ ‖xn − x∗‖eδmwn

≤ ‖x1 − x∗‖e
δm

∞∑
n=1

wn

< ∞,

where δm is a positive real number defined by δm :=
[(

m
1

)
+

(
m
2

)
+ . . .+

(
m
m

)]
.

This implies that {xn} is bounded and so there exists a positive integer M
such that ‖xn+1−x∗‖ ≤ ‖xn−x∗‖+δmMwn. By Lemma 6.32, lim

n→∞
‖xn−x∗‖

exists. This completes the proof of Lemma 20.10. �


We also prove the following lemma which will be the main tool in the sequel.

Lemma 20.11. Let E be a real uniformly convex Banach space and K be a
closed convex nonempty subset of E which is also a nonexpansive retract with
retraction P. Let T1, T2, . . . , Tm : K → E be asymptotically nonexpansive
mappings with sequences {kin}∞n=1 satisfying kin → 1 as n → ∞ and
∞∑

n=1
(kin − 1) < ∞, i = 1, 2, ...,m. Let {αn}∞n=1 be a sequence in [ε, 1−ε], ε ∈

(0, 1). Let {xn} be a sequence defined iteratively by (20.2). Then,

lim
n→∞

‖xn − T1xn‖ = lim
n→∞

‖xn − T2xn‖ = . . . = lim
n→∞

‖xn − Tmxn‖ = 0.

Proof. By Lemma 20.10 , lim
n→∞

‖xn − x∗‖ exists. Let

lim
n→∞

‖xn − x∗‖ = l. (20.3)

Observe that for any positive integer h, 2 ≤ h < m we have, using the
notations of Lemma 20.10, the following estimates.

‖yn+m−h − x∗‖ ≤ ‖xn − x∗‖
[
1 + uhn + uh+1n(1 + uhn)

+uh+2n(1 + uhn)(1 + uh+1n)

+ . . . + umn(1 + uhn)(1 + uh+1n) . . . (1 + um−1n)
]
(20.4)
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and

‖Th(PTh)n−1yn+m−h−1 − x∗‖ ≤ (1 + uhn)‖yn+m−h−1 − x∗‖. (20.5)

From (20.3) and (20.4) we have

lim sup
n→∞

‖yn+m−h − x∗‖ ≤ l (20.6)

and from (20.5),

lim sup
n→∞

‖Th(PTh)n−1yn+m−h−1 − x∗‖ ≤ l. (20.7)

Since

l = lim
n→∞

‖xn − x∗‖ = lim
n→∞

‖xn+1 − x∗‖

= lim
n→∞

‖(1 − αn)(xn − x∗) + αn(T1(PT1)n−1yn+m−2 − x∗)‖, (20.8)

by using (20.3), (20.7) and Lemma 20.5 we have

lim
n→∞

‖xn − T1(PT1)n−1yn+m−2‖ = 0. (20.9)

Using (20.7) we also have

lim sup
n→∞

‖T1(PT1)n−1yn+m−2 − x∗‖ ≤ l. (20.10)

Using (20.9) and the following estimate

‖xn − x∗‖ ≤ ‖xn − T1(PT1)n−1yn+m−2‖ + ‖T1(PT1)n−1yn+m−2 − x∗‖

≤ ‖xn − T1(PT1)n−1yn+m−2‖ + (1 + u1n)‖yn+m−2 − x∗‖,

we have
l ≤ lim inf

n→∞
‖yn+m−2 − x∗‖. (20.11)

From (20.6) and (20.11) we get

lim
n→∞

‖yn+m−2 − x∗‖ = l. (20.12)

Thus, lim
n→∞

‖(1 − αn)(xn − x∗) + αn(T2(PT2)n−1yn+m−3 − x∗)‖ = l, and

similarly by (20.3), (20.7) and Lemma 20.5 we get lim
n→∞

‖xn − T2(PT2)n−1

yn+m−3‖ = 0. Continuing, we observe that for 2 ≤ h < m,

lim
n→∞

‖xn − Th(PTh)n−1yn+m−h−1‖ = 0 (20.13)
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and
lim

n→∞
||yn+m−h − x∗|| = l. (20.14)

Now,

‖xn − Th(PTh)n−1xn‖ ≤ ‖xn − Th(PTh)n−1yn+m−h−1‖
+ ‖Th(PTh)n−1yn+m−h−1 − Th(PTh)n−1xn‖
≤ ‖xn − Th(PTh)n−1yn+m−h−1‖
+ (1 + uhn)‖yn+m−h−1 − xn‖ (20.15)

= ‖xn − Th(PTh)n−1yn+m−h−1‖ + (1 + uhn)‖(1 − αn)xn

+ αnTh+1(PTh+1)
n−1yn+m−h−2 − xn‖

≤ ‖xn − Th(PTh)n−1yn+m−h−1‖
+ αn(1 + uhn)‖xn − (Th+1PTh+1)

n−1yn+m−h−2‖,

and so

lim
n→∞

‖xn − Th(PTh)n−1xn‖ = 0. (20.16)

For each i ∈ I, Ti is asymptotically nonexpansive, and so is Lipschitzian with
Lipschitz constants Li. If L = max

1≤i≤m
{Li}, then, noting that xn = Pxn ∀n ≥ 1,

we have the following estimate.

‖xn − Thxn‖ ≤ ‖xn − Th(PTh)n−1xn‖

+‖Th(PTh)n−1xn − Th(PTh)n−1yn+m−h−1‖

+ ‖Th(PTh)n−1yn+m−h−1 − Thxn‖

≤ ‖xn − Th(PTh)n−1xn‖ + (1 + uhn)‖xn − yn+m−h−1‖

+ L‖Th(PTh)n−2yn+m−h−1 − xn, ‖

and from (20.15) and (20.16) we have

lim
n→∞

‖xn − Thxn‖ = 0. (20.17)

Note that

||yn − x∗|| = ||(1 − αn)(xn − x∗) + αn(Tm(PTm)n−1xn − x∗)||
≤ [1 − αn + αn + αnumn]||xn − x∗||

which implies

lim sup
n→∞

||yn − x∗|| ≤ l. (20.18)
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On the other hand,

||xn − x∗|| ≤ ||xn − Tm−1(PTm−1)n−1yn|| + ||Tm−1(PTm−1)n−1yn − x∗||
≤ ||xn − Tm−1(PTm−1)n−1yn|| + (1 + u(m−1)n)||yn − x∗||.

(20.19)

From this and (20.13), we get

lim inf
n→∞

||yn − x∗|| ≥ l. (20.20)

From (20.18) and (20.20), we have lim
n→∞

||yn − x∗|| = l. Hence,

lim
n→∞

||(1 − αn)(xn − x∗) + αn(Tm(PTm)n−1xn − x∗)|| = l.

By (20.3), Lemma 20.5 and the following estimate,

lim sup
n→∞

||Tm(PTm)n−1xn − x∗|| ≤ lim sup
n→∞

(1 + umn)||xn − x∗|| = l,

we have that lim
n→∞

||xn − Tm(PTm)n−1xn|| = 0. Moreover,

||xn − Tmxn|| ≤ ||xn − Tm(PTm)n−1xn|| + ||Tm(PTm)n−1xn − Tmxn||
≤ ||xn − Tm(PTm)n−1xn|| + L||Tm(PTm)n−2xn − xn||,

so that, lim
n→∞

‖xn − Tmxn‖ = 0 and this completes the proof. �


We now prove the following convergence theorem.

Theorem 20.12. Let E be a real uniformly convex Banach space and K be a
closed convex nonempty subset of E which is also a nonexpansive retract with
retraction P. Let T1, T2, . . . , Tm : K → E be asymptotically nonexpansive
mappings of K into E with sequences {kin}∞n=1 and {αn}∞n=1 be as in Lemma
20.11. If one of {Ti}m

i=1 is either completely continuous or semi-compact,
then, the sequence {xn} defined by (20.2) converges strongly to a common
fixed point of {Ti}m

i=1.

Proof. If one of Ti’s is semi-compact, say Ts, s ∈ {1, 2, ...,m}, from the fact
that lim

n→∞
‖xn − Tsxn‖ = 0 and {xn} is bounded, there exists a subsequence,

say {xnj
}, of {xn} that converges strongly to some x∗ in K. By Lemma 20.6,

Tsx
∗ = x∗. From lim

n→∞
‖xn−Tixn‖ = 0 and the continuity of Ti, i = 1, 2, ...,m,

and using xnj
→ x∗ as j → ∞, we obtain that x∗ ∈ ∩m

i=1Fix(Ti). By Lemma
20.10, lim

n→∞
‖xn − x∗‖ exists and so {xn} converges strongly to x∗.

If, on the other hand, one of Ti’s is completely continuous, say Ts, then
{Tsxn} is bounded (since {xn} is). Hence, there exists a subsequence {Tsxnj

}
of {Tsxn} converging strongly to some x∗. By Lemma 20.11, lim

n→∞
‖xnj

−
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Tsxnj
‖ = 0, and by the continuity of Ts, we have lim

j→∞
‖xnj

− x∗‖ = 0. Using

Lemma 20.6 again, we have x∗ ∈ ∩m
i=1F (Ti). Thus, since lim

n→∞
‖xn−x∗‖ exists

by Lemma 20.10, we have lim
n→∞

‖xn − x∗‖ = 0 and the proof is complete. �


The following corollary follows from Theorem 20.12.

Corollary 20.13 Let K be a nonempty closed convex subset of a real uni-
formly convex Banach space E. Let T1, T2, . . . , Tm : K → K be asymptot-
ically nonexpansive mappings with sequences {kin}∞n=1 and {αn}∞n=1 be as
in Lemma 20.11. If one of {Ti}m

i=1 is either completely continuous or semi-
compact, then the sequence {xn} defined by

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x1 ∈ K,
xn+1 = (1 − αn)xn + αn(T1)nyn+m−2

yn+m−2 = (1 − αn)xn + αn(T2)nyn+m−3

...
yn = (1 − αn)xn + αn(Tm)nxn, n ≥ 1,m ≥ 2,

(20.21)

converges strongly to a common fixed point of {Ti}m
i=1.

20.4 Weak Convergence Theorems

We now prove weak convergence theorems.

Theorem 20.14. Let E be a real uniformly convex Banach space and K be a
closed convex nonempty subset of E which is also a nonexpansive retract with
retraction P. Let T1, T2, . . . , Tm : K → E be asymptotically nonexpansive
mappings of K into E with sequences {kin}∞n=1 and {αn}∞n=1 be as in Lemma
20.11. If E satisfies Opial’s condition or has a Frèchet differentiable norm,
then, the sequence {xn} defined by (20.2) converges weakly to a common fixed
point of {Ti}m

i=1.

Proof. If E satisfies Opial’s condition the proof follows as in the proof of
Theorem 3.2 of Tan and Xu [488]. If E has Frèchet differentiable norm, the
proof follows as in the proof of Theorem 3.10 of Chidume et al. [150], using
Lemma 20.7 instead of Lemma 3.9 of Chidume et al. [150]. �


The following corollary follows from Theorem 20.14.

Corollary 20.15 Let K be a nonempty closed convex subset of a real uni-
formly convex Banach space E. Let T1, T2, . . . , Tm : K → K be asymptot-
ically nonexpansive mappings with sequences {kin}∞n=1 and {αn}∞n=1 be as
in Lemma 20.11. If E satisfies Opial’s condition or has a Frèchet differen-
tiable norm, then, the sequence {xn} defined by (20.21) converges weakly to
a common fixed point of {Ti}m

i=1.
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For our next theorem, we shall need the following Lemma.

Lemma 20.16. Let E be a real uniformly convex Banach space, and K be
a closed convex subset of E . Let T1, T2, . . . , Tm : K → K be nonex-
pansive mappings. Let the sequence {αn}∞n=1 be as in Lemma 20.11. For
t ∈ [0, 1] and u, v ∈

⋂m
i=1 F (Ti), if {xn} is a sequence defined by

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x1 ∈ K,
xn+1 = (1 − αn)xn + αnT1yn+m−2

yn+m−2 = (1 − αn)xn + αnT2yn+m−3

...
yn = (1 − αn)xn + αnTmxn, n ≥ 1,m ≥ 2,

(20.22)

then, lim
n→∞

‖txn + (1 − t)u − v‖ exists.

Proof. Since {xn} is bounded, there exists a positive real number r such that
{xn} ⊆ D ≡ Br(0) ∩K, so that D is a closed convex nonempty subset of K.
Let

gn(t) := ‖txn + (1 − t)u − v‖. (20.23)

Then, lim
n→∞

gn(1) = lim
n→∞

‖xn − v‖ and lim
n→∞

gn(0) = ‖u − v‖ exist. Now let

t ∈ (0, 1) and define a map Qn : D → D by
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

Qnx = (1 − αn)x + αnT1x
m−2

xm−2 = (1 − αn)x + αnT2x
m−3

...
x0 = (1 − αn)x + αnTmx, n ≥ 1,m ≥ 2.

Denoting xm−h by yn+m−h, 2 ≤ h ≤ m, we note that Qnxn = xn+1. Observe
also that

⋂m
n=1 F (Ti) ⊆ F (Qn). We show Qn is nonexpansive. For x, z ∈ D,

‖Qnx − Qnz‖ = ‖(1 − αn)x + αnT1x
m−2 − [(1 − αn)z + αnT1z

m−2]‖
≤ (1 − αn)‖x − z‖ + αn‖xm−2 − zm−2‖

≤ ‖x − z‖
[
1 − αn + αn(1 − αn) + α2

n(1 − αn) + . . .

+ αm−1
n (1 − αn) + αm

n

]

= ‖x − z‖.

If we define Sn,d := Qn+d−1Qn+d−2 . . . Qn, d ≥ 1 an integer and

bn,d := ‖Sn,d(txn + (1 − t)u) − (tSn,dxn + (1 − t)u)‖,
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we then have, ‖Sn,dx − Sn,dy‖ ≤ ‖x − y‖ , Sn,dxn = xn+d and Sn,dx
∗ =

x∗ ∀x∗ ∈
⋂m

i=1 F (Ti). By Theorem 20.8 and the fact that lim
n→∞

‖xn − x∗‖
exists, we get lim

d→∞
bn,d = 0. Note also that,

gn+d(t) = ‖txn+d + (1 − t)u − v‖
= ‖tSn,dxn + (1 − t)u − v‖
≤ ‖(tSn,dxn + (1 − t)u) − Sn,d(txn + (1 − t)u)‖

+‖Sn,d(txn + (1 − t)u) − v‖
≤ bn,d + ‖Sn,d(txn + (1 − t)u) − Sn,dv‖
≤ bn,d + gn(t),

which implies lim sup
n→∞

gn(t) ≤ lim inf
n→∞

gn(t) and the proof is complete. �


Theorem 20.17. Let E be a real uniformly convex Banach space whose dual
E∗ satisfies the Kadec-Klee property. Let K be a nonempty closed convex
subset of E. Let T1, T2, . . . , Tm : K → K be nonexpansive mappings. Let the
sequence {αn}∞n=1 be as in Lemma 20.11 and {xn} be defined iteratively by
(20.22). Then, {xn} converges weakly to some common fixed point of {Ti}m

i=1.

Proof. Since {xn} is bounded, by the reflexivity of E, there exists a subse-
quence {xnj

} of {xn} that converges weakly to some x∗ in K. By Lemma
20.6 and Lemma 20.11, we have Tix

∗ = x∗ for each i ∈ I, and this im-
plies x∗ ∈

⋂m
i=1 F (Ti). Suppose we have another subsequence say, {xnk

}
of {xn} converging weakly to say q∗, then x∗, q∗ ∈ ωω({xn}) ∩

⋂m
i=1 F (Ti)

(where ωω({xn}) denotes the weak limit set of {xn}). By Lemma 20.16,
lim

n→∞
‖txn +(1− t)x∗−q∗‖ exists for all t ∈ [0, 1] and by Lemma 20.7, x∗ = q∗

and the proof is complete. �

20.5 The Case for Nonexpansive Mappings

For completeness and easy reference, we conclude with the following theorems
for finite families of nonexpansive mappings.

Theorem 20.18. Let E be a real uniformly convex Banach space and K be a
closed convex nonempty subset of E which is also a nonexpansive retract with
retraction P. Let T1, T2, . . . , Tm : K → E be nonexpansive mappings of K
into E. Let the sequence {αn}∞n=1 be as in lemma 20.11. If one of {Ti}m

i=1 is
either completely continuous or semi-compact, then the sequence {xn} defined
by (20.2) converges strongly to a common fixed point of {Ti}m

i=1.

Theorem 20.19. Let E be a real uniformly convex Banach space and K be a
closed convex nonempty subset of E which is also a nonexpansive retract with
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retraction P. Let T1, T2, . . . , Tm : K → E be nonexpansive mappings of K
into E. Let the sequence {αn}∞n=1 be as in Lemma 20.11. If E satisfies Opial’s
condition or has a Frèchet differentiable norm, then the sequence {xn} defined
by (20.2) converges weakly to a common fixed point of {Ti}m

i=1.

20.6 Historical Remarks

More on metric projection operators and their applications in iterative meth-
ods for non-self mappings in Banach spaces and on approximation of a com-
mon fixed point for families of asymptotically nonexpansive mappings can
be found in Al’ber ([3], [4]), Al’ber et al. ([5], [6], [12], [13], [11]), Al’ber and
Ryazantseva [14], Chidume and Ali [123], Chidume et al. [141], Chidume and
Li [142], Jung and Kim [266], Tan and Zhou [483], Takahashi and Kim [476],
Xu and Yin [520], Al’ber and Guerre-delabriere [7], Al’ber and Reich [10], Li
[297], [298]), Falset et al. [222]. All the theorems of this chapter are due to
Chidume and Ali [122].



Chapter 21

Families of Total Asymptotically
Nonexpansive Maps

21.1 Introduction

Let K be a nonempty subset of a real normed linear space, E. Recall that
a mapping T : K → K is said to be asymptotically nonexpansive in the
intermediate sense (see e.g., Bruck [60]) if it is continuous and the following
inequality holds:

lim sup
n→∞

sup
x,y∈K

(‖Tnx − Tny‖ − ‖x − y‖) ≤ 0. (21.1)

If F (T ) := {x ∈ K : Tx = x} 
= ∅ and (21.1) holds for all x ∈ K, y ∈ F (T ),
then T is called asymptotically quasi-nonexpansive in the intermediate sense.
Observe that if we define

an := sup
x,y∈K

(‖Tnx − Tny‖ − ‖x − y‖), and σn = max{0, an}, (21.2)

then σn → 0 as n → ∞ and (21.1) reduces to

‖Tnx − Tny‖ ≤ ‖x − y‖ + σn, for all x, y ∈ K, n ≥ 1. (21.3)

Recently, Alber et al. [6] introduced the class of total asymptotically nonex-
pansive mappings.

Definition 21.1. A mapping T : K → K is said to be total asymptotically
nonexpansive if there exist nonnegative real sequences {μn} and {ln}, n ≥ 1
with μn, ln → 0 as n → ∞ and a strictly increasing continuous function
φ : R

+ → R
+ with φ(0) = 0 such that for all x, y ∈ K,

‖Tnx − Tny‖ ≤ ‖x − y‖ + μnφ(‖x − y‖) + ln, n ≥ 1. (21.4)

Remark 21.2. If φ(λ) = λ, then (21.4) reduces to

‖Tnx − Tny‖ ≤ (1 + μn)‖x − y‖ + ln, n ≥ 1.

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 271
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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In addition, if ln = 0 for all n ≥ 1, then total asymptotically nonexpansive
mappings coincide with asymptotically nonexpansive mappings. If μn = 0
and ln = 0 for all n ≥ 1, we obtain from (21.4) the class of mappings that
includes the class of nonexpansive mappings. If μn = 0 and ln = σn =
max{0, an}, where an := sup

x,y∈K
(‖Tnx − Tny‖ − ‖x − y‖) for all n ≥ 1, then

(21.4) reduces to (21.1) which has been studied as mappings asymptotically
nonexpansive in the intermediate sense.

The idea of Definition 21.1 is to unify various definitions of classes of map-
pings associated with the class of asymptotically nonexpansive mappings and
which are extensions of nonexpansive mappings; and to prove general con-
vergence theorems applicable to all these classes.

Shahzad and Udomene [444] established necessary and sufficient condi-
tions for convergence of an Ishikawa-type iteration sequence to a common
fixed point of two asymptotically quasi-nonexpansive mappings in arbitrary
real Banach spaces. They also established a sufficient condition for the con-
vergence of the Ishikawa-type iteration sequences to a common fixed point
of two uniformly continuous asymptotically quasi-nonexpansive mappings in
real uniformly convex Banach spaces.

Also, Quan et al. [396] studied necessary and sufficient conditions for the
so called finite-step iterative sequences with mean errors for a finite family of
asymptotically quasi-nonexpansive-type mappings in Banach spaces to con-
verge to a common fixed point of members of the family; where a mapping T
is said to be of the asymptotically quasi-nonexpansive-type if T is continuous
and

lim sup
n→∞

{
sup

x∈E,p∈F (T )

[
‖Tnx − p‖2 − ‖x − p‖2

]}
≤ 0.

Remark 21.3. Observe that

lim sup
n→∞

{
sup

x∈E,p∈F (T )

[
‖Tnx − p‖2 − ‖x − p‖2

]}
≤ 0

implies

lim sup
n→∞

{
sup

x∈E,p∈F (T )

(
‖Tnx − p‖ − ‖x − p‖

)(
‖Tnx − p‖ + ‖x − p‖

)}
≤ 0

which implies lim sup
n→∞

{
sup

x∈E,p∈F (T )

[
‖Tnx−p‖−‖x−p‖

]}
≤ 0, so that asymp-

totically quasi-nonexpansive-type mappings studied by Jing Quan et al. [396]
reduce to mappings which are asymptotically quasi-nonexpansive in the in-
termediate sense.

In this chapter, we study an iterative sequence for the approximation of
common fixed points of finite families of total asymptotically nonexpansive
mappings; and give necessary and sufficient conditions for the convergence of
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the scheme to common fixed points of the mappings in arbitrary real Banach
spaces. Furthermore, a sufficient condition for convergence of the iteration
process to a common fixed point of these mappings is established in real
uniformly convex Banach spaces. In fact, the theorems of this chapter hold
for the slightly more general class of total asymptotically quasi-nonexpansive
mappings.

21.2 Convergence Theorems

Let K be a nonempty closed convex subset of a real normed space E. Let
T1, T2, ..., Tm : K → K be m total asymptotically nonexpansive mappings.
We define the iterative sequence {xn} by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ K,
xn+1 = (1 − αn)xn + αnTn

1 xn, if m = 1, n ≥ 1,
x1 ∈ K,
xn+1 = (1 − αn)xn + αnTn

1 y1n

y1n = (1 − αn)xn + αnTn
2 y2n

...
y(m−2)n = (1 − αn)xn + αnTn

m−1y(m−1)n

y(m−1)n = (1 − αn)xn + αnTn
mxn, if m ≥ 2, n ≥ 1,

(21.5)

where {αn}∞n=1 is a sequence in [0, 1] bounded away from 0 and 1.
We prove the following theorem.

Theorem 21.4. Let E be a real Banach space, K be a nonempty closed con-
vex subset of E and Ti : K → K, i = 1, 2, ...,m be m total asymptotically
nonexpansive mappings with sequences {μin}, {lin} n ≥ 1, i = 1, 2, ...,m
such that F := ∩m

i=1F (Ti) 
= ∅. Let {xn} be given by (21.5). Suppose
∞∑

n=1

μin < ∞,
∞∑

n=1

lin < ∞, i = 1, 2, ...,m and suppose that there exist

Mi, M∗
i > 0 such that φi(λi) ≤ M∗

i λi for all λi ≥ Mi, i = 1, 2, ...,m.
Then, the sequence {xn} is bounded and lim

n→∞
‖xn − p‖ exists, p ∈ F .

Proof. Let p ∈ F. Then for m = 1, we have from (21.5) that x1 ∈ K, xn+1 =
(1 − αn)xn + αnTn

1 xn. Using this we obtain

‖xn+1 − p‖ = ‖(1 − αn)(xn − p) + αn(Tn
1 xn − p)‖

≤ (1 − αn)‖xn − p‖ + αn

[
‖xn − p‖ + μ1nφ1

(
‖xn − p‖

)
+ l1n

]
.

Since φ1 is an increasing function, it follows that φ1(λ1) ≤ φ1(M1) whenever
λ1 ≤ M1 and (by hypothesis) φ1(λ1) ≤ M∗

1 λ1 if λ1 ≥ M1. In either case,
we have φ1(‖xn − p‖) ≤ φ1(M1) + M∗

1 ‖xn − p‖ for some constants M1 > 0,
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M∗
1 > 0. Thus,

‖xn+1 − p‖ ≤ ‖xn − p‖ + αnμ1nφ1(M1) + αnμ1nM∗
1 ‖xn − p‖ + αnl1n,

from which we obtain ‖xn+1 − p‖ ≤ (1 + μ1nQ1)‖xn − p‖+ (μ1n + l1n)Q1 for
some constant Q1 > 0. Next, for m = 2, we obtain from (21.5) that

⎧
⎨
⎩

x1 ∈ K,
xn+1 = (1 − αn)xn + αnTn

1 y1n

y1n = (1 − αn)xn + αnTn
2 xn,

and from this we have,

‖xn+1 − p‖ = ‖(1 − αn)(xn − p) + αn(Tn
1 y1n − p)‖

≤ (1 − αn)‖xn − p‖ + αn

[
‖y1n − p‖ + μ1nφ1

(
‖y1n − p‖

)
+ l1n

]
,

‖y1n − p‖ ≤ ‖(1 − αn)(xn − p) + αn(Tn
2 xn − p)‖

≤ (1 − αn)‖xn − p‖ + αn

[
‖xn − p‖ + μ2nφ2

(
‖xn − p‖

)
+ l2n

]
.

Again, since φi is an increasing function for i = 1, 2, it follows that φi(λi) ≤
φi(Mi) + M∗

i λi for some constants Mi > 0, M∗
i > 0, i = 1, 2. Hence,

‖xn+1 − p‖ ≤ (1 − αn)‖xn − p‖ + αn‖y1n − p‖ + αnμ1nφ1(M1)

+αnμ1nM∗
1 ‖y1n − p‖ + αnl1n (21.6)

and

‖y1n − p‖ ≤ ‖xn − p‖ + αnμ2nφ2(M2)

+αnμ2nM∗
2 ‖xn − p‖ + αnl2n. (21.7)

Substituting (21.7) in (21.6) gives



21.2 Convergence Theorems 275

‖xn+1 − p‖ ≤ (1 − αn)‖xn − p‖ + αn

[
‖xn − p‖ + αnμ2nφ2(M2)

+αnμ2nM∗
2 ‖xn − p‖ + αnl2n

]
+ αnμ1nφ1(M1)

+αnμ1nM∗
1

[
‖xn − p‖ + αnμ2nφ2(M2)

+αnμ2nM∗
2 ‖xn − p‖ + αnl2n

]
+ αnl1n

≤ ‖xn − p‖ + αnμ2nφ2(M2) + αnμ2nM∗
2 ‖xn − p‖ + αnl2n

+αnμ1nφ1(M1) + αnμ1nM∗
1 ‖xn − p‖ + αnμ1nμ2nM∗

1 φ2(M2)

+αnμ1nμ2nM∗
1 M∗

2 ‖xn − p‖ + αnμ1nl2nM∗
1 + αnl1n.

Thus we have

‖xn+1 − p‖ ≤
(
1 + (μ1n + μ2n)Q2

)
‖xn − p‖ + (μ1n + μ2n + l1n + l2n)Q2

for some constant Q2 > 0. Following the computations as above, we obtain
that

‖xn+1 − p‖ ≤
(
1 + Q

m∑
j=1

μjn

)
‖xn − p‖ + Q

m∑
j=1

(μjn + ljn)

for some constant Q > 0. Hence,

‖xn+1 − p‖ ≤ (1 + δn)‖xn − p‖ + γn, n ≥ 1, (21.8)

where δn := Q
∑m

j=1 μjn and γn := Q
∑m

j=1(μjn+ljn). Observe that
∞∑

n=1

δn <

∞ and
∞∑

n=1

γn < ∞. So, from (21.8) and Lemma 10.5, we obtain that the

sequence {xn} is bounded and that lim
n→∞

‖xn − p‖ exists. This completes the
proof. �


21.2.1 Necessary and Sufficient Conditions
for Convergence in Real Banach Spaces

Theorem 21.5. Let E be a real Banach space, K be a nonempty closed
convex subset of E and Ti : K → K, i = 1, 2, ...,m be m continuous
total asymptotically nonexpansive mappings with sequences {μin}, {lin}
n ≥ 1, i = 1, 2, ...,m such that F := ∩m

i=1F (Ti) 
= ∅. Let {xn} be given
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by (21.5). Suppose
∞∑

n=1

μin < ∞,

∞∑
n=1

lin < ∞ i = 1, 2, ...,m and sup-

pose that there exist Mi, M∗
i > 0 such that φi(λi) ≤ M∗

i λi for all
λi ≥ Mi, i = 1, 2, ...,m. Then, the sequence {xn} converges strongly to a
common fixed point of Ti, i = 1, 2, ...,m if and only if lim inf

n→∞
d
(
xn, F

)
= 0,

where d
(
xn, F

)
= inf

y∈F
‖xn − y‖, n ≥ 1.

Proof. Necessity: Since (21.8) holds for all p ∈ F, we obtain from it that

d
(
xn+1, F

)
≤ (1 + δn)d

(
xn, F

)
+ γn, n ≥ 1. (21.9)

Lemma 10.5 then implies that lim
n→∞

d
(
xn, F

)
exists. But, lim inf

n→∞
d
(
xn, F

)
= 0.

Hence, lim
n→∞

d
(
xn, F

)
= 0.

Sufficiency: We first show that {xn} is a Cauchy sequence in E. For all
integers k ≥ 1, we obtain from inequality (21.8) that

‖xn+k − p‖ ≤
n+k−1∏

j=n

(
1 + δj

)
‖xn − p‖ +

(n+k−1∑
j=n

γj

) n+k−1∏
j=n

(
1 + δj

)

≤ exp
(n+k−1∑

j=n

δj

)
‖xn − p‖ +

(n+k−1∑
j=n

γj

)
exp

(n+k−1∑
j=n

δj

)
,

so that for all integers k ≥ 1 and all p ∈ F,

‖xn+k − xn‖ ≤ ‖xn+k − p‖ + ‖xn − p‖

≤
[
1 + exp

(n+k−1∑
j=n

δj

)]
‖xn − p‖ +

(n+k−1∑
j=n

γj

)
exp

(n+k−1∑
j=n

δj

)
.

We therefore have that

‖xn+k − xn‖ ≤ D‖xn − p‖ + D
( ∞∑

j=n

γj

)
, (21.10)

for some constant D > 0. This yields

‖xn+k − xn‖ ≤ Dd
(
xn, F

)
+ D

( ∞∑
j=n

γj

)
. (21.11)
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Now, since lim
n→∞

d
(
xn, F

)
= 0 and

∞∑
j=1

γj < ∞, given ε > 0, there exists

an integer N1 > 0 such that for all n ≥ N1, d
(
xn, F

)
<

ε

2(D + 1)
and

∞∑
j=n

γj <
ε

2(D + 1)
. So, for all integers n ≥ N1, k ≥ 1, we obtain from

(21.11) that ‖xn+k − xn‖ < ε. Hence, {xn} is a Cauchy sequence in E; and
since E is complete, there exists l∗ ∈ E such that xn → l∗ as n → ∞.
We now show that l∗ is a common fixed point of Ti, i = 1, 2, ...,m, that
is, we show that l∗ ∈ F. Suppose for contradiction that l∗ ∈ F c (where F c

denotes the complement of F ). Since F is a closed subset of E (recall each
Ti, i = 1, 2, ...,m is continuous), we have that d

(
l∗, F

)
> 0. But, for all

p ∈ F, we have ‖l∗ − p‖ ≤ ‖l∗ − xn‖ + ‖xn − p‖ which implies

d
(
l∗, F

)
≤ ‖xn − l∗‖ + d

(
xn, F

)
,

so that as n → ∞, we obtain d
(
l∗, F

)
= 0 which contradicts d

(
l∗, F

)
> 0.

Thus, l∗ is a common fixed point of Ti, i = 1, 2, ...,m. This completes the
proof. �

Remark 21.6. If T1, T2, ..., Tm are asymptotically nonexpansive mappings,
then lin = 0 for all n ≥ 1, i = 1, 2, ...,m and φi(λi) = λi so that the as-
sumption that there exist Mi, M∗

i > 0 such that φi(λi) ≤ M∗
i λi for all

λi ≥ Mi, i = 1, 2, ...,m in the above theorems will no longer be needed.
Thus, we have the following corollary.

Corollary 21.7 Let E be a real Banach space, K be a nonempty closed
convex subset of E and Ti : K → K, i = 1, 2, ...,m be m asymptotically
nonexpansive mappings with sequences {μin}, n ≥ 1, i = 1, 2, ...,m such

that F = ∩m
i=1F (Ti) 
= ∅. Let {xn} be given by (21.5). Suppose

∞∑
n=1

μin <

∞, i = 1, 2, ...,m. Then, the sequence {xn} is bounded and lim
n→∞

‖xn − p‖
exists, p ∈ F. Moreover, {xn} converges strongly to a common fixed point of
Ti, i = 1, 2, ...,m if and only if lim inf

n→∞
d
(
xn, F

)
= 0.

21.2.2 Convergence Theorem in Real Uniformly
Convex Banach Spaces

Theorem 21.8. Let E be a real uniformly convex Banach space, K be a
nonempty closed convex subset of E and Ti : K → K, i = 1, 2, ...,m be m uni-
formly continuous total asymptotically nonexpansive mappings with sequences
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{μin}, {lin} ⊂ [0,∞) such that
∞∑

n=1

μin < ∞,

∞∑
n=1

lin < ∞, i = 1, 2, ...,m

and F := ∩m
i=1F (Ti) 
= ∅. Let {αn} ⊂ [ε, 1 − ε] for some ε ∈ (0, 1). From

arbitrary x1 ∈ E, define the sequence {xn} by (21.5). Suppose that there ex-
ist Mi, M∗

i > 0 such that φi(λi) ≤ M∗
i λi whenever λi ≥ Mi, i = 1, 2, ...,m.

Then, lim
n→∞

‖xn − Tn
i xn‖ = 0, i = 1, 2, ...,m.

Proof. Let p ∈ F. Then by Theorem 21.4, lim
n→∞

‖xn−p‖ exists. Let lim
n→∞

‖xn−
p‖ = r. If r = 0, then by continuity of Ti, i = 1, 2, ...,m, we are done. Now
suppose r > 0. We show that lim

n→∞
‖xn − Tn

i xn‖ = 0, i = 1, 2, ...,m. Now,

for m = 1, we get from (21.5) that x1 ∈ K, xn+1 = (1 − αn)xn + αnTn
1 xn.

Using this and inequality (4.32), we have for some constant R1 > 0 that

‖xn+1 − p‖2 ≤ (1 − αn)‖xn − p‖2 + αn

[
‖xn − p‖ + μ1nφ1(‖xn − p‖) + l1n

]2

−w2(αn)g(‖Tn
1 xn − xn‖)

≤ (1 − αn)‖xn − p‖2 + αn

[
‖xn − p‖ + μ1nφ1(M1)

+μ1nM∗
1 ‖xn − p‖ + l1n

]2

− w2(αn)g(‖Tn
1 xn − xn‖)

≤ ‖xn − p‖2 + (μ1n + l1n)R1 − ε2g(‖Tn
1 xn − xn‖).

Thus, ε2g(‖Tn
1 xn − xn‖) ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + (μ1n + l1n)R1 which

implies

ε2
∞∑

n=1

g(‖Tn
1 xn − xn‖) ≤ ‖x1 − p‖2 + R1

∞∑
n=1

(μ1n + l1n) < ∞.

Hence, ε2
∞∑

n=1

g(‖Tn
1 xn −xn‖) < ∞. So, lim

n→∞
g(‖Tn

1 xn −xn‖) = 0; and prop-

erties of g imply lim
n→∞

‖Tn
1 xn − xn‖ = 0. For m = 2, (21.5) becomes

⎧
⎨
⎩

x1 ∈ K,
xn+1 = (1 − αn)xn + αnTn

1 y1n

y1n = (1 − αn)xn + αnTn
2 xn,

(21.12)

so we have from this that

‖y1n − p‖ ≤ (1 − αn)‖xn − p‖ + αnμ2nφ2(M2)
+αn(1 + μ2nM∗

2 )‖xn − p‖ + αnl2n

≤
(
1 + μ2nR2

)
‖xn − p‖ + (μ2n + +l2n)R2, (21.13)
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for some constant R2 > 0. Using (21.12), (21.13) and inequality (4.32), we
obtain, for some constant R3 > 0, that

‖xn+1 − p‖2 ≤ (1 − αn)‖xn − p‖2

+αn‖Tn
1 y1n − p‖2 − w2(αn)g(‖Tn

1 y1n − xn‖)

≤ (1 − αn)‖xn − p‖2 + αn

[
‖y1n − p‖ + μ1nφ1(‖y1n − p‖) + l1n

]2

−w2(αn)g(‖Tn
1 y1n − xn‖)

≤ ‖xn − p‖2 + (μ2n + l2n + μ1n + l1n)R3 − ε2g(‖Tn
1 yn − xn‖).

Thus, ε2g(‖Tn
1 y1n−xn‖) ≤ ‖xn−p‖2−‖xn+1−p‖2+(μ2n+l2n+μ1n+l1n)R3

which implies that

ε2
∞∑

n=1

g(‖Tn
1 y1n − xn‖) ≤ ‖x1 − p‖2 + R3

∞∑
n=1

(μ2n + l2n + μ1n + l1n) < ∞.

So, lim
n→∞

g(‖Tn
1 y1n−xn‖) = 0; andproperties of g yield lim

n→∞
‖Tn

1 y1n−xn‖ = 0.

Next,

‖xn − p‖ ≤ ‖xn − Tn
1 y1n‖ + ‖Tn

1 y1n − p‖
≤ ‖xn − Tn

1 y1n‖ + ‖y1n − p‖ + μ1nM + l1n,

for some constantM > 0.Hence,we deduce from this that r ≤ lim inf
n→∞

‖y1n−p‖.

Also from (21.13), we obtain that ‖y1n − p‖ ≤
(
1 + μ2nR2

)
‖xn − p‖+ (μ2n +

+l2n)R2. This gives lim sup
n→∞

‖y1n − p‖ ≤ r. Thus,

lim
n→∞

‖y1n − p‖ = r; i.e., lim
n→∞

‖(1 − αn)(xn − p) + αn(Tn
2 xn − p)‖ = r.

Again, we have that

‖Tn
2 xn − p‖ ≤ ‖xn − p‖ + μ2nφ2(‖xn − p‖) + l2n

≤ ‖xn − p‖ + μ2nφ2(M2) + μ2nM∗
2 ‖xn − p‖ + l2n.

This implies that lim sup
n→∞

‖Tn
2 xn − p‖ ≤ r. Hence, by inequality (4.32), we

have that lim
n→∞

‖Tn
2 xn − xn‖ = 0. Also, ‖Tn

1 xn − xn‖ ≤ ‖Tn
1 xn − Tn

1 y1n‖ +

‖Tn
1 y1n − xn‖. Uniform continuity of T1 and the fact that ‖xn − y1n‖ → 0 as

n → ∞ give lim
n→∞

‖Tn
1 xn−xn‖ = 0. Hence, lim

n→∞
‖Tn

1 xn−xn‖ = lim
n→∞

‖Tn
2 xn−

xn‖ = 0. Continuing, we get that lim
n→∞

‖Tn
i xn − xn‖ = 0, i = 1, 2, ...,m. This

completes the proof. �
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Theorem 21.9. Let E be a real uniformly convex Banach space, K be a
nonempty closed convex subset of E and Ti : K → K, i = 1, 2, ...,m be m uni-
formly continuous total asymptotically nonexpansive mappings with sequences

{μin}, {lin} ⊂ [0,∞) such that
∞∑

n=1

μin < ∞,
∞∑

n=1

lin < ∞, i = 1, 2, ...,m

and F := ∩m
i=1F (Ti) 
= ∅. Let {αin} ⊂ [ε, 1 − ε] for some ε ∈ (0, 1). From

arbitrary x1 ∈ E, define the sequence {xn} by (21.5). Suppose that there exist
Mi, M∗

i > 0 such that φi(λi) ≤ M∗
i λi whenever λi ≥ Mi, i = 1, 2, ...,m; and

that one of T1, T2, ..., Tm is compact, then {xn} converges strongly to some
p ∈ F.

Proof. We obtain from Theorem 21.8 that

lim
n→∞

‖Tn
i xn − xn‖ = 0, i = 1, 2, ...,m. (21.14)

We also have that

lim
n→∞

‖Tn
1 y1n − xn‖ = 0. (21.15)

Without loss of generality, let T1 be compact. Since T1 is continuous and com-
pact, it is completely continuous. Thus, there exists a subsequence {Tnk

1 xnk
}

of {Tn
1 xn} such that Tnk

1 xnk
→ x∗ as k → ∞ for some x∗ ∈ E. Thus

Tnk+1
1 xnk

→ T1x
∗ as k → ∞ and from (21.14), we have that lim

k→∞
xnk

= x∗.

Also from (21.14), Tnk
2 xnk

→ x∗, Tnk
3 xnk

→ x∗, ..., Tnk
m xnk

→ x∗ as k → ∞.
Thus, Tnk+1

2 xnk
→ T2x

∗, Tnk+1
3 xnk

→ T3x
∗, ..., Tnk+1

m xnk
→ Tmx∗ as

k → ∞. Now, since ‖xnk+1 − xnk
‖ ≤ ‖xnk

− Tnk
1 y1nk

‖, it follows (using
(21.15)) that xnk+1 → x∗ as k → ∞. Next, we show that x∗ ∈ F. Observe
that

‖x∗ − T1x
∗‖ ≤ ‖x∗ − xnk+1‖ + ‖xnk+1 − Tnk+1

1 xnk+1‖
+‖Tnk+1

1 xnk+1 − Tnk+1
1 xnk

‖ + ‖Tnk+1
1 xnk

− T1x
∗‖.

Taking limit as k → ∞ and using the fact that T1 is uniformly continuous
we have that x∗ = T1x

∗ and so x∗ ∈ F (T1). Also,

‖x∗ − T2x
∗‖ ≤ ‖x∗ − xnk+1‖ + ‖xnk+1 − Tnk+1

2 xnk+1‖
+‖Tnk+1

2 xnk+1 − Tnk+1
2 xnk

‖ + ‖Tnk+1
2 xnk

− T2x
∗‖.

Taking limit as k → ∞ and using the fact that T2 is uniformly continuous
we obtain that x∗ = T2x

∗; that is, x∗ ∈ F (T2). Again,

‖x∗ − T3x
∗‖ ≤ ‖x∗ − xnk+1‖ + ‖xnk+1 − Tnk+1

3 xnk+1‖
+‖Tnk+1

3 xnk+1 − Tnk+1
3 xnk

‖ + ‖Tnk+1
3 xnk

− T3x
∗‖.
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As k → ∞, we have that x∗ ∈ F (T3). Eventually, we have that, x∗ ∈ F. But
by Theorem 21.4, lim

n→∞
‖xn−p‖ exists, p ∈ F. Hence, {xn} converges strongly

to x∗ ∈ F. This completes the proof. �


In view of Remark 21.6, the following corollary is now obvious.

Corollary 21.10 Let E be a real uniformly convex Banach space, K be a
nonempty closed convex subset of E and Ti : K → K, i = 1, 2, ...,m be m
uniformly continuous asymptotically nonexpansive mappings with sequences

{μin} ⊂ [0,∞) such that
∞∑

n=1

μin < ∞, i = 1, 2, ...,m and F = ∩m
i=1F (Ti) 
=

∅. Let {ain} ⊂ [ε, 1 − ε] for some ε ∈ (0, 1). From arbitrary x1 ∈ E, define
the sequence {xn} by (21.5). Then {xn} converges strongly to some p ∈ F.

Remark 21.11. Observe that the theorems of this chapter remain true for

mappings T1, T2, ..., Tm satisfying (21.3) provided
∞∑

n=1

σn < ∞. In this case,

the requirement that there exist Mi, M∗
i > 0 such that φi(λi) ≤ M∗

i λi for
all λi ≥ Mi, i = 1, 2, ...,m is not needed.

Remark 21.12. A prototype for φi : [0,∞) → [0,∞) satisfying the conditions
of the theorems of this chapter is φi(λi) = λs

i , 0 < s ≤ 1, i = 1, 2, ...,m.

Definition 21.13. A mapping T : K → K is said to be total asymptotically
quasi-nonexpansive if F (T ) 
= ∅ and there exist nonnegative real sequences
{μn} and {ln}, n ≥ 1 with μn, ln → 0 as n → ∞ and strictly increasing
continuous function φ : R

+ → R
+ with φ(0) = 0 such that for all x ∈ E, x∗ ∈

F (T ),

‖Tnx − x∗‖ ≤ ‖x − x∗‖ + μnφ(‖x − x∗‖) + ln, n ≥ 1. (21.16)

Remark 21.14. If φ(λ) = λ, then (21.16) reduces to

‖Tnx − x∗‖ ≤ (1 + μn)‖x − x∗‖ + ln, n ≥ 1.

In addition, if ln = 0 for all n ≥ 1, then total asymptotically quasi-
nonexpansive mappings coincide with asymptotically quasi-nonexpansive
mappings studied by various authors. If μn = 0 and ln = 0 for all n ≥ 1,
we obtain from (21.16) the well known class of quasi-nonexpansive mappings
studied by various authors. Observe that the class of total asymptotically
nonexpansive mappings with nonempty fixed point sets belongs to the class
of total asymptotically quasi-nonexpansive mappings. Moreover, if μn = 0
and ln = σn, then (21.16) reduces to (21.3) with y = x∗ ∈ F (T ), part of
which is equivalent to the class of mappings studied by Jing Quan et al.
[396]. It is trivial to observe that all the theorems of this chapter carry over
to the class of total asymptotically quasi-nonexpansive mappings with little
modifications.
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21.3 The Case of Non-self Maps

Definition 21.15. Let K be a nonempty closed and convex subset of E. Let
P : E → K be the nonexpansive retraction of E onto K. A non-self map
T : K → E is said to be total asymptotically nonexpansive if there exist
sequences {μn}n≥1, {ln}n≥1 in [0,+∞) with μn, ln → 0 as n → ∞ and a
strictly increasing continuous function φ : [0,∞) → [0,+∞) with φ(0) = 0
such that for all x, y ∈ K,

‖T (PT )n−1x − T (PT )n−1y‖ ≤ ‖x − y‖ + μnφ(‖x − y‖) + ln, n ≥ 1.

Let T1, T2, ..., Tm : K → E be m total asymptotically nonexpansive non-
self maps; assuming existence of common fixed points of these operators, the
theorems and method of proof of this chapter easily carry over to this class
of mappings using the iterative sequence {xn} defined by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ K

xx+1 = P
(
(1 − αn)xn + αnT1(PT1)n−1xn

)
if m = 1, n ≥ 1

x1 ∈ K,

xn+1 = P
(
(1 − αn)xn + αnT1(PT1)n−1y1n

)

y1n = P
(
(1 − αn)xn + αnT2(PT2)n−1y2n

)

...
y(m−2)n = P

(
(1 − αn)xn + αnTm−1(PTm−1)n−1y(m−1)n

)

y(m−1)n = P
(
(1 − αn)xn + αnTm(PTm)n−1xn

)
, if m ≥ 2 n ≥ 1,

instead of (21.5), provided the well definedness of P as a sunny nonexpansive
retraction is guaranteed.

21.4 Historical Remarks

All the theorems of this chapter are due to Chidume and Ofoedu [153], and
in particular, they unify, extend and generalize the corresponding results of
Alber et al. [6], Shahzad and Udomene [444], Quan et al. [396], Zegeye and
Shahzad [447] and a host of other results on the approximation of common
fixed points of finite families of several classes of nonlinear mappings. For
other related results, we refer the reader to Zegeye and Shahzad [546].



Chapter 22

Common Fixed Points
for One-parameter Nonexpansive
Semigroup

22.1 Introduction

Let K be a nonempty subset of a normed space E. A family of mappings
{T (t) : t ≥ 0} is called a one-parameter strongly continuous semigroup of
nonexpansive mappings (or, briefly, a nonexpansive semigroup) on K if the
following conditions hold:

(i) T (s + t) = T (s)oT (t) for all s, t ≥ 0;
(ii) For each x ∈ K, the mapping t → T (t)x from [0,∞) into K is continuous;
(iii) For each t ≥ 0, T (t) is a nonexpansive mapping on K.

The existence of a common fixed point for {T (t) : t ≥ 0} when E is
a uniformly convex Banach space and K is a nonempty closed convex and
bounded subset of E is well known (see e.g., Browder [42], Bruck [57]).

Let ∩t≥0F (T (t)) denote the set of common fixed points of the semigroup
{T (t) : t ≥ 0}. In Suzuki [470] proved the following interesting result:

⋂
t≥0

F (T (t)) = F (T (1)) ∩ F (T (
√

2));

i.e., that the set of common fixed points of the nonexpansive semigroup {T (t) :
t ≥ 0} is simply the set of common fixed points of only two mappings T (1)
and T (

√
2). Recently, he improved on this result by proving that ∩t≥0F (T (t))

is actually the set of all fixed points of a single nonexpansive map. He proved
the following theorem.

Theorem 22.1. (Suzuki, [465]) Let {T (t) : t ≥ 0} be a strongly continuous
semigroup of nonexpansive mappings on a subset K of a Banach space E.
Let α and β be positive real numbers satisfying α/β ∈ R and α/β 
∈ Q. Then,

⋂
t≥0

F (T (t)) = F (λT (α) + (1 − λ)T (β))

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 283
Lecture Notes in Mathematics 1965,
c© Springer-Verlag London Limited 2009
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holds for every λ ∈ (0, 1), where λT (α) + (1 − λ)T (β) is a mapping from K
into E defined by

(λT (α) + (1 − λ)T (β))x = λT (α)x + (1 − λ)T (β)x, x ∈ K.

An immediate corollary of theorem 22.1 is the following.

Corollary 22.2 Let {T (t) : t ≥ 0} be a strongly continuous semigroup of
nonexpansive mappings on a subset K of a Banach space E. Let α and β be
positive real numbers satisfying α/β ∈ R and α/β 
∈ Q. Then,

⋂
t≥0

F (T (t)) = F (T (α) ∩ F (T (β)).

Suzuki also proved the following theorem.

Theorem 22.3. (Suzuki [465], theorem 2, p.1015). Let {T (t) : t ≥ 0} be a
strongly continuous semigroup of nonexpansive mappings on a subset K of a
Banach space E. Let α and β be different positive real numbers. Then,

F (T (α)) ∩ F (T (β)) = F (λT (α) + (1 − λ)T (β))

holds for every λ ∈ (0, 1).

22.2 Existence Theorems

The following is a corollary of a theorem of Bruck [42].

Theorem 22.4. (Bruck [42]). Let {T (t) : t ≥ 0} be a strongly continuous
semigroup of nonexpansive mappings on a closed convex bounded nonempty
subset K of a Banach space E. Assume that the following hold:

(i) K is either weakly compact, or bounded and separable;
(ii) Every nonexpansive mapping G on K has a fixed point in every nonempty
closed convex G−invariant subset of K. Then, {T (t) : t ≥ 0} has a common
fixed point.

Using the ideas of section 21.1, the following generalization of theorem 22.4
is obtained.

Theorem 22.5. (Suzuki [465], theorem 4, p.1016). Let {T (t) : t ≥ 0} be a
strongly continuous semigroup of nonexpansive mappings on a closed convex
bounded nonempty subset K of a Banach space E. Assume that every nonex-
pansive mapping on K has a fixed point. Then, {T (t) : t ≥ 0} has a common
fixed point.
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22.3 Convergence Theorems

The following convergence theorems have been proved.

Theorem 22.6. (Suzuki [465], theorem 6). Let K be a compact convex subset
of a Banach space E and {T (t) : t ≥ 0} be a strongly continuous semigroup of
nonexpansive mappings on K. For κ, λ > 0 with κ+λ < 1. define a sequence
{xn} in K by x1 ∈ K, and

xn+1 = (1 − κ − λ)xn + κT (α)xn + λT (β)xn, n ∈ N.

Then, {xn} converges strongly to a common fixed point of {T (t) : t ≥ 0}.

Theorem 22.7. (Suzuki [465], theorem 7). Let K be a closed convex bounded
nonempty subset of a Banach space E,and {T (t) : t ≥ 0} be a strongly con-
tinuous semigroup of nonexpansive mappings on K. Let α and β be positive
real numbers satisfying α/β ∈ R and α/β 
∈ Q, and fix λ ∈ (0, 1). Let {sn}
and {tn} be sequences in (0, 1) and [0, 1], respectively, satisfying

lim
n→∞

sn = lim
n→∞

tn = 0,

∞∑
n=1

tn = ∞; and
∞∑

n=1

|tn+1 − tn| < ∞.

Fix u ∈ K, and define two sequences {xn} and {yn} in K by

xn = (1 − sn)
(
λT (α) + (1 − λ)T (β)

)
xn + snu; n ≥ 1,

and y1 ∈ K;

yn+1 = (1 − tn)
(
λT (α) + (1 − λ)T (β)

)
yn + tnu; n ≥ 1.

Then, {xn} and {yn} converge strongly to a common fixed point of {T (t) :
t ≥ 0}.

22.4 Historical Remarks

For more results on approximation of fixed points of semi-groups, the reader
may consult, for example, Zegeye and Shahzad [547]; Shimizu and Takahashi
[449], [454], Suzuki [460], [465], [471], and the references contained therein.



Chapter 23

Single-valued Accretive Operators;
Applications; Some Open Questions

23.1 Introduction

Set-valued accretive operators in Banach spaces have been extensively studied
for several decades under various continuity assumptions. In the first part of
this chapter we establish a recent incisive finding that every set-valued lower
semi-continuous accretive mapping defined on a normed space is, indeed,
single-valued on the interior of its domain. No reference to the well-known
Michael’s Selection Theorem is needed. In Section 23.3, this result is used to
extend known theorems concerning the existence of zeros for such operators,
as well as, showing existence of solutions for variational inclusions. In Section
23.4, we make some general comments on some fixed point theorems; the rest
of the chapter is devoted to some examples of accretive operators; examples
of nonexpansive retracts; open problems; and some suggestions for further
reading.

23.2 Lower Semi-continuous Accretive Operators
are Single-valued

Zeros of set-valued accretive operators (or, fixed points of set-valued pseudo-
contractions) and solutions of set-valued inclusions have been studied exten-
sively by various authors under varying continuity assumptions.

Let H be a real Hilbert space and T : H → C(H) (where C(H) de-
notes the family of all nonempty subsets of H) be H−Lipschitz continuous
and strongly monotone with respect to the first argument of a mapping
N(., .) : H × H → H. Liu and Li [317] basically proved the following inter-
esting result : that N(., .) cannot be set-valued. In particular, they proved
the following theorem.

C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, 287
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Theorem LL (Liu and Li [317], Theorem 3.1) Let the operator N(., .)
be Lipschitz continuous with constant β > 0 with respect to the first argu-
ment. If T is H−Lipschitz continuous with constant μ > 0 and monotone
with respect to the first argument of the operator N(., .) and, for each fixed
k ∈ H, intD(N(T (.), k)) 
= ∅, then N(T (.), k) cannot be set -valued in
intD(N(T (.), k)).

He [250] proved the following more general result:

Theorem H ([250]). Let E be a real Banach space and A : D(A) ⊂ E → E
be an accretive continuous mapping with intD(A) 
= ∅. Then A is single-
valued.

Chidume and Morales [147] extended theorem H to lower semi-continuous
mappings. To present this result, we begin with the following preliminaries.

Let X be a real normed space and let φ : [0,∞) → [0,∞) be a function
with φ(0) = 0 and lim inf

r→r0
φ(r) > 0 for every r0 > 0. A mapping A : D(A) ⊂

X → 2X is said to be φ-expansive if ||u − v|| ≥ φ(||x − y||) for u ∈ A(x) and
v ∈ A(y), while A is said to be φ-strongly accretive if for every x, y ∈ D(A)
there exists j(x − y) ∈ J(x − y) such that

〈
u − v, j(x − y)

〉
≥ φ(||x − y||)||x − y|| (23.1)

for u ∈ A(x) and v ∈ A(y), where J : X → 2X∗
is the normalized duality

mapping.
Recall that for φ(r) = kr, with 0 < k < 1, the latter mapping A is

called strongly accretive and if φ is chosen to be the zero function, A is called
accretive. Consequently, every φ-strongly accretive mapping is φ-expansive
and accretive; however, the converse of this fact does not hold true. On the
other hand, if A is accretive, I is the identity mapping on X and the range
of A + λI is precisely X for all λ > 0, then we say that A is m−accretive.
Also, a mapping A is said to be locally accretive if for each x ∈ D(A), there
exists a neighbourhood N(x) of x where A is globally accretive.

We shall prove in this section that lower semi-continuous accretive opera-
tors defined on normed spaces are always single-valued. In addition, we extend
recent works on generalized set-valued variational inclusions, first studied by
Noor et al. (see, for instance, [359], [358]) and later by Chang et al. [78], and
a host of other authors.

In the sequel, we use D(A) and R(A) to denote the domain and the range
of an operator A, respectively. For u, v ∈ X we use seg[u, v] to denote the
segment {(1 − t)u + tv : t ∈ [0, 1]}.

Let X and Y be topological spaces. We say that the mapping A : X → 2Y

is lower semi-continuous if for every x ∈ X and every neighbourhood V (y)
with y ∈ A(x), there exists a neighbourhood U(x) of x such that

A(u)
⋂

V (y) 
= ∅ for all u ∈ U(x).
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The following result may be seen as a continuous selection theorem.

Theorem 23.1. Let X be a real normed space and let A : D(A) ⊂ X → 2X

be a lower semi-continuous and locally accretive mapping with intD(A) 
= ∅.
Then, A is a single-valued mapping on int(D(A)).

Proof. Let x0 ∈ int(D(A)). Then, there exists r > 0 such that the open ball
B(x0; r) ⊂ D(A) with A accretive on B(x0; r). Suppose there exist u1, u2 ∈
A(x0) such that u1 
= u2. Let ε = ‖u1−u2‖. Since A is lower semi-continuous,
there exists an open ball B(x0; r0) with r0 < r, such that

B(u1; ε/2) ∩ A(x1) 
= ∅ for all x1 ∈ B(x0; r0). (23.2)

Select α ∈ (0, 1) such that α‖u1 − u2‖ < r0. We now choose x1 as

x1 = x0 + α(u2 − u1), (23.3)

and consequently this x1 satisfies (23.2). This means, there exists v ∈ A(x1)
so that ‖u1 − v‖ < ε/2, and, in particular, α‖u1 − v‖ < ε/2. On the other
hand, since A is accretive, there exists j(x1 − x0) ∈ J(x1 − x0) such that〈
v − u2, j(x1 − x0)

〉
≥ 0. Additionally, we derive from (23.3) that

〈
x1 − x0, j(x1 − x0)

〉
=

〈
α(u2 − u1), j(x1 − x0)

〉
= α

〈
u2 − u1, j(x1 − x0)

〉
.

Therefore, we obtain that
〈
v−u1, j(x1−x0)

〉
=

〈
v−u2, j(x1−x0)

〉
+
〈
u2−u1, j(x1−x0)

〉
≥ α‖u2−u1‖2.

Since ‖j(x1 − x0)‖ = α‖u2 − u1‖, we get ‖u2 − u1‖ ≤ ‖v − u1‖ < ε/2, which
is a contradiction. �


Corollary 23.2 Let X be a real normed space and let A : D(A) = X → 2X

be a lower semi-continuous and accretive mapping. Then, A is single-valued
on X.

Corollary 23.2 extends Theorem 2.1 of He, [250] on two fundamental aspects.
First, the corollary holds true for general normed spaces, which implies that
the celebrated Michael Selection Theorem would not be applicable in this
case, as it is in Theorem 2.1 of He [250]. Secondly, it holds for the larger class
of accretive operators, which includes the φ−strongly accretive mappings.

We next prove an invariance of domain result for set-valued mappings,
where continuity with respect to the Hausdorff metric is not needed. This
result extends Theorem 3.1 of Kirk [285].

Corollary 23.3 Let X be a real Banach space and let D be an open subset
of X. Suppose A : D → 2X is locally accretive and φ-expansive. If A is lower
semi-continuous, then A(D) is open in X.
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Proof. By Theorem 23.1, A is a single-valued mapping on D, and conse-
quently, A is continuous on D. Since A is φ-expansive, then it is injective
and maps closed sets onto closed sets. Therefore, by a theorem of Schöneberg
[433], which is an extension of Theorem 3 of Deimling [198], A(D) is open
in X. �


Another interesting consequence of Theorem 23.1 concerns the existence of a
continuous selection for accretive operators defined on normed spaces. This
result extends Lemma 2.4 of Chang [78].

Corollary 23.4 Let X be a real normed space and let A : D(A) = X → 2X

be a lower semi-continuous and locally accretive mapping. Then, A admits a
continuous m−accretive selection.

Proof. We first observe that locally accretive mappings defined on the entire
space X are globally accretive (see for instance, Kirk and Schöneberg [287]).
Then, by Corollary 23.2, we derive that A is a single-valued continuous ac-
cretive operator defined on X. Consequently, by the result of Martin [323],
we conclude that A is also m-accretive, which completes the proof. �


We observe that the fact that a lower semi-continuous accretive operator is
single-valued in the interior of its domain does not seem to hold on the closure
of the domain. Consequently, the following theorem appears to be of interest,
since it would extend several known results concerning the existence of zeros,
as may be seen in [285], [337], and [338], among others.

Theorem 23.5. Let X be a Banach space and let D be an open subset of X.
Suppose A : D → 2X is a lower semi-continuous, accretive and φ-expansive
mapping, which satisfies for some z ∈ D,

t(x − z) /∈ A(x) for all x ∈ ∂D and t < 0, (23.4)

(with lim inf
r→∞

φ(r) > 2|A(z)|). Then, there exists a unique x ∈ D such that

0 ∈ A(x).

Proof. By replacing A(x) with A(x + z) and D by D − z, one may select
z = 0 in (23.4). We first observe, since D is open that A is single-valued on
D. The set E defined by

E = {x ∈ D : A(x) = tx for some t < 0}

is bounded. To see this, let x ∈ E. Then A(x) = tx for some t < 0. Since
A is accretive, there exists j(x) ∈ J(x) such that

〈
tx − A(0), j(x)

〉
≥ 0.

This implies −t||x|| ≤ ||A(0)||, and thus, ||A(x)|| ≤ ||A(0)||. Hence, the φ-
expansiveness of A implies that E is bounded. Therefore, there is no loss of
generality in assuming D is bounded. Now, let ht : D → 2X be defined by
ht(x) = (1 − t)x + tA(x) for each t ∈ [0, 1], and let



23.2 Lower Semi-continuous Accretive Operators are Single-valued 291

M = {t ∈ [0, 1] : ht(x) = 0 for some x ∈ D}.

Clearly, M 
= ∅ since 0 ∈ M . Our goal is to show that 1 ∈ M . To see this,
let {tn} be a sequence in M with tn → t as n → ∞. Then, for each n, there
exists xn ∈ D so that htn

(xn) = 0. This means, (1− tn)xn + tnA(xn) = 0. If
t < 1, we may choose j(xn − xm) ∈ J(xn − xm) such that

0 =
〈
htn

(xn) − htm
(xm), j(xn − xm)

〉

=
〈
(tm − tn)(xn − A(xn)) + tm(A(xn) − A(xm))

+ (tm − 1)(xm − xn), j(xn − xm)
〉
.

This and the fact that A is accretive imply (1−tm)||xm−xn|| ≤ |tn−tm|||xn−
A(xn)||. Since the sequence {xn − Axn} is bounded, we derive that {xn} is
a Cauchy sequence in D. Now, if t = 1, we use the φ-expansiveness of A to
obtain

φ(||xn − xm||) ≤ ||A(xn) − A(xm)||
= ||(1 − t−1

n )xn − (1 − t−1
m )xm||.

Since the sequence {(1 − t−1
n )xn} is Cauchy, we derive once again that {xn}

is a Cauchy sequence in D. Therefore xn → x for some x ∈ D. It remains
to show that x ∈ D. Suppose x ∈ ∂D and let u ∈ A(x). Since A is lower
semi-continuous at x, then for every k ∈ N there exists xnk

such that

||xnk
− x|| < 1/k and ||Axnk

− u|| < 1/k.

This implies 0 = (1 − tnk
)xnk

+ tnk
Axnk

→ (1 − t)x + tu as k → ∞. Hence
0 ∈ (1 − t)x + tA(x), which contradicts assumption (23.4). Therefore x ∈ D,
and consequently, M is closed in [0,1].

On the other hand, suppose M is not open. Then there exit t ∈ M (t < 1)
and a sequence {tn} in [0, 1) for which tn /∈ M and tn → t. Then ht(x0) = 0
for some x0 ∈ D, which means, (1 − t)x0 + tA(x0) = 0. Select an open ball
B centered at x0 and contained in D. Then

yn = htn
(x0) ∈ htn

(B) for each n ∈ N, (23.5)

while 0 /∈ htn
(B). This implies there exists un ∈ seg[0, yn] ∩ ∂htn

(B). Since
htn

is continuous and strongly accretive, then for each n ∈ N, we know that
htn

(B) is open (by Theorem 3 of Deimling [198]), while by (23.5), htn
(B)

is closed. Hence, we may derive that ∂htn
(B) ⊂ htn

(∂B), which yields the
existence of a point xn ∈ ∂B so that un = htn

(xn). Since yn → 0, so does
{un}. As before, we choose j(xn − xm) ∈ J(xn − xm) such that
〈
un−um, j(xn − xm)

〉
=

〈
(tm − tn)(xn − A(xn))

+ tm(A(xn)−A(xm))+(tm−1)(xm−xn), j(xn−xm)
〉
,
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which implies,

(1 − tm)||xn − xm|| ≤ ||un − um|| + |tn − tm|||xn − A(xn)||.

Hence {xn} is a Cauchy sequence which must converge to some x ∈ ∂B. Then
by a continuity argument we derive that 0 ∈ ht(x), this is a contradiction.
Therefore, M is open and the proof is complete. �


As a consequence of Theorem 23.5, we obtain an extension of Theorem 3.4
of Kirk [285]. First of all, we derive a corollary that will be used in the proof
of the next result. We will use |A| to denote inf{||x|| : x ∈ A}.
Corollary 23.6 Let X be a Banach space and let D be a bounded open subset
of X. Suppose A : D → 2X is a lower semi-continuous and accretive mapping
which satisfies for some z ∈ D

|A(z)| < |A(x)| for x ∈ ∂D. (23.6)

Then, inf{|A(x)| : x ∈ D} = 0.

Proof. We first show that assumption (23.6) implies assumption (23.4). To
this end, suppose there exists x ∈ ∂D so that t(x− z) ∈ A(x) for some t < 0.
Then there exists j(x − z) ∈ J(x − z) such that

〈t(x − z) − v, j(x − z)〉 ≥ 0 for v ∈ A(z).

This implies that −t ‖ x−z ‖≤‖ v ‖ for all v ∈ A(z), and thus |A(x)| ≤ |A(z)|,
which is a contradiction. Hence, (23.4) holds. We may assume without lost of
generality, that z = 0 in (23.4). For λ > 0, the mapping Aλ(x) = λx + A(x)
is strongly accretive and satisfies (23.4) as well. Hence, by Theorem 23.5,
Aλ(x) = 0 for some x ∈ D. Select λn → 0+ as n → ∞. Then there exists
xn ∈ D such that λnxn + A(xn) = 0. Since D is bounded, ||A(xn)|| → 0,
which completes the proof. �


Theorem 23.7. Let D be a bounded open subset of a Banach space X, and
let A : D → 2X be a lower semi-continuous accretive mapping. Suppose there
exists z ∈ D such that

|A(z)| < |A(x)| for all x ∈ ∂D. (23.7)

Then, either A has a zero in D or there exists a single-valued nonexpansive
mapping g : D → D whose fixed points are zeros of A.

Proof. Suppose A has no zeros in D. Then by Corollary 23.6, we know
inf{|A(x)| : x ∈ D} = 0. This and the fact that A is single-valued on D,
allow us to re-define z so that

||A(z)|| < inf{|A(x)| : x ∈ ∂D}.
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Since D is bounded, we can choose ρ > 0 such that D ⊂ B(z; ρ). Then,
by following the proof of Theorem 1 of [338], we may derive that g(y) =
(rI + A)−1(ry) is a nonexpansive mapping defined on B(z; ρ) and taking
values in D for a suitable r > 0. In particular, g maps D into D, which
completes the proof. �


23.3 An Application to Variational Inequalities

The study of set-valued Variational Inclusion Problems was introduced by
Noor et al. [359] in Hilbert spaces. Later, Chang et al. [78] extended these
ideas to uniformly smooth Banach spaces. In this section, we extend these
results to more general Banach spaces. In fact, we do not require that X be
uniformly smooth, or that the operators S and T be Lipschitz with respect
to the Hausdorff metric as is needed in Theorem 3.1 of Chang et al. [78].

Theorem 23.8. Let X be a real Banach space, and let S, T : X → 2X be
lower semi-continuous set-valued mappings. Suppose A : D(A) ⊂ X → 2X

is m-accretive while G : X × X → X is a continuous single-valued mapping
such that

(i) G(S(.), y) is φ − strongly accretive for each y ∈ X;
(ii) G(x, T (.)) is accretive for each x ∈ X.

Then, for any z ∈ X, there exist x ∈ D(A), u ∈ S(x), and v ∈ T (x) such that
the triple (x, u, v) is a solution of the set-valued variational inclusion

z ∈ G(u, v) + λA(x).

We observe that the accretivity conditions (i) and (ii), mentioned above,
may be stated relative to the sets S(X) and T (X), respectively. However,
for simplicity, we have chosen otherwise. For this apparently more general
setting, the reader may consult, for example, Noor et al. [359], Chang et al.
[78].

To prove Theorem 23.8, we need some basic results.

Lemma 23.9. Let X,Y,Z be topological spaces, let g : X → 2Y be a lower
semi-continuous mapping, and let F : R(g) ⊂ Y → Z be continuous mapping
such that D(F ) ⊂ R(g). Then F ◦ g is lower semi-continuous.

Proof. Let x ∈ X and let z ∈ F (g(x)). Then there exists u ∈ g(x) such that
z = F (u). Suppose V is an arbitrary neighborhood of z. Since F is continuous,
there exists a neighborhood W of u such that F (W ) ⊂ V . On the other hand,
since g is lower semi-continuous at x, there exists a neighborhood U of x so
that

g(v) ∩ W (u) 
= ∅ for all v ∈ U(x),
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which implies

∅ 
= F [g(v) ∩ W (u)] ⊂ F (g(v)) ∩ V for all v ∈ U(x).

Therefore F ◦ g is lower semi-continuous. �


As a consequence of Lemma 23.9, we derive the following proposition.

Proposition 23.10. Let X be a Banach space, and let S, T : X → 2X be set-
valued mappings where T is lower semi-continuous. Suppose G : X ×X → X
is a continuous single-valued mapping such that

(i) G(S(.), y) is φ − strongly accretive for each y ∈ X;
(ii) G(x, T (.)) is accretive for each x ∈ X.

Then the mapping F : X → 2X defined by F (x) = G(S(x), T (x)) is φ-
strongly accretive.

Proof. Let u ∈ X be fixed, and let Gu : X → 2X be defined by Gu(x) =
G(u, T (x)). Then by Lemma 23.9, Gu is lower semi-continuous. Since, by
assumption (ii), it is also accretive, Theorem 23.1 implies that Gu is a con-
tinuous single-valued accretive operator defined on X.
To see that F is φ-strongly accretive, consider arbitrary elements x1, x2 ∈ X
and let yi ∈ F (xi), i = 1, 2. Then there exist ui ∈ S(xi) and vi ∈ T (xi) such
that yi = G(ui, vi), i = 1, 2. Since by assumption (i), G(., v1) is φ-strongly
accretive, there exists j∗(x1 − x2) ∈ J(x1 − x2) such that

〈
G(u1, v1) − G(u2, v1), j∗(x1 − x2)

〉
≥ φ(||x1 − x2||)||x1 − x2||. (23.8)

As we observed earlier, G(u2, .) is a continuous accretive operator defined on
the entire space X, then by a result of Barbu [24], we know that

〈
G(u2, v1)−G(u2, v2), j(x1−x2)

〉
≥0 for all j(x1−x2) ∈ J(x1−x2). (23.9)

Therefore, in particular, (23.8) and (23.9) hold for j∗(x1 − x2) ∈ J(x1 − x2),
and thus

〈
y1 − y2, j∗(x1 − x2)

〉
=

〈
G(u1, v1) − G(u2, v2, j∗(x1 − x2)

〉

=
〈
G(u1, v1) − G(u2, v1, j∗(x1 − x2)

〉

+
〈
G(u2, v1) − G(u2, v2, j∗(x1 − x2)

〉

≥ φ(||x1 − x2||)||x1 − x2||,

which completes the proof. �

Proof of Theorem 23.8. Due to Proposition 23.10, we know that the map-
ping F : X → 2X defined by F (x) = G(S(x), T (x)) is φ-strongly accretive.
In addition, since S is also lower semi-continuous, Lemma 23.9 implies that
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F = G ◦ (S, T ) is lower semi-continuous. Consequently, by Corollary 23.2,
F is a single-valued continuous φ-strongly accretive operator defined on X.
On the other hand, since A is m-accretive, Theorem 5.3 of [289] implies that
F +λA is also m-accretive. Since, in addition, it is also φ-expansive, Theorem
8 of [227] implies that F + λA is surjective. Therefore, for each z ∈ X and
λ > 0, there exists a unique x ∈ D(A) such that z ∈ F (x) + λA(x), which
means, there exist u ∈ S(x) and v ∈ T (x) such that the variational inclusion
z ∈ G(u, v) + λA(x) has a solution. �


23.4 General Comments on Some Fixed Point Theorems

The contents of this monograph have been chosen with the particular inter-
est of the author in mind. Consequently, several important topics which fall
within the scope of geometric properties of Banach spaces and nonlinear it-
erations have been omitted. In particular, we have confined our applications
of the Banach space inequalities discussed in this monograph primarily to
iterative methods for approximating solutions of nonlinear equations of the
accretive and pseudo-contractive types, using fixed point techniques.

The study of nonlinear operators had its beginning about the start of the
twentieth century with investigations into the existence properties of solu-
tions to certain boundary value problems arising in differential equations.
The earliest techniques, largely devised by E. Picard [384], involved the iter-
ation of an integral operator to obtain solutions to such problems. In 1922,
these techniques were given precise abstract formulation by S. Banach [23]
and R. Cacciopoli [64] in what is now generally referred to as the Contraction
Mapping Principle (Theorem 6.2). The classical importance of fixed point
theory in functional analysis is due to its usefulness in differential equations.
The existence or construction of a solution to a differential equation is often
reduced to the existence or location of a fixed point for an operator defined
on a subset of a space of functions. Theorem 6.2 (which is involved in many
of the existence and uniqueness proofs of differential equations) is perhaps,
the most useful fixed point theorem. Another fixed point theorem which has
proved very useful in the proofs of many existence theorems of differential
equations is the following.

Theorem (Schauder-Tychnov Theorem) Let K be a compact convex subset
of a locally convex topological linear space. If T is a continuous mapping of
K into K, then T has a fixed point.

However, since the compactness assumption of this theorem is often difficult
to obtain in applications, considerable research has been done concerning
possible weaker conditions for the domain which guarantee the existence of
a fixed point. If domains which are only bounded, closed and convex are
considered, Vidossich [496] showed that a nonexpansive mapping may fail to
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have a fixed point even under the additional assumption that the domain be
compact in the weak∗ topology. Further research resulted in Kirk’s theorem
(Theorem 6.3). Let K be a weakly compact convex set in a Banach space
X. Recall that K is said to have the fixed point property for nonexpansive
mappings (i.e., K has the f.p.p.) if every nonexpansive T : K → K has a
fixed point. We say that X has the f.p.p. if every K ⊆ X has the f.p.p. One
of the major unsolved problems of nonlinear functional analysis arising from
Kirk’s theorem which remained open for many years is the following:

Does every weakly compact convex subset K of a Banach space X have the
fixed point property for nonexpansive mappings?

This is the same as asking whether the condition in Theorem 6.3 that K
has normal structure can be dropped.

If Xr denotes the space l2 renormed by |||x|||r := max{||x||2, r||x||∞}
where ||.||2 denotes the l2 norm and ||.||∞ denotes the l∞ norm, then Xr

has normal structure only if r <
√

2. Nevertheless, Karlovitz [274] showed
that the answer to the above problem was affirmative for the space X√

2. In
fact, Karlovitz’s proof works for all r < 2 (see e.g., Baillon and Schöneberg
[22]). The first counter-example to the general problem was discovered by D.
Alspach [2] who showed that L1[0, 1] fails the f.p.p. Maurey [328], however,
has proved that if K ⊆ L1[0, 1] and is reflexive then K has the f.p.p.

Further fixed point theorems for nonexpansive mappings and some of their
generalizations in various Banach spaces can be found in, for example, Elton
et al. [219], Goebel and Kirk [231], [232], Goebel and Koter [235], [236],
[237], Goebel and Reich [234], Holmes and Lau [253], Karlovitz [272], [273],
[274], Kirk [282], [283], Kirk and Morales [286], Kirk and Schönberg [288],
Krasnosel’skii [291], [292], and a host of other authors.

23.5 Examples of Accretive Operators

We mention some examples of accretive operators in Lp(Ω) spaces, 1 < p < ∞.

1. Let β be a maximal monotone graph in R, and let Ω be a bounded domain
in R

n with smooth boundary ∂Ω. With appropriate domains, the operator

(i) A1u := −� u + β(u)

with homogeneous Neumann boundary condition, and

(ii) A2u := −� u,−∂u

∂n
∈ β(u) on ∂Ω

are accretive on Lp(Ω).
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The operator

(iii) A3u := −
∑ ( ∂

∂xi

)(∣∣∣ ∂u

∂xi

∣∣∣
r−1 ∂u

∂xi

)

is accretive for r ≥ 1.
2. In addition to Lp spaces, (1 < p < ∞), other uniformly smooth and

smooth spaces , for example Orlic spaces (see e.g., [312]) arise in appli-
cations. Accretive operators occur in such spaces too (see, e.g., Le, C.R.
Acad. Sci. Paris 283 (1976), 469 - 472).

23.6 Examples of Nonexpansive Retracts

1. A closed linear subspace of Lp, 1 < p < ∞ is a nonexpansive retract
of the space if and only if it is isometric to another Lp space.

2. The sets
K1 :=

{
f ∈ Lp(Ω) : ||f(x)|| ≤ 1, a.e. ∈ Ω

}

and
K2 := Positive cone in Lp

are nonexpansive retracts in Lp, 1 < p < ∞.
3. The set

K3 :=
{

f ∈ H1
0 (Ω) : || � f(x)|| ≤ 1 a.e. in Ω

}

is a nonexpansive retract of Lp(Ω), p ≥ 2.
4. (Shioji and Takahashi, Theorem 1). Let K be a closed convex subset of

a uniformly convex Banach space whose norm is uniformly Gâteaux dif-
ferentiable and let T be an asymptotically nonexpansive mapping from K
into itself such that the set F (T ) of fixed points of T is nonempty. Then,
F (T ) is a sunny nonexpansive retract of K.

23.7 Some Questions of Interest

Question 1. For a sequence {αn} of real numbers in [0, 1] and an arbitrary
u ∈ K, let the sequence {xn} in K be iteratively defined by x0 ∈ K,

xn+1 := αnu + (1 − αn)Txn, n ≥ 0, (23.10)

where T : K → K is a nonexpansive map. Concerning this process, Reich
[412] posed the following question.

Let E be a Banach space. Is there a sequence {αn} such that whenever
a weakly compact convex subset K of E has the fixed point property for
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nonexpansive mappings, then the sequence {xn} defined by (23.10) con-
verges to a fixed point of T for arbitrary fixed u ∈ K and all nonexpansive
T : K → K?

Question 2. Apart from the example given by Goebel and Kirk [231]
of an asymptotically nonexpansive map which is not nonexpansive, there
are very few nontrivial examples of operators belonging to this class. It is
certainly of interest to find more nontrivial such examples.

Question 3. Chidume and Ofoedu [152] introduced the following recursion
formula to approximate a fixed point of a generalized Lipschitz pseudo-
contractive mapping:

x1 ∈ K, xn+1 = (1 − λnαn)xn + λnαnTxn − λnθn(xn − x1), n ≥ 1,

where {αn}, {λn}, {θn} satisfy appropriate conditions.
Will the slightly simpler recursion formula studied by Chidume and Zegeye

[174] defined by x1 ∈ K,

xn+1 := (1 − λn)xn + λnTxn − λnθn(xn − x1), n ∈ N,

under suitable conditions on the parameters θn, λn converge to a fixed point
of a generalized Lipschitz pseudo-contractive mapping.?

Question 4. Although iterative methods for approximating fixed points
of asymptotically pseudo-contractive mappings have been studied by some
authors, there is no known existence theorem for this class of mappings. One
is certainly desirable.

Question 5. Is the class of Lipschitz pseudo-contractive mappings a proper
subclass of that of asymptotically pseudo-contractions (as defined by Schu
[435], [437], [436])? If this is not the case, then it is, perhaps, desirable to
give a new definition of asymptotically pseudo-contractive mappings which
will include the class of Lipschitz pseudo-contractions as a proper subclass.
Nontrivial examples of operators satisfying any given definition should be
produced. Finally, and more importantly, for any definition given, an exis-
tence theorem will be desirable before approximation of a fixed point will be
investigated.

Open question 6. Do Theorem 13.27 and Corollary 13.29 hold in Lp

spaces for all p such that 1 < p ≤ 2?

Open question 7. Do Corollaries 13.25 and 13.30 hold in Lp spaces for all
p such that 2 ≤ p < ∞?
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23.8 Further Reading

Fixed point theorems for nonlinear semigroups of nonexpansive mappings
have been proved by Bruck [58]. More information on this topic can also
be found in Barbu [24], Crandall and Pazy [194], Lau [294], Lau and Taka-
hashi [295], Nevanlinna and Reich [352], Oka [362], [365], and a host of other
authors.

Further convergence theorems for fixed points of pseudo-contractive oper-
ators (or zeros of accretive operators) using the Mann or Ishikawa-type se-
quence can be found in, for example, Bethke [29], Dunn [215], Crandall and
Pazy [194], Ghosh and Debnath [229], Kirk and Morales [286], Liang [302],
Maruster [325], Minty [329], [330], Moore [333], [334], Moore and Nnoli [335],
Morales [339], Morales and Chidume [340], Muller and Reinermann [342],
Nadezhkina and Takahashi [344], [343], [345], [346], Nadler [347], Reinermann
[414], Reich [407], [404], Tricomi [490], Vainberg [495], Zarantonello [539],
[538], Zeng [550], [551] and in a host of more recent papers listed in the
bibliography.

Numerous papers have also been published on approximation of solutions
of variational inequalities using the Mann iteration process and some of the
geometric inequalities presented in this monograph. For results in this di-
rection, the reader may consult, for example, any of the following references:
Chang [68], [69], [70], Chidume et al. [139], [140], [181], Hassouni and Moudafi
[249], He [250], Liu [317], Noor [355], [356], Siddiqi and Ansari [455], [456],
Udomene [494], Li [296], [297], LI and Whitaker [299], Li and Rhoades [300],
Li and Park [301], Kazmi [277] and the references in them.

The Mann iteration process has also been applied in various other in-
teresting situations not elaborated in this monograph. For instance, it has
been applied in Chidume and Aneke [127], [128], to approximate solutions
of k−positive definite operator equations introduced by Petryshyn (see also,
Chidume and Osilike [159], Osilike and Udomene [375]); and in Chidume and
Lubuma [144], it is used to approximate solutions of the Stokes system.

For the study of geometric properties of Banach spaces, important ref-
erences include: Al’ber and Notik [8], Birkhoff and Kellog [32], Bynuum
[61], [62], Day [196], Lim [306], Lindenstrauss [309], [310], Lindenstrauss
and Tzafriri [312], Nörlander [360], Petryshyn [381], Prus [386], Prus and
Smarzewski [387], Prüss [388], and Xu and Roach [526], [528].

Finally, for further reading, we recommend particularly the following ex-
cellent textbooks for an in-depth study of geometric properties of Banach
spaces, and much more: Aksoy and Khamsi [1], Barbu [24], Beauzamy [26],
Berinde [28], Cudia [195], Ciorencscu [189], Deimling [199], Diestel [206],
Goebel and Kirk [230], Goebel and Reich [234], Lindenstrauss and Tzafriri
[312], Martin [322], Opial [367].
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238. Göhde, D.; Zum prinzip der kontraktiven abbidungen, Math. Nachr. 30 (1965), 251–
258.

239. Gornicki, J.; Weak convergence theorems for asymptotically nonexpansive mappings
in uniformly convex spaces, Comment. Math. Univ. Carolinae 30 (1989), no. 2, 249–
252.

240. Gornicki, J.; Nonlinear ergodic theorems for asymptotically nonexpansive mappings
in Banach spaces satisfying Opial’s condition, J. Math. Anal. Appl. 161 (1991), no.
2, 440–446.

241. Gossez, J. P. and Lami-Dozo, E.; Some geometric properties related to the fixed point
theory for nonexpansive mappings, Pacific J. Math. 40 (1972), 365–573.

242. Groetsch, G. W.; A note on segmenting Mann iterates, J. Math. Anal. Appl. 40
(1972), 369-372.

243. Gu, G. H., Zhou, H. and Gao, G. L., Iterative construction of fixed points for a class
of asymptotically nonexpansive mappings, (Chinese) J. Hebei Norm. Univ. Nat. Sci.
Ed. 29 (2005), no. 5, 441–444.

244. Gu, F.; Convergence theorems for Φ-pseudo contractive type mappings in normed
lnear spaces, Northeast Math. J. 17(2001) no. 3, 340–346.

245. Halpern, B.; Fixed points of nonexpansive maps, Bull. Amer. Math. Soc. 3 (1967),
957–961.

246. Hammerstein, A.; Nichtlineare integralgleichungen nebst anwendungen, Acta Math.
54 (1930), 117–176.

247. Hanner, O.; On uniform convexity of Lp and �p spaces, Ark. Mat. 3(19) (1956),
239–244.

248. Hardy, G. and Rogers, T.; A generalization of a fixed point theorem of Reich, Canad.

Math. Bull. 16 (1973), no. 2, 201–206.
249. Hassouni, A. and Moudafi, A.; A perturbed algorithm for variational inclusions, J.

Math. Anal. Appl. 185 (1994), no. 2, 706–721.
250. He, X.; On ψ- strongly accretive mapping and some set-valued variational problems,

J. Math. Anal. Appl. 227 (2003), 504–511.
251. Hicks, T. L. and Kubicek, J. R.; On the Mann iteration process in a Hilbert space,

J. Math. Anal. Appl. 59 (1979), 498–504.



312 References

252. Hirano, H. and Huang, Z.; Convergence theorems for multi-valued Φ-hemicontractive
operators and Φ-strongly accretive operators, Comput. Math. Appl. 46 (2003), no.
10-11, 1461–1471.

253. Holmes, R. H. and Lau, A. T.; Nonexpansive actions of topological semigroups and
fixed points, J. London Math. Soc. 5 (1972), 330–336.

254. Huang, J.; Convergence theorems of the sequence of iterates for a finite family asymp-
totically nonexpansive mappings, Int. J. Math. Math. Sci. 27 (2001), no. 11, 653–662.

255. Iiduka, H. and Takahashi, W.; Weak convergence theorems by Cesro means for non-
expansive mappings and inverse-strongly-monotone mappings, J. Nonlinear Convex
Anal. 7 (2006), no. 1, 105–113.

256. Iiduka, H. and Takahashi, W.; Strong convergence theorem by a hybrid method for
nonlinear mappings of nonexpansive and monotone type and applications, Adv. Non-
linear Var. Inequal. 9 (2006), no. 1, 1–10.

257. Isac, G.; Complementarity problem, Lecture Notes in Mathematics, No. 1528,
Springer- Verlag, Berlin, 1992.

258. Isac, G. and Li, J.; The convergence property of Ishikawa iteration schemes in non-
compact subsets of Hilbert spaces and its applications to complementarity theory,
Comput. Math. Appl. 47 (2004), no. 10-11, 1745–1751.

259. Ishikawa, S.; Fixed points and iteration of nonexpansive mapping in a Banach space,
Proc. Amer. Math. Soc. 73 (1976), 61–71.

260. Ishikawa, S.; Fixed points by a new iteration Method, Proc. Amer. Math. Soc.
44(1974), no. 1, 147–150.

261. James, R. C.: Orthogonality and linear functionals in normed linear spaces, Trans.
Amer. Math. Soc. 61 (1947), 265–292.

262. Johnson, G. A.; Nonconvex set which has the unique nearest point property, J. Ap-
prox. Theory 51 (1987), 289–332.

263. Johnson, G. G.; Fixed points by mean value iterations, Proc. Amer. Math. Soc. 34
(1972), 193–194.

264. Jung, J. S.; Iterative approaches to common fixed points of nonexpansive mappings
in Banach spaces, J. Math. Anal. Appl. 302 (2005), no. 2, 509–520.

265. Jung, J. S., Cho, Y. J. and Agarwal, R. P.; Iterative shemes with some control con-
ditions for family of finite nonexpansive mappings in Banach spaces, Fixed Point
Theory Appl. 2 (2005), 125–135.

266. Jung J. S., and Kim, S. S.; Strong convergence theorems for nonexpansive nonself
mappings in Banach spaces, Proc. Amer. Math. Soc. 73 (1998), no. 3, 321–329.

267. Kaczor, W.; Weak convergence of almost orbits of asymptotically nonexpansive com-
mutative semigroups, J. Math. Anal. Appl. 272 (2002), no. 2, 565–574.

268. Kaczor, W., Kuczumow, T. and Reich, S.; A mean ergodic theorem for mappings

which are asymptotically nonexpansive in the intermediate sense, Nonlinear Anal.
47 (2001), no. 4, 2731–2742.

269. Kang, J. I., Cho, Y. J. and Zhou, H.; Approximation of common fixed points for a
class of finite nonexpansive mappings in Banach spaces, J. Comput. Anal. Appl. 8
(2006), no. 1, 25–38.

270. Kakutani, S.; Two fixed point theorems concerning bicompact convex sets, Proc. Imp.
Acad. Tokyo 14 (1938), 242–245.

271. Kannan, R.; Some results on fixed points II, Amer. Math. Monthly 76 (1969), 405–
408.

272. Karlovitz, L. A.; On nonexpansive mappings, Proc. Amer. Math. Soc. 55 (1976),
91–103.

273. Karlovitz, L. A.; Some fixed point results for nonexpansive mappings, in Fixed Point
Theory and Its Applications, Academic Press, New York, (1976), 91–103.

274. Karlovitz, L. A.; Existence of fixed points of nonexpansive mappings in a space with-
out normal structure, Pacific J. Math. 66 (1976), 153–159.

275. Kato, T.; Nonlinear semigroups and evolution equations, J. Math. Soc. Japan 19
(1967), 508–520.



References 313

276. Kay, D. C.; A parallelogam law for certain Lp spaces, Amer. Math. Monthly 74
(1967), 140–147.

277. Kazmi, K. R.; Mann and Ishikawa type perturbed iterative algorithms for generalized
quasi-variational inclusions, J. Math. Anal. Appl. 209 (1997), 572–584.

278. Kim, G. E. and Kim, T. H.; Mann and Ishikawa iterations with errors for non-
Lipschitian mappings in Banach spaces, Comput. Math. Appl., 42 (2001), 1565–
1570.

279. Kim, H. K. and Xu, H. K.; Strong convergence of modified Mann iteration for asymp-
totically nonexpansive mappings and semigroups, Nonlinear Anal., 64 (2006), 1140–
1152.

280. Kim, G. E. and Takahashi, W.; Approximating common fixed points of nonexpansive
semigroups in Banach spaces, Sci. Math. Japan. 63 (2006), no. 1, 31–36.

281. Kinderlehrer, D., and Stampacchia, G.; An introduction to variational inequalities
and their applications, Academic press, Inc. 1980.

282. Kirk, W. A.; Fixed point theorems for non-Lipschitzian mappings of asymptotically
nonexpansive type, Israel J. Math. 17 (1974), 339–346.

283. Kirk, W. A.; A fixed point theorem for mappings which do not increase distance,

Amer. Math. Soc. 72 (1965), 1004–1006.
284. Kirk, W. A.; Locally nonexpansive mappings in Banach spaces, pp. 178–198, Lecture

Notes in Math., 886, Springer-Verlag, Berlin, 1981.
285. Kirk, W. A.; On local expansions and accretive mappings, Internat. J. Math. Math.

Sci. 6 (1983), 419–429.
286. Kirk, W. A. and Morales, C. H.; On the approximation of fixed points of locally

nonexpansive mappings, Canad. Math. Bull. 24(1981), no. 4, 441–445
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432. Schöneberg, R.; On the structure of fixed point sets of pseudocontractive mappings
II, Comment. Math. Univ. Carolin. 18(1977), no. 2, 299–310.
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